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We recently introduced a new molecular evolution model called the IDIS model for Insertion Deletion
Independent of Substitution [13,14]. In the IDIS model, the three independent processes of substitution,
insertion and deletion of residues have constant rates. In order to control the genome expansion during
evolution, we generalize here the IDIS model by introducing an insertion rate which decreases when the
sequence grows and tends to O for a maximum sequence length np.x.

This new model, called LIIS for Limited Insertion Independent of Substitution, defines a matrix differ-
ential equation satisfied by a vector P(t) describing the sequence content in each residue at evolution
time t. An analytical solution is obtained for any diagonalizable substitution matrix M. Thus, the LIIS
model gives an expression of the sequence content vector P(t) in each residue under evolution time t
as a function of the eigenvalues and the eigenvectors of matrix M, the residue insertion rate vector R,
the total insertion rate r, the initial and maximum sequence lengths ny and npn.x, respectively, and the
sequence content vector P(to) at initial time t,. The derivation of the analytical solution is much more
technical, compared to the IDIS model, as it involves Gauss hypergeometric functions.

Several propositions of the LIIS model are derived: proof that the IDIS model is a particular case of the
LIIS model when the maximum sequence length n..x tends to infinity, fixed point, time scale, time step
and time inversion. Using a relation between the sequence length [ and the evolution time t, an expres-
sion of the LIIS model as a function of the sequence length | = n(t) is obtained. Formulas for ‘insertion
only’, i.e. when the substitution rates are all equal to 0, are derived at evolution time t and sequence
length L. Analytical solutions of the LIIS model are explicitly derived, as a function of either evolution time
t or sequence length [, for two classical substitution matrices: the 3-parameter symmetric substitution
matrix [12] (LIIS-SYM3) and the HKY asymmetric substitution matrix [9] (LIIS-HKY).

An evaluation of the LIIS model (precisely, LIIS-HKY) based on four statistical analyses of the GC content
in complete genomes of four prokaryotic taxonomic groups, namely Chlamydiae, Crenarchaeota, Spiro-
chaetes and Thermotogae, shows the expected improvement from the theory of the LIIS model compared
to the IDIS model.
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1. Introduction alized to asymmetric substitution matrices [6,30,9,32,31,38,7] with
an equilibrium distribution different from 1/4 for all nucleotides.
Over the last 20 years, only very few molecular evolution mod-

els were extended to the insertion and the deletion of residues

Substitution, insertion and deletion of nucleotides are impor-
tant molecular evolution processes. A major challenge for under-

standing genome and gene evolution is the mathematical
analysis of these three processes. Stochastic evolution models were
initially developed to study the substitution rates of nucleotides
(adenine A, cytosine C, guanine G, thymine T). The first substitution
models were based on symmetric substitution matrices with one
formal parameter for all nucleotide substitution types [10], two
formal parameters for the nucleotide transitions and transversions
[11] and three formal parameters for transitions and the two types
of transversions [12]. These substitution models were later gener-
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(nucleotides, amino acids) in addition to residue substitution.
These substitution insertion deletion (SID) models were designed
for statistical alignement of two sequences and can be divided into
three classes. A pioneering paper by Thorne et al. [34] proposed a
time-reversible Markov model for insertions and deletions (termed
the TKF91 model). This SID model represents the sequence evolu-
tion in two steps. First, the sequence is subject to an insertion-dele-
tion process which is homogeneous over all sites in the sequence.
Second, and conditional on the result of the insertion-deletion
process, a substitution process is applied to the two sequences.
The process is time-reversible whenever the substitution process
is. Some drawbacks of the preliminary TKF91 proposal have first
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been improved by the same authors with the TKF92 version of the
model [35]. Then, the original SID models have been later refined in
many ways, as for instance by Metzler [17] and Miklos et al. [19]
(see e.g. [20] for a review). A second class of SID models was intro-
duced by McGuire et al. [16] who defined a Markov model by
extending the F84 substitution matrix [7] comprising the four
nucleotides to a substitution matrix of size five with one additional
line and one additional column for the gap character involved in
the alignment. Then, an insertion is described by the substitution
of a gap by a nucleotide whereas a deletion amounts to the substi-
tution of a nucleotide by a gap. The insertion rate is proportional to
the F84 substitution matrix equilibrium distribution. A third class
of SID models was introduced by Rivas [25] with a non-reversible
evolution model which extends the model of McGuire et al. [16] for
the evolution of sequences of residues in any alphabet of size K, i.e.
for any substitution matrix. The insertion rates are defined by ex-
plicit parameters and the deletion rate is uniform for all residues.
An analytical expression of the substitution probabilities P.(i,j) of
residue i by residue j over time t is given in the particular case
where the insertion rate is proportional to the substitution matrix
equilibrium distribution [26]. However, even if the insertion pro-
cess is independent of the substitution process, the substitution
and deletion processes are not independent. Indeed, the occur-
rence probability P;(t) of residue i at time t which can be derived
from P¢(i,j) depends on the deletion rate. However, a deletion rate
which is identical for all residues (uniform deletion rate) is ex-
pected to alter the sequence length but obviously not the residue
distribution (detailed in Introduction in [14]).

Inspired by a concept in population dynamics [15], we have
developed a dynamic evolution model, called the IDIS model,
where the three processes of substitution, insertion and deletion
of nucleotides are independent of each other [13,14]. The IDIS
model gives an analytical expression of the sequence content vec-
tor P(t) at evolution time t [13] or P(l) at sequence length [ [14] for
any diagonalizable substitution matrix M as a function of the
eigenvalues and the eigenvectors of matrix M, the vector R of the
residue insertion rates, the total insertion rate r, the deletion rate
d and the vector of initial sequence content P(t,) at evolution time
to or P(np) at sequence length n,. It presents several interesting
mathematical properties compared to all mathematical models in
this research field: (i) it has a uniform deletion rate which does
not alter the sequence content as expected from a probabilistic
point of view; (ii) it relies on a real physical process of sequence
evolution, in other words, the analytical expressions of the se-
quence content at time t are identical (by numerical approxima-
tions) to the values obtained by simulating sequence evolution
under substitution, insertion and deletion; thus, it allows a realistic
interpretation of the model parameters (evolution time t, sequence
length [ and rates of substitution, insertion and deletion); (iii) it al-
lows the mathematical analysis of the sequence content curves
along time with local/global maxima or minima, increasing or
decreasing curves, crossing curves, asymptotic behavior, etc.; (iv)
it provides a description of the sequence content evolution and
in particular the evolution of motif content inside the sequence,
contrary to the phylogenetic approaches for tree reconstruction;
and (v) it extends our previous approaches developed over the last
20 years for substitution models (e.g. [1,2,18,4,5]) which allowed
to introduce models of ‘primitive’ genes or ‘primitive’ motifs of
nucleotides or amino acids, to study substitution rates, to analyse
the residue occurrence probabilities in the natural evolution time
direction (from past to present or from present to future) or in
the inverse direction (from present to past).

