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A B S T R A C T

Since 1996, circular codes in genes have been identified thanks to the development of 6 statistical approaches:
trinucleotide frequencies per frame (Arquès and Michel, 1996), correlation functions per frame (Arquès and
Michel, 1997), frame permuted trinucleotide frequencies (Frey and Michel, 2003, 2006), advanced statistical
functions at the gene population level (Michel, 2015) and at the gene level (Michel, 2017). All these 3-frame
statistical methods analyse the trinucleotide information in the 3 frames of genes: the reading frame and the
2 shifted frames. Notably, codon usage does not allow for the identification of circular codes (Michel, 2020).
This has been a long-standing problem since 1996, hindering biologists’ access to circular code theory.

By considering circular code conditions resulting from code theory, particularly the concept of permutation
class, and building upon previous statistical work, a new statistical approach based solely on the codon usage,
i.e. a 1-frame statistical method, surprisingly reveals the maximal 𝐶3 self-complementary trinucleotide circular
code 𝑋 in bacterial genes and in average (bacterial, archaeal, eukaryotic) genes, and almost in archaeal
genes. Additionally, a new parameter definition indicates that bacterial and archaeal genes exhibit codon
usage dispersion of the same order of magnitude, but significantly higher than that observed in eukaryotic
genes. This statistical finding may explain the greater variability of codes in eukaryotic genes compared to
bacterial and archaeal genes, an issue that has been open for many years. Finally, biologists can now search
for new (variant) circular codes at both the genome level (across all genes in a given genome) and the gene
level using only codon usage, without the need for analysing the shifted frames.
1. Introduction

The circular code theory provides a mathematical structure to the
genetic code and its sub-codes, allowing simultaneous study of amino
acid encoding and reading frame synchronization properties during
the translation process. In 1996, a maximal 𝐶3 self-complementary
trinucleotide circular code 𝑋 was discovered in the genes (Arquès and
Michel, 1996)

𝑋 = {𝐴𝐴𝐶,𝐴𝐴𝑇 ,𝐴𝐶𝐶,𝐴𝑇𝐶,𝐴𝑇𝑇 , 𝐶𝐴𝐺,𝐶𝑇𝐶, 𝐶𝑇𝐺,𝐺𝐴𝐴,𝐺𝐴𝐶,

𝐺𝐴𝐺,𝐺𝐴𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐺𝐺𝑇 ,𝐺𝑇𝐴,𝐺𝑇𝐶,𝐺𝑇𝑇 , 𝑇𝐴𝐶, 𝑇 𝑇𝐶}.
(1)

This circular code 𝑋 is able to retrieve the correct reading frame during
translation - a property called circularity that generalizes the Crick’s
classical notion of comma-freeness. The historical context of this result
is described in the article by Michel (2020).

From 1996 to 2017, six statistical approaches applied to an ex-
ponentially growing number of genes were developed to confirm the
circular code 𝑋 (1) in genes of bacteria, archaea, eukaryotes, plas-
mids and viruses (Michel, 2017). In 2017, the analysed kingdom of
bacteria contained 15,735,053 genes and 5,222,267,667 trinucleotides
(13,688 genes and 4,708,758 trinucleotides in 1996), i.e. a bacterial
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trinucleotide number multiplied by 1109, and the analysed kingdom
of eukaryotes contained 4,356,391 genes and 2,406,844,838 trinu-
cleotides (26,757 genes and 11,397,678 trinucleotides in 1996), i.e. an
eukaryotic trinucleotide number multiplied by 211. All the developed 3-
frame statistical methods analyse the trinucleotide information in the 3
frames of genes (the reading frame 0 and the 2 shifted frames 1 and 2):
trinucleotide frequencies per frame (Arquès and Michel, 1996), corre-
lation functions per frame (Arquès and Michel, 1997), frame permuted
trinucleotide frequencies (Frey and Michel, 2003, 2006), advanced
statistical functions at the gene population level (Michel, 2015) and
at the gene level (Michel, 2017). However, this genetic information
is not available in any biological software. Furthermore, codon usage,
the most widely used statistical method in genetics, does not allow for
the identification of circular codes (Michel, 2020). In this work, we
investigate this open problem since 1996.

By considering circular code conditions resulting from code theory
and building upon previous statistical work, a new developed statistical
approach based solely on the codon usage allows determining codes
that are potentially circular without needing to analyse the shifted
frames 1 and 2. Surprisingly, this 1-frame statistical method reveals
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the circular code 𝑋 (1) in bacterial genes and in average (bacterial,
archaeal, eukaryotic) genes. A new parameter definition based on the
codon permutation class will show that the genes of bacteria and
archaea have a codon usage dispersion of the same order of magnitude,
but significantly higher than the one in the genes of eukaryotes. This
new statistical result could be the fundamental explanation for the
variability of codes, whether circular or not, in eukaryotic genes.