In the IDIS model, the growth rate describing the insertion pro-
cess is constant. We generalize here the IDIS model with an inser-
tion process whose rate varies during evolution time. In a concept
similar to the limited growth model for population dynamics by

Verhulst [36], the insertion rate decreases when the sequence
grows and tends to O for a maximum sequence length np.. This
new model, called LIIS for Limited Insertion Independent of Substi-
tution, is defined by a matrix differential equation, for which an
analytical solution is obtained for any diagonalizable substitution
matrix M and involves Gauss hypergeometric functions. Thus, the
LIIS model gives an analytical expression of the content vector
P(t) in each residue in the sequence at evolution time t as a func-
tion of the eigenvalues and the eigenvectors of matrix M, the resi-
due insertion rate vector R, the total insertion rate r, the initial and
maximum sequence lengths ny and ny,., respectively, and the ini-
tial sequence content vector P(ty) at initial time ¢,.

This paper is organized as follows. Section 2 introduces the
mathematical model LIIS. Section 3 gives several propositions of
the LIIS model: proof that the IDIS model is a particular case of
the LIIS model when the maximum sequence length n,x tends to
infinity, residue equilibrium distribution, time scale, time step
and time inversion. Section 4 derives an expression of the LIIS mod-
el as a function of the sequence length | = n(t). Section 5 gives for-
mulas for ‘insertion only’, i.e. when the substitution rates are all
equal to 0, both at evolution time t and sequence length [. Section 6
derives the analytical solutions of the LIIS model for the two clas-
sical substitution matrices both at evolution time t and sequence
length [: the 3-parameter symmetric substitution matrix [12]
(LIIS-SYM3) and the HKY asymmetric substitution matrix [9]
(LIIS-HKY). In Section 7, an evaluation of the LIIS model (precisely,
LIIS-HKY) based on four statistical analyses of the GC content in
complete genomes of four prokaryotic taxonomic groups, namely
Chlamydiae, Crenarchaeota, Spirochaetes and Thermotogae, shows
the expected improvement from the theory of the LIIS model com-
pared to the IDIS model.

2. Mathematical model

We present here a new molecular evolution model for Limited
Insertion Independent of Substitution (LIIS). The originality of the
LIIS model relies on two points: (i) as in the IDIS model, the inser-
tion process is independent of the substitution process; and (ii)
contrary to the IDIS model, the insertion rate is time dependent,
decreases when the sequence grows and tends to 0 for a maximum
sequence length np.x. Hence, the LIIS model generalizes the IDIS
model in the particular case of an insertion-substitution model
(Proposition 3 in Section 3).

Before deriving the general LIIS model equation, we analyse the
limited insertion and the substitution processes separately by
building a specific differential equation for each evolution process.

2.1. Limited insertion model

Let us consider an alphabet of K residues, e.g. K = 4 for nucleo-
tides and K = 20 for amino acids. For all 1 <i < K, we denote by
n;(t) the occurrence number of residue i in the sequence at time t
and by n(t) = >, «ni(t) the sequence length. In the IDIS model,
the growth rate of residue i resulting from the insertion-deletion

process is assumed to be equal to nj(t) = % = rin(t) — dn(t), for
all 1 <i<K, where r; is a specific instantaneous insertion rate
for each residue i and d is a uniform deletion rate applied to any
residue. Thus, the sequence length n(t) at time ¢ is equal to the ex-
pected length of a random sequence subject to a linear birth-death

process with birth rate equal to 2 = >";r;n(t) and a death rate equal

to p1 = dn(t), i.e. n(t) = nee=""9* where ny is the initial sequence
length.

In order to generalize the IDIS model where the sequence
growth rate is constant, we now consider in the LIIS model that
the residue insertion rate depends on the sequence length.
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Similarly to the population dynamics model introduced by Ver-
hulst [36], we set the growth rate nj(t) of residue i at time ¢ in
the limited insertion process equal to, for all 1 <i <K,

ni(t) = n(l —@>n(t) 2.1

anIElX

where nn. is the maximal sequence length which modulates the
insertion process (nmax = 2, see Condition of Eq. (2.12)). Note that,
as in the IDIS model, the insertion process is modelled by explicit
parameters which are set independently of the substitution param-
eters: r;, the insertion rate per site of each residue i,V1 <i <K,
ri = 0.

Remark 1. limy_p,, 17}(t) = 0. When the sequence length n(t)
increases to nmax then the growth rate nj(t) of residue i decreases to
0 and only the substitution process is active.

Remark 2. lim ., nj(t) = rin(t). When the sequence length n(t) is

much smaller than np.x (n(t) < Nmax) then the growth rate nj(t) of
residue i in the LIIS model is equal to the growth rate of residue i in
the IDIS model (Eq. (2.5) with d = 0 in [13]).

Let r = 3, ;i be the total residue insertion rate. The total se-
quence length variation rate '(t) = >_,_;nj(t) is equal to

n'(t) = r(l —@>n(t). (2.2)
nmax

The solution of this differential Eq. (2.2) with initial sequence length

no at time t, gives

Mo

n(t) = T+ (1 —1)erit-to)

(23)

with 7 = 7o,

Let P;(t) = % be the sequence content in residue i at time t > 0.
The column vector P(t) = [Pi(t)]; ;¢ Of size K is made of the se-
quence content P;(t) in residue i for all 1 <i < K. Using Egs. (2.1)
and (2.2), the derivative P;(t) of the sequence content in residue i

at time t in the limited insertion process reads

o O (M) _ men(t) —m@On'() _ m) '),
© =5t (m) = O

(0 ne) i)

= <1 —@> (r; — TPy(1)).

anIHX

nmax

Finally, the derivative P'(t) of the sequence content at time t in the
limited insertion process is modelled by

P'(t) = 0(t)(R —rP(t)) (2.4)
where r = Y7, «7i is the total residue insertion rate, R = [ri]; ; is
the vector of residue insertion rates and 0(t) = 1 — 22 is, using Eq.

Mmax

(2.3), equal to
T

00 =1 - A —perw-

(2.5)

2.2. Substitution model

The sequence content evolution due to the substitution process
is defined as in the IDIS model, i.e. such that the sequence content
vector P(t) = [P;(t)];;x is equal to the expected content of a ran-
dom sequence subject to a classical substitution process defined
by a constant substitution rate matrix, each site in the sequence
being independent and identically distributed.

Thus, the substitution process is handled by the following dif-
ferential equation (e.g. [18]) which determines the sequence con-
tent vector P(t) for all time t > 0,

P/(t) =M -P(t) — P(t) = (M —I) - P(¢) (2.6)

where M = [my],_;;, is a constant substitution rate matrix, stochas-
tic in column, i.e. with element m; = P(j — i) in row i and column j
referring to the substitution rate of residue j into residue i, matrix I
is the identity matrix of size K and the symbol - is the matrix
product.

Remark 3. The substitution rate matrix M is the transpose matrix
of the classical substitution matrix 7 = [P(i — j)];;;<x Which is
stochastic in line (e.g. [11,12]), i.e. 7t = m;;.

2.3. LIIS model: limited insertion independent of substitution

The substitution and the limited insertion processes are as-
sumed to be independent. From the two differential equations
describing the residue substitution (Eq. (2.6)) and the residue lim-
ited insertion (Eq. (2.4)), we derive a general matrix differential
equation allowing for these two processes to be superimposed.
Then, the derivative P'(t) of the sequence content at time t is the
result of the instantaneous variation due to substitution and lim-
ited insertion, and the sequence content vector P(t) = [P;(t)];;x
satisfies

P'(t)= (M —1I)-P(t)+0(t)(R— rP(t)) = A(t) - P(t) + O(t)R (2.7)
Substitution

where A(t) = M — (1 +r0(t))1,0(t) is defined in Eq. (2.5), M is the
substitution rate matrix defined in Eq. (2.6), R = [ri}; ;¢ is the vec-
tor of the residue insertion rates per site and r = 3, ;T is the total
residue insertion rate, V1 <i< K, r; > 0.

This nonhomogeneous matrix linear differential equation with
non-constant coefficients can be easily solved in the particular case
where, for all s,t > 0, matrices A(t) and A(s) commute (Section 3.4
of Part I in [33]). This condition is satisfied here as the time depen-
dent term 6(t) in matrix A(t) = M — (1 +r0(t))I is in the diagonal.
Then, for all s,t > 0,[A(t),A(s)] = A(t)A(s) — A(S)A(t) = 0 and the
solution of Eq. (2.7) is, for all t > 0, for all initial time t;, > 0,

Limited insertion

P(t; to, P(to)) =e(ff;"“”d”) P(to) + / [ e(s)e(ﬁ[“”)"“) Rds.  (2.8)

When the substitution rate matrix M is diagonalizable with real
eigenvalues (4); ., then A(t) is also diagonalizable with real
eigenvalues equals to (i —1—r16(t)); - Indeed, if matrix M
decomposes as M=Q -D-Q ' where D = Diag((/u),<k<x) 1s the
eigenvalues diagonal matrix and Q is an associated eigenvectors
matrix, the kth column of Q being an eigenvector for eigenvalue
Jto _ then  A(t)=M—-(1+r0(t)[ =Q-D- Q' — (1 +r0(t) =
Q-D(t)-Q" where matrix D(t) =D — (1 +r0(t))l = Diag((%—
1=10(6))1<s<i0)-

We derive an analytical solution of the matrix differential Eq.
(2.8) defining the LIIS model for all diagonalizable substitution ma-
trix M and for all initial time t,. Proposition 1 gives the sequence
content vector P(t; ty, P(tp)) under evolution time t as a function
of the eigenvalues of M and the associated eigenvector matrix Q,
the residue insertion rate vector R, the total residue insertion rate
r, the initial sequence length ny at time t,, the maximum sequence
length nna.x and the initial sequence content vector P(tp) at initial
time to. Proposition 2 is a particular case of Proposition 1 with
to = 0. The analytical solutions of the LIIS model are more general
and advanced than the solutions previously obtained with the IDIS
model [13]. In particular, they involve several Gauss hypergeomet-
ric functions in addition to the classical exponential terms.
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Proposition 1. Given an initial time ty > 0, the sequence content
vector P(t; to, P(to)) at time tis, forall t > 0,
P(t; to, P(to))

=0 - [di(t:k, to)P(to) + da(t;K, to)R] (2.9)
k

where R = [ri}; ;¢ is the vector of residue insertion rates, P(to) is the
initial sequence content vector at an initial time to, for all 1 <k < K

matrix O, of size K x K is defined from the eigenvector matrix Q of sub-
stitution rate matrix M as follows

Okli,j] = Q[i, K|Q k. j] (2.10)
and the two scalar terms are defined by
di(t;k,to) = (T+ (1 — ‘E)e’r“’%))e*“*/'-k)“*to) (2.11)
and, with r =37, ;7 > 0 and 1 < ng < Nppax,

11—

otk fo) = |1 (2+(1-7)e ) (e'“"'““"‘” *
x (gm0, 7y (k1) — "1l l(kver(t7t0)))>} (212)

where (%), are the eigenvalues of matrix M, T = ;"> where no is
the initial sequence length and np.y is the maximum sequence length

and, V1 <k <K and Vx > 0,,F(k,x) is the Gauss hypergeometric
function

Fi(k,x) = H2F1|1 DL 3 U S

2571\, - ’ r ) r 7‘[ 1 .

Proof. In order to obtain an analytical expression of Eq. (2.8), we

* Ay > . . .
first evaluate the term e<ffo (wd using successively the diagonal-
ization of matrix A(t), the time independence of matrix Q and the

equality e2PQ' = Q.e?.Q ',

. (f:A(u)du) _

e(ISrQ.Diag(().k—l—r0(u))1<k§’()_Q—ldu>

Q- <J;t Diag((/lk—l—r()(u))mkq()du) Q!

0 e(j: Diag((/’.kfl—r{)(u)hgké’()du) Q!
=Q-e <f 0(u )du>1+(t s)Diag((ix—1)1<kex ) Q*

= Q- Diag(dy (s, t; k, to)ycex) - Q!