This article is organized as follows. Section 2 is divided into 6
parts. The necessary definitions and notation of code, circular code,
complementary map and permutation map are gathered in Section 2.1.
Section 2.2 describes the acquisition of codon usage for the genomes
of bacteria, archaea and eukaryotes from the codon statistics database
(CSD) (Subramanian et al., 2022). The codon usage of bacterial, ar-
chaeal and eukaryotic genes is computed in Section 2.3. Section 2.4
states the circular code conditions applied to the new 1-frame statistical
method for identifying trinucleotide codes potentially circular, based
solely on codon usage. Section 2.5 describes two procedures to identify
a trinucleotide code and a self-complementary trinucleotide code of
cardinality 20. Section 2.6 proposes a new definition related to the
dispersion of codon usage in a permutation class.

Section 3 is divided into 5 parts. Sections 3.1, 3.2, 3.3 identify trinu-
cleotide codes and self-complementary trinucleotide codes of cardinal-
ity 20 in the genes of bacteria, archaea and eukaryotes, respectively.
Section 3.4 identifies a trinucleotide code and a self-complementary
trinucleotide code of cardinality 20 on average in genes of bacteria,
archaea and eukaryotes. Section 3.5 demonstrates a lowest codon
dispersion in eukaryotic genes compared to bacterial and archaeal
genes.

2. Method

2.1. Definitions

In this section, only a few basic definitions are necessary to be
recalled. Let  = {𝐴,𝐶,𝐺, 𝑇 } be the genetic alphabet where the
nucleotides (also called bases) 𝐴 stands for Adenine, 𝐶 for Cytosine, 𝐺
for Guanine and 𝑇 for Thymine. Triletter words 𝑁 = 𝑁1𝑁2𝑁3 ∈ 3

are usually called trinucleotides or codons. There are 64 codons in
total and each of them encodes an amino acid or the stop signal. This
encoding map forms the standard genetic code that is present in all
living organisms nowadays (see Woese, 1965, for more details on the
biological background).

2.1.1. Code
A code 𝑌 is a set of words (perhaps of different lengths) over some

alphabet Σ such that any concatenation of codewords from 𝑌 can be
read in a unique way on a line. Any subset of 3 is a code.

2.1.2. Circular code (Arquès and Michel, 1996; Fimmel et al., 2016)
A code 𝑌 is circular over some alphabet Σ such that any con-

catenation of codewords from 𝑌 can be read in a unique way on a
circle.

The circular code 𝑋 (1) in genes belongs to the (most) important
class of the 216 maximal 𝐶3 self-complementary trinucleotide circular
codes over the genetic alphabet (Arquès and Michel, 1996) whose list is
explicitly given in Michel et al. (2008). Interestingly, there are (at least)
3 possible partitions of the 216 circular codes: (i) 27 classes (27 × 8) by
letter invariance with respect to self-complementarity (Fimmel et al.,
2014); (ii) 3 classes (2 × 56 + 104) based on the necklace definition
(Michel et al., 2008); and (iii) 2 classes (88+128) based on probabilities
of nucleotides at the three codon sites (Koch and Lehmann, 1997; Lacan
and Michel, 2001).

The properties and mathematical proofs that enable us to determine
whether a code is circular or not, are outside the scope of this article.
We refer the reader to the reviews (Michel, 2008; Fimmel and Strüng-
mann, 2018) for the biological context and the basic mathematical
properties of circular codes.
2



2.1.3. Complementary map
The nucleotide complementary map  ∶  →  of a base 𝐵 ∈ 

is defined by (𝐴) ∶= 𝑇 , (𝑇 ) ∶= 𝐴, (𝐶) ∶= 𝐺 and (𝐺) ∶= 𝐶.
The trinucleotide complementary map  ∶ 3 → 3 of a trinucleotide
𝑁 = 𝑁1𝑁2𝑁3 ∈ 3 is defined by (𝑁) ∶= (𝑁3)(𝑁2)(𝑁1). The
rinucleotide set complementary map  ∶ 3 → 3 of a trinucleotide
ode 𝑌 is defined by (𝑌 ) = {𝑀 ∶ 𝑁,𝑀 ∈ 3, 𝑁 ∈ 𝑌 ,𝑀 = (𝑁)}.

trinucleotide code 𝑌 ⊆ 3 is self-complementary if for every trinu-
leotide 𝑁 ∈ 𝑌 , the complementary trinucleotide (𝑁) also belongs
o 𝑌 , i.e. 𝑌 = (𝑌 ) ∶= {(𝑁) ∶ 𝑁 ∈ 𝑌 }. A self-complementary
rinucleotide 𝑌 has an even cardinality.

xample 1. ({𝐴𝐶𝐺,𝐴𝐺𝑇 }) = {𝐴𝐶𝑇 , 𝐶𝐺𝑇 }.