= (Zdl (5. t:k, to)Qli, KIQ ™' [k,j])

(Zdl (s, t; K, to)Oli, ]]>
Z (s,t;k, t0)0

k

1<ij<k

1<ij<k

(2.13)

where, after some algebraic manipulation,

1— 17+ 1e't-t)

—(1=Jy+1)(t-5)
1 — 174 terts—to) ’

di(s,t;k, to) =

The analytical expression of the first term of Eq. (2.8) is obtained
from Eq. (2.13) with s = to,

e(ﬁ’o’*(“)d“) = S di(t: k. to)O,
k

where d; (t;k, to) = di(to, t; k, to) is Eq. (2.11).

(T—1)(1—Jx+7)

Using Eq. (2.13) and the time independence of vector R and
matrix Oy, we now evaluate the second term of Eq. (2.8)

/t 0(5)e<.f;,q<u>au> -Rds = /‘0(5) <Zd1 (s, t; k, to)o,(> . Rds
o fo k
= (; (/t: 0(s)dq (s, t; k, fo)dS) Ok) ‘R

= (Zdz(r; k, ro)o,c) R
k

where, after some algebraic manipulation, d,(t; k, to) is Eq. (2.12).

Finally, from Eq. (2.8), for all to,t > 0, we obtain the following
analytical expression of the sequence content vector P(t;to, P(to))
as a function of ty and P(tp),

P(t;to, P Zdl (t:k.t0)O - P
= Z d] t; k, to)ok .
k

=) Ok - [di(t; k, to)P(to) + da(t; k, to)R]
k

<Zd2tkt0 )

P(to) + da(t; k, t0)Ox - R]

which is Eq. (2.9). O

Remark 4. The eigenvalues of stochastic matrix M satisfy
V1 <k <K,0< A <1 with one eigenvalue equal to 1 (Perron-
Frobenius theorem ensures that the largest eigenvalue of a sto-
chastic matrix is always 1). Then, the denominator (1 — /; + 1) in
Eq. (2.12) is not null whenever the total residue insertion rate
r>0.

Remark 5. ¥, 0, =Q.Q""
of matrix Oy and for all i,j, 3 Ok[i.j] =

= I. Indeed, using Definition (2.10)
S 1ekek QL KIQ K ] is
the term in row i and column j of the matrix product Q.Q7". Thus,
the sum of matrices {O}, is equal to the identity matrix.

Proposition 2. The sequence content vector P(t; 0, P(0)) at time tas a
function of an initial sequence content vector P(0) is, for all t > 0

P(t;0,P(0)) = Y O - [d1(t; k,0)P(0) + da(t; k, 0)R] (2.14)
where k
di(£:k,0) = (T + (1 — T)e")e~ 17 (2.15)
and
d(t:k 0) =1 |1 (t+(1 1)) <6’(]’;‘k)t + %

x (e 7y (k, 1) — ey Fy (K, e")))} (2.16)

where the parameters are defined in Proposition 1.

Proof. Straightforward from Proposition 1 with to =0. O

Proposition 2 will be used to derive the sequence content vector
as a function of the sequence length (Section 4), the analytical for-
mulas for classical substitution matrices (Section 6) and the analyt-
ical formula of GC content for a practical evaluation of the LIIS
model (Section 7).
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3. Mathematical properties of the LIIS model

We set here five mathematical propositions which relate the
evolution time t to the values of the mutation parameters, i.e.
the substitution rate matrix M, the insertion rate vector R and
the maximum sequence length np,.x. These propositions are impor-
tant to model gene evolution in practice.

Proposition 3 (Generalization of the IDIS model for substitution and
insertion). The IDIS model [13] is a particular case of the LIIS model
when nmax tends to infinity. The effect of the parameter nNmax
modulating insertion during evolution of the sequence is removed
when npmax tends to infinity. This generalization is satisfied in three
ways:

(i) the insertion Eq. (2.1);
(ii) the global differential Eq. (2.7);
(iii) the Eq. (2.9) of the sequence content vector P(t) at time t.

Proof
(i) The term 0(t) satisfies

lim o) =1- "

Nmax —+00 Nmax

~1. (3.1)

Consequently, Eq. (2.1) of the growth rate of residue i becomes
n}(t) = rin(t) which is the growth rate of residue i in the IDIS model
(Eq. (2.5) with d =0 in [13]).
(ii) From Limit (3.1), the matrix differential Eq. (2.7) becomes
P'(t) = (M — (1 +r1)])-P(t) + R which is the matrix differen-
tial equation of the IDIS model (Eq. (2.8) with d = 0 in [13]).
(iii) The term 7 satisfies

lim 7=-—9 _0

Nmax —+00 Nmax

Then, V1 < k<Kand Vx >0

‘l—rlk72+1—}vk7 T

r 't-1

lim ,Fq(k,x) = lim H2F1|1,1 +
7—0 7—0

= 2.7:1(’(,0) =1.
Thus, the terms d; (t;k, to) and da(t; k, to) satisfy

lim d;(t;k, to) = e~ (- m-t0)

Nmax—+00
and
_ e~ (1=A47)(t=to)
1—Jp+r
Finally, the limit of Eq. (2.9) is

lim dz(t; k, to) =

Nmax—+00

11m Pt to, P

Mmax —

ZO" { (1—Jg+r)(t—to) P(l’g)+

1 — e~ (I-A+n(t-to)
1- }Vk +T :|

IF e (1=Jg+1)(t—tg)
— A+ T

= Z;Ok‘ {m-‘r <P(f0) 1

1
= (Zm@ R
1 o

—(1—/+1)(t—to)

+Zok ( (to) 71_4”13)«3 x .
With t, = 0, i.e. with an initial sequence content vector P(0), the se-
quence content P(t;0,P(0)) satisfies lim,_, ... P(t;0,P(0)) =
(Sk15506) - R+ 5230 (P(0) — 1-L:R) e which is the

analytical expression of the sequence content P(t) at time ¢ of the
IDIS model (Eq. (2.13) in [13]). O

Proposition 4 (Fixed point). The LIIS model admits a fixed point
equal to the equilibrium distribution 7}, of the stochastic substitution
model defined by matrix M. This fixed point is reached by the sequence
content vector after an infinite amount of time,

lim P(t;to, P(to)) = 7. (32)

Proof. When evolution time t tends to infinity, the sequence
length reaches its maximum nq,x and the insertion rate tends to
0. Then, only the substitution process is active. Indeed, when time
tends to infinity, the fixed point of the sequence content vector
P(t; to, P(to)) at time t (Eq. (2.9)) simplifies as follows. From Remark
4, one eigenvalue of stochastic matrix M denoted /i is equal to 1
with a multiplicity equal to 1 (see also e.g. in Section 6 for the 3-
parameter symmetric and HKY substitution matrices).