Our method will involve the 30 following self-complementary codon
airs 𝐒𝐂:

𝐴𝐴𝐶,𝐺𝑇𝑇 }, {𝐴𝐴𝐺,𝐶𝑇𝑇 }, {𝐴𝐴𝑇 ,𝐴𝑇𝑇 },

𝐴𝐶𝐴, 𝑇𝐺𝑇 }, {𝐴𝐶𝐶,𝐺𝐺𝑇 }, {𝐴𝐶𝐺,𝐶𝐺𝑇 },

𝐴𝐶𝑇 ,𝐴𝐺𝑇 }, {𝐴𝐺𝐶,𝐺𝐶𝑇 }, {𝐴𝐺𝐺,𝐶𝐶𝑇 },

𝐴𝑇𝐴, 𝑇𝐴𝑇 }, {𝐴𝑇𝐶,𝐺𝐴𝑇 }, {𝐴𝑇𝐺,𝐶𝐴𝑇 },

𝐶𝐴𝐺,𝐶𝑇𝐺}, {𝐶𝐶𝐴, 𝑇𝐺𝐺}, {𝐶𝐶𝐺,𝐶𝐺𝐺},

𝐶𝑇𝐶,𝐺𝐴𝐺}, {𝐺𝐴𝐴, 𝑇𝑇𝐶}, {𝐺𝐴𝐶,𝐺𝑇𝐶},

𝐺𝐶𝐶,𝐺𝐺𝐶}, {𝐺𝐶𝐺,𝐶𝐺𝐶}, {𝐺𝑇𝐴, 𝑇𝐴𝐶},

𝐺𝑇𝐺, 𝐶𝐴𝐶}, {𝑇𝐴𝐺,𝐶𝑇𝐴}, {𝑇𝐶𝐴, 𝑇𝐺𝐴},

𝑇𝐶𝐶,𝐺𝐺𝐴}, {𝑇𝐶𝐺,𝐶𝐺𝐴}, {𝑇𝐶𝑇 ,𝐴𝐺𝐴},

𝑇𝐺𝐶,𝐺𝐶𝐴}, {𝑇𝑇𝐴, 𝑇𝐴𝐴}, {𝑇𝑇𝐺,𝐶𝐴𝐴}.

(2)

.1.4. Permutation map
The trinucleotide permutation map  ∶ 3 → 3 of a trinucleotide
= 𝑁1𝑁2𝑁3 ∈ 3 is defined by (𝑁) ∶= 𝑁2𝑁3𝑁1. The 2nd iterate is

2(𝑁) ∶= 𝑁3𝑁1𝑁2. The trinucleotide set permutation map  ∶ 3 →
3 of a trinucleotide code 𝑌 is defined by (𝑌 ) = {𝑀 ∶ 𝑁,𝑀 ∈ 3, 𝑁 ∈
,𝑀 = (𝑁)}.

xample 2. ({𝐴𝐶𝐺,𝐴𝐺𝑇 }) = {𝐶𝐺𝐴,𝐺𝑇𝐴} and 2({𝐴𝐶𝐺,𝐴𝐺𝑇 }) =
𝐺𝐴𝐶, 𝑇𝐴𝐺}.

Our method will involve the 20 following codon permutation
lasses 𝐏:
𝐴𝐴𝐶,𝐴𝐶𝐴,𝐶𝐴𝐴}, {𝐴𝐴𝐺,𝐴𝐺𝐴,𝐺𝐴𝐴},

𝐴𝐴𝑇 ,𝐴𝑇𝐴, 𝑇𝐴𝐴}, {𝐴𝐶𝐶,𝐶𝐶𝐴,𝐶𝐴𝐶},

𝐴𝐶𝐺,𝐶𝐺𝐴,𝐺𝐴𝐶}, {𝐴𝐶𝑇 , 𝐶𝑇𝐴, 𝑇𝐴𝐶},

𝐴𝐺𝐶,𝐺𝐶𝐴,𝐶𝐴𝐺}, {𝐴𝐺𝐺,𝐺𝐺𝐴,𝐺𝐴𝐺},

𝐴𝐺𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐺}, {𝐴𝑇𝐶, 𝑇𝐶𝐴,𝐶𝐴𝑇 },

𝐴𝑇𝐺, 𝑇𝐺𝐴,𝐺𝐴𝑇 }, {𝐴𝑇𝑇 , 𝑇 𝑇𝐴, 𝑇𝐴𝑇 },

𝐶𝐶𝐺,𝐶𝐺𝐶,𝐺𝐶𝐶}, {𝐶𝐶𝑇 , 𝐶𝑇𝐶, 𝑇𝐶𝐶},

𝐶𝐺𝐺,𝐺𝐺𝐶,𝐺𝐶𝐺}, {𝐶𝐺𝑇 ,𝐺𝑇𝐶, 𝑇𝐶𝐺},

𝐶𝑇𝐺, 𝑇𝐺𝐶,𝐺𝐶𝑇 }, {𝐶𝑇𝑇 , 𝑇 𝑇𝐶, 𝑇𝐶𝑇 },

𝐺𝐺𝑇 ,𝐺𝑇𝐺, 𝑇𝐺𝐺}, {𝐺𝑇𝑇 , 𝑇