For ix = 1, from Eq. (2.11), dq(t;K,tp) = T + (1 — 7)e~"(t=to) and
thus,

}lm d1 (t; K, to) =

r(t-ty

and from Eq. (2.12), d(t; K, to) = 1=i=ti=ne ™0

T

and thus,
1-71

lim ds (t;K, to) = ——
For all other eigenvalues, i.e. for all k # K, then 4, < 1 and from Eq.
(2.11),

}lm d1 (t; k, to) =0

as for all 7 < 1,lim,_.e-(1-4*N(t=0) = 0 and from Eq. (2.12),

}lm dz(t7 k, to) =0

as for all i <1, lim,_ e -0 =0 and lim,., — et
1)(1-4
2.7:1(’( ef(t—to) )= = Izg 1;”)
Then, the limit of the sequence content vector P(t;to,P(to))

defined in Eq. (2.9) when time t tends to infinity satisfies

lim P(t; to, P(ty)) =

t—oo

O - [hm di (6K, to)P(to) + lim da (K, to)R
= OK . (‘CP(to) + (1 — "L') ?)

=10k - P(to) + (1 — 7)0k - § (3.3)
The eigenvector associated to ix = 1 is the equilibrium distribution
ny; of the substitution model. The columns of matrix Ok are all equal
to m;;. For example, for the classical substitution matrices (K = 4),
04 = (zlt)mjgk for the 3-parameter and each column of matrix Oy is
(Tta, e, g, mr) for the HKY matrix (see also Section 6). Then, in
Eq. (3.3), vectors P(to) and £ sum to 1, then Ok -P(to) = 7y, and
Ok -8 = m}; leading to lim,_.. P(t; to,P(to)) = ;. O

Proposition 5 (Time scale). When multiplying all the substitution-
insertion parameters, i.e. the non-diagonal elements [my],_; of the sub-
stitution rate matrix M and the insertion rates [r;], by a scalar o, the
sequence content vector P(t;to,P(to)) at time t given an initial time
to (Eq. (2.9)) is equal to the sequence content vector obtained at time
ot and at initial time oty with the substitution-insertion parameters

(Mgl s, 1))

P(t; to, P(to); [omy, ;. [ori) = P(at: oto, P(oto): [,y [r]). (3.4)

Proof. The multiplication of the LIIS model parameters by a scalar
o leads to residue insertion rate vector R = aR, thus total insertion
rate ¥ = ar, and substitution rate matrix M = oM + (1 — «)l. The
substitution rate matrix M decomposes as M =Q -D - Q! where
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D = Diag(()1<<k) is the eigenvalue diagonal matrix and Q is an
associated eigenvector matrix, the kth column of Q being an eigen-
vector of elgenvalue Jr. Then, matrix M decomposes as
=oaQ-D-Q'+(1-a)[=Q-D-Q" where matrix
D =aD+ (1 -l = Dlag(()/<)1<k<1<) Matrix M can be diagonalized
w1th real eigenvalues (i), Where Jx=T1+a(k—1) for all
<k<K.Then, 1- /4 +7= o(1 — 2 +r1). Matrix Q, and conse-
quently the matrices O, remain unchanged. Then, for all
1<k<K, (1 —Ikg:a(l — ) and (1 —Ik+F) —o(1 = Jg+T1).
Finally, from Eq. (2.11),

di (t: k, to; [y, o)) = (1 — T + TeT o)) (AT

— («1 — T4+ ,L.eotr(t—to))e—a(]—ZkJrr)(t—to)

= dy (at; k, cuto; [m,-j]i%j, [rih
and from Eq. (2.12),

1
. . " P —T(t to)
dy (t;k, to; [oomy) .., [oiri]) == [1 -1)e >

iz
( (e, 1=
1)(1—)k+r>
><<e (1=5)=t0), 7, (k, 1)
_e(tt) 2 Fi(k,e’ T(t-to) )))]
:% [1-(T+(1—1)e 1)

(e D)

x (e 1=A)t=to), 7, (k 1)

Fi(k,e0))))]
1

= &dz (ot; K, octo; [mij]i#jv [ri])-

_ eur([—to)z

Consequently, in Eq. (2.9),

P(t; to, P(to); [oomy],.;, [ori]) = Ok
k

+<;cd (oct; k, outo; (Mgl [r ]))O(R}
= P(at; ato, P(0rto); [myly;, 1)) O

: [dl (ot k, otos [y, ;. 1) P(to)

Proposition 6 (Time step). For all ty,t1,t; > O, the sequence content
vector satisfies

P(tz) = P(tz; to, P(to)) = P(tz; t1, P(t1)) = P(t2; tv, P(ts; to, P(to)))-

(3.5)

Proof. Straightforward from Eq. (2.8)
P(to)). O

with P(ﬁ) = P(ﬁ;fo,

Proposition 7 (Time inversion). For all ty,t > 0 with tp, < t,

Zok [d;(to; k, )P

:Zok-[d1 (—t;k, —to)P(t) + da(—t; k, —to)R].  (3.6)
k

P(to,t P ) -‘y—dz(to;k, t)R]

Proof. First line is straightforward from Eq. (2.9). Then, we have
directly  di(to;k,t) =di(—t;k,—ty) from Eq. (2.11) and
dy(to; k,t) = da(—t; k, —to) from Eq. (2.12). O

Remark 6. Time inversion can be simply derived by replacing P(t,)
by P(t) and (t — to) by (to — t) in all analytical formulas.

4. Time and sequence length

We derive here the LIIS model for sequence length where the se-
quence content vector P(l;ng, P(ng)) is expressed as a function of
the sequence length I observed at evolution time t (I = n(t)).

Proposition 8 (Time and sequence length). Given an initial sequence
length ng = n(0) > 1 observed at initial time t, chosen equal to 0 for
convenience, the sequence content vector P(l;ng, P(ng)) at sequence
length | = n(t) at time t is, for all | > 1

P(l No, P(no)) = ZOk . [d] (1, k, no)P(no) + dz(l; k, no)R} (41)

k

where matrices (Og); are defined in (2.10) from the eigenvector
matrix Q of substitution rate matrix M,R = [r;]; ;. is the vector of

the residue insertion rates per site, and P(ny) is the initial sequence con-
tent vector at length ny and

dy (L k,ng) = ”—loh(l)*ﬁ (4.2)
dz(l; k, n()) ] |:1 *T (h(1)7¥+%
(W) )~ e (b)) )| (43)

where (X);< are the eigenvalues of M, =3, T is the
total residue insertion rate, T = ° where nNmax IS  the
maximum sequence length and Vx>0V1 k <K,,Fi1(k,x) =
H2F1 [1 1455424 12 /hﬁx] is the Gauss hypergeometric function
and

7-1
’E_f

h(l) = —e". (4.4)

Proof. P(l;ng, P(ng)) is obtained from Eq. (2.14). From Eq. (2.3), the
evolution time ¢ between the sequence lengths n(0) = n, at time
to =0andn(t) =lattime tisl = # leading to Eq. (4.4). Then,
di(l; k,no) and dy(l;k,ng) are obtained from Eq. (2.15) and (2.16),
respectively. Note that the denominator in Eq. (4.3) is not null
according to both Remark 4 and the conditions of Eq. (2.12). O

Remark 7. Eq. (4.1) is true for the very particular case | = n,.
Indeed, for all 1 <k <K, di(;k,no) =1 and dy(l;k,no) = 0. Then,
from Eq. (4.1), P(l;ny, P(ng)) = 3,0 - P(ny) = P(n) as 33,0, =1
(see Remark 5).

Remark 8. The IDIS model as a function of the sequence length
[14] is a particular case of the LIIS model when Nmax tends to infin-

ity. We have the following limit: as T = 2, then

lim 7=0.
Mmax —00
As
lim h(l) = L
-0 ( o No
and V1 <k <K,Vx > 0,

1- Ak 1- Ak T

lim ,F; (k,x) = lim H2F1{1,1 + 24
7—0 70

’ r t-1
=,F1(k,0) =1

then,
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. 1 (
lrlng di(l;k,ng) = (n_>

0

S (1 @)

Thus, from Eq. (4.1),

lin(} dy (Il k, ng)

lim P (I;no,P(

Nmax—00

1
(k)
1 1y ()
300 (P14 ()

which is the IDIS model as a function of the sequence length (Eq
(10) with d = 0 in [14]).

5. Insertion only model

Proposition 9 (Insertion only — evolution time). In the insertion only
model, i.e. the substitution rates are all equal to 0 (M = I), and given
an initial time ty > 0, then the sequence content vector P(t;tq,P(to))
at time t is

P(t: o, P(ty)) = TP(to) + (14){%(P(m)—?)e%“w} (5.1)

and given an initial time t, = 0, P(t; to, P(0)) at time t is

P(t;0,P(0)) = TP(0) + (1 — 1) [§ + <P(O) - §> e”‘} . (5.2)

Proof. In the insertion only model, substitutions are not allowed,
i.e. M =1. Then, all the eigenvalues are equal to 1. Thus, for all
1<k<K, =1 and, from Eq. (2.11),

di(t;k,t) =T+ (1 — T)e ")

and from Eq. (2.12), given that Vx > 0,H2F1[1,1,2,-%x] =
(1-7)In (147
X ’
1 —r(t—tg)
dz(t;k,to):F(l—T)(1—e 0).

Using Eq. (2.9) and >, 0 = I (Remark 5), then P(t; to, P(to)) is equal
to

Pt Plt0) =300 (41T )Pt +(1-7) (1 )]

(Zm) (‘EP o)+ )$+(1 _7) (P(t0)7§)e”“*fﬂ))
=TP(t)+(1 —r)§+(1 -1) (P(to)—§> e Tt

Eq. (5.2) is obtained straightforward from Eq. (5.1) with to =0. O

Proposition 10 (Insertion only — sequence length). In the insertion
only model, the sequence content vector P(l;ng,P(ng)) at sequence
length L is, for all 0 < | < Ny,

o

P(I;ng,P(ng)) = g + (P(lo) - §> T (5.3)

Proof. Straightforward from Egs. (5.2) and (4.4),

P o, P(ne)) = 5P(n0) + (1= ) [+ (o) = )|

7R R No
*7*(”("0*?)? .

Remark 9. The sequence content vector P(l;ng, P(ng)) at sequence
length [ is independent of the maximum sequence length n,x and
from the ratio 7= n— This a priori surprising observation is
explained by the fact that P(l;n9,P(nyp)) is equal to the sequence
content vector obtained with the non-limited insertion model IDIS
at the same length [ (Eq. (18) with d = 0 in [14]). In the LIIS model,
the growth rate nj(t) decreases in time due to parameter nm.x (Eq.
2.1). However, from a sequence length point of view, the sequence
content for a given length is the same as the one obtained with a
non-limited insertion process. The only difference between the
two models is that the sequence spends more time in each length
when insertion is limited, i.e. in the LIIS model.

6. Analytical formulas for classical substitution matrices
6.1. LIIS-SYM3 analytical formula

The LIIS-SYM3 model gives the expression of nucleotide se-
quence content vector P(t) = P(t;0,P(0)) by deriving Eq. (2.14)
with the classical 3-parameter symmetric substitution matrix
Msyms [12]. This matrix Msyys is defined by three formal parame-
ters a, b, c: a is the rate of transitions A <+ G and C < T, b is the rate
of transversion type A < T and C « G, and c is the rate of transver-
sion type A «— C and G « T. Thus, the substitution matrix Msyys is
defined as follows

n cab

cnb a
MSYM3 =

a b n c

b a cn

where n =1 - (a + b + c¢). The four eigenvalues of matrix Msyys are
{Mi=1=-2(a+b), 22=1-2(a+c), 3=1-2(b+c), =1}

(6.1)
and their associated eigenvectors are

{1 ={-1,-1,1,1}, v, ={1,-1,-1,1},
v3={-1,1,-1,1}, wv4={1,1,1,1}}.

After some algebraic manipulation of Eq. (2.14), we obtain the se-
quence content vector P(x) in each nucleotide A, C, G and T as a func-
tion of a variable x representing either evolution time x =t or
sequence length x = I. Then, the variable x, represents the initial con-
dition of x which is xo = 0 for evolution time t and xy = ny for se-
quence length I. Finally, a function h(x) is introduced which is equal
to h(x) = e for evolution time t and to h(x) = h(l) = X5

length L. Thus, with the following convention (x, xo, h(x)) = (t,0,€")
for an evolution time process and (x, Xo, h(x)) = (I, ng, h(l)) for a se-
quence length process, the sequence content vector reads

ra fil) + L) + f3(x)
1| re 1 fi(x) = fa(x) - (%)

P(x) = — -(1- h(x
x) e +z(1 -1+ 7hx) R0 — ) + )
T —fi(x) + (%) — f5(x)
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Wherer:rA+rc+rG+rT77::n%and, forallk=1,2,3,

i = (putxo) =5 o
+ <1 11’) <r?k> (1 1—;5_’;_ T) {h(x)flf"r’f”ZFl (k,1) _ZFl(k,h(x)):|

with, for y =1, h(x), oF;(k,y) =H2F1 {1, 1415 24 1k ,ﬁy} I
defined in (6.1), and ry=rqs+rc—rc—"17, Ta =Ty —Tc—Tc+ T,
I3 =Tpa—Tc+Tc—1IT1; P1(X0) = Pa(Xo) + Pc(X0) — Pg(X0) — Pr(Xo),
P2(X0) =DPa(Xo) —Pc(X0) — Pg(Xo) +Pr(X0) and p5(Xo) =pa(Xo) —Pc(Xo)+

Pc(Xo) — Pr(Xo)-
6.2. LIIS-HKY analytical formula

The LIIS-HKY model gives the expression of nucleotide sequence
content vector P(t) = P(t;0,P(0)) by deriving Eq. (2.14) with the
classical substitution matrix Myky [9]. This matrix Myyy is defined
by six formal parameters: the transition and transversion rates, o
and B, respectively, and the equilibrium nucleotide frequencies
Ta, Tc, T and 7y,

Ny Py omy BTy
Brc  nc  Pmc amc

ang frmc ng  Prc
prr amr prr  nr

MHKY =

where for all j in {A,C,G,T},nj = 1 — Z;jMuky[i,j] such that matrix
Mpyyy is stochastic in column. This matrix Myxy defines one of the
most general substitution models whose equilibrium distribution
differs from 1/4 for all nucleotides. Let us denote by 7z = 74 + 7
and my = 7tc + 7y the equilibrium frequencies for purine (A, G) and
pyrimidine (C, T), the four eigenvalues of matrix Myxy are

{/l] :1—/37 )in]—ﬂ(ﬂg—ﬁﬂy, /13:1—057'53(—[;7'5){, }v4:‘1}
(6.3)

and their associated eigenvectors are

{ylz{—m”" Te T 1}, v, = {~1,0,1,0}, v5 = {0,-1,0,1},

TRTLT ’ Tt ’ TIRTTT ’
Y
Tr Tt Tr
After some algebraic manipulation of Eq. (2.14), we obtain the se-

quence content vector P(x) in each nucleotide A,C,G and T with
the following convention (x, X0, h(x)) = (t,0, h(t) = e™) for an evolu-

)

tion time process and (x,xo, h(x)) = <l, N, h(l) = =1 >for a sequence
1

length process then,

—TaZ1(X) 82 (%)

T'a TR
re Ticg1 (X)-g3(%)
_ _ Ty
P(x) = re + (1 =T+Th() | e im0 (6.4)
TR
It 7181 (X)+83(X)

Ty

Wherer:rA+rc+rG+rT7r:r;—?“and, forall k=1,2,3,

g(X) = (G — Der)h(x)
Ck(‘l - )»k) ,I*irk“
A=t {“(") 2Pk, 1) - zﬂ(l«h(x»}
(6.5)

with for y=1,h(x), ,F(k,y) =H2F1 [1,1 1k 2 +%,ﬁyl, Ak
defined in (6.3), and C; = mtyrg — 7rry, Co = Mgl'a — TalG,
Tgte — T, D1 = Typr(Xo) — TrPy (Xo),

3 =
D, = mepa(Xo0) — Tapg(Xo),

D3 = mrpc(Xo) — Ticpr(Xo), TR =Ta+Tc, I'y =Tc + 11, Pp(Xo) = Pa(Xo) +
Pc(%0) and py(xo) = pc(Xo) + Pr(Xo).

The LIIS-HKY model (Eq. 6.4) as a function of the sequence
length (with x = I) is used in Section 7 for modelling the GC content
in complete genomes of four prokaryotic taxonomic groups.

7. A statistical evaluation of the LIIS model with a GC content
analysis in complete genomes

The LIIS model is a generalization of the IDIS model [14] where
an additional formal parameter nm,.x modulates the insertion pro-
cess according to the sequence length. Indeed, Proposition 3 proves
that the IDIS model is a particular case of the LIIS model when the
maximum sequence length ny.x tends to infinity. In this section,
we will show that this theoretical generalization has direct conse-
quences in biological applications. The IDIS model was applied to
the analysis of the GC content in bacterial genomes [14]. The anal-
ysis of the GC content has been a matter of debate for several years
as no mathematical model has been proposed to describe the rela-
tionship observed between the GC content, the genome length
[22,27,3,37,23,21,28] and the mutation events [8,29,37] in bacte-
rial genomes. The IDIS model outperforms the most recent model-
ling of GC content which is based on an empirical linear
relationship [37,23,21] in bacterial genomes (see the coefficients
R? in Fig. 4 in [14]). From a theoretical point of view, this result
was explained, in particular, by the two following facts: (i) the lin-
ear model is a particular case of the non-linear IDIS model with one
more degree of freedom (the parameter ¢ = —1 of the IDIS model
being associated to the linear case); and (ii) the IDIS model relies
on evolution assumptions for the processes of substitution, inser-
tion and deletion, in contrast to an empirical relationship. A statis-
tical analysis of the GC content in complete genomes of four
prokaryotic taxonomic groups, namely Chlamydiae, Crenarchaeota,
Spirochaetes and Thermotogae, will show the expected improve-
ment from the theory of the LIIS model compared to the IDIS
model.

Genome length (Mb)

© [e]
© _
< S 3
® : o
o — _
o
4 o= &
¢ & & o
\ & & «©
o @ F @
® ) <

2 GC content (%)
o

0.50
I<| O

0.25

Fig. 1. Statistical features of the genome length (Mb) and GC content of complete
genomes of four taxonomic groups Chlamydiae, Crenarchaeota, Spirochaetes and
Thermotogae. The boxplots show for each taxonomic group the distribution of the
genome length (top boxplot) and GC content (bottom boxplot). The horizontal bar
shows the median, the box margins represent the 25th and 75th percentiles, the
whiskers indicate data within 2 times the interquartile range and the circles are
outliers.
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Fig. 2. Best fit curves p.(I) minimizing the error RSS (Residual Sum of Squares) for the IDIS model (left panel) and the novel LIIS model (right panel) of complete genomes of
four taxonomic groups Chlamydiae, Crenarchaeota, Spirochaetes and Thermotogae. In each plot, the x-axis represents the genome length [ (Mb) and the y-axis, the GC content
Pec (D). For each taxonomic group, the left panel shows the best fit curve p..(I) obtained with the IDIS-HKY model and its associated error RSS and the right panel shows the
best fit curves pg.(l) obtained with the LIIS-HKY model and its associated error decrease (%) in comparison with the IDIS-HKY model.
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7.1. GC content formula

The analysis of GC content in complete genomes leads to the fol-
lowing assumptions with the LIIS-HKY model. As the DNA double
helix is antiparallel and complementary (A bonds T and C bonds
G), the number of C is equal to the number of G, and similarly for
A and T. Thus, the initial sequence content, the equilibrium distri-
bution and the nucleotide insertion rates satisfy the following
conditions

Pc(Mo) = p(no),  Pa(io) = pr(no), Pr(No) = py (o) :%
Te=Tg, Ta=Tr, Tp=Ty=1 (7.1)

fe=Tg, Ta=Tr, TR=Ty=3.

The GC content pg(I) = pc(l) + pc(l), i.e. the sum of the sequence
content in nucleotides C and G, is after some algebraic manipulation
of Eq. (6.4) with x = [, equal to

Pec(l) = zr?c+ 2(1 = 7+ th(l) [(pc(no) - %C)h(l)*(”%”)

7'[?(‘*LC

_m (h) 55F12,1) = 2R 2, h(1) )|

(7.2)
where r=2(ra+rc),T=72 h() =% and, for x=1h(),
1

2F1(2,%x) = H2F1[1,1 + 52,2 + =2 x| with ), = 1 - 244,

yT—

Proof. From Eq. (6.4) with x =,

Poc(l) = pe(l) +pc(D)

TEHTE L 2 (0t h(l)megy () - 50D - e () + £5(0)

=24 20— 1y th)[megy () - g5(0) — ey () + & (D)

=2 20—y th)g (D) - ga(0)

= 2fre+ (1 - T+ Th(D) (@& (D) - £a(0)]
= % [re +2(1 — 7+ th(l)g, ().

Indeed, from Eq. (6.5) and Condition (7.1), the following relations
between the terms in k=2 and k=3 are obtained:
lo = 23,C3 = TgTc — Tcl'T = Talc — Ticta = —Cy and D3 = -D, lead
to g5(l) = —g,(I). From Condition (7.1), the following relations are
deduced: p,(ng) =1 — pc(ng), ma =1 — mc and r4 = — rc. They lead
to Co=1(mer—re) and D, =1(mc—pc(ng)) and finally to
C; — Dor =1 (rpc(no) — rc) which allows the analytical Eq. (7.2) to
be retrieved. O

7.2. GC content estimation

Complete genomes of four prokaryotic taxonomic groups,
namely Chlamydiae (17 genomes), Crenarchaeota (34 genomes),
Spirochaetes (34 genomes) and Thermotogae (15 genomes), are
chosen as an example in order to show the improvement of the LIIS
model (precisely, LIIS-HKY) compared to the previous IDIS model
(precisely, IDIS-HKY; [14]) for modelling the GC content according
to the genome length. The genome length (Mb) and GC content of
complete genomes of each taxonomic group are collected from the
NCBI site (www.ncbi.nlm.nih.gov/genomes/lproks.cgi, January
2013). Figure 1 gives the main statistical features of their genome
length (Mb) and GC content. In order to be “general” in the statis-
tical evaluation of the LIIS model, we have chosen taxonomic sam-

ples with a large variability of observation parameters concerning
simultaneously the genome number, from 15 genomes for the
Thermotogae to 34 genomes for the Crenarchaeota and the Spiro-
chaetes (i.e. a variation of 127%), the minimum genome length
ng, from 0.34 Mb for the Spirochaetes to 1.81 Mb for the Thermot-
ogae (i.e. a variation of 432%), the maximum genome length 1,
from 2.83 Mb for the Crenarchaeota to 5.96 Mb for the Chlamydiae
(i.e. a variation of 111%), the minimum CG content, from 25.8% for
the Spirochaetes to 34.7% for the Chlamydiae (i.e. a variation of
34%), and the maximum CG content, from 46.9% for the Thermot-
ogae to 65.3% for the Chlamydiae (i.e. a variation of 39%).

For each taxonomic group, we set the minimum genome length
np to the minimum observed among the genomes of each group. In
order to obtain the best estimation of parameters of the formula
DPoc(D) (Eq. (7.2)) for the two models LIIS and IDIS, all parameters
are scanned as follows: the initial content p.(ny) in nucleotide C,
from 0.1 to 0.3 by step 0.01 (i.e. the GC content p.(1np) varies from
0.2 to 0.6 and thus includes the GC content interval observed in the
data, Fig. 1), the equilibrium frequency 7¢ of C, from 0.00 to 0.5 by
step 0.05, the ratio %2, from 0.01 to 4 by step 0.01, the ratio ¢, from
0 to 0.5 by step 0.05 and, for the LIIS model only, the maximal gen-
ome length n, varies from the observed maximum length (Mb) of
each taxonomic group to 10 Mb by step 0.02 Mb. The IDIS and LIIS
models are evaluated with the classical statistical parameter RSS
(Residual Sum of Squares). The best fit curves are plotted in
Figure 2.

As expected by the theory (see Introduction in Section 7), the
LIIS model has RSS values significantly smaller than the IDIS model
with the four taxonomic groups, in particular an error decrease up
to 43% with Chlamydiae. Furthermore, the best fit curves p¢(l) in
the LIIS and IDIS models may be totally different with a change of
concavity/convexity, in particular with the Chlamydiae and the
Crenarchaeota. Otherwise, the application of the LIIS model for
GC content analysis in bacterial genomes may be improved in fu-
ture by incorporating some additional biological factors such as
the effect of selection force, e.g. the variation of base composition
at synonymous sites since bacterial genomes have high gene con-
tent [24].

8. Conclusion

We have developed a new molecular evolution model based on
Limited Insertion Independent of Substitution (LIIS model). This
LIIS model is more general than the IDIS model [13,14], both from
a theoretical point of view as the IDIS model is a particular case of
the LIIS model when the maximum sequence length nn,,x tends to
infinity, and from a practical point of view for the GC content anal-
ysis in complete genomes of four prokaryotic taxonomic groups.
This research work is a theoretical contribution to the very few
classes of mathematical models of gene evolution based on substi-
tution and insertion. To our knowledge, there is no mathematical
molecular evolution model including a limited insertion process.
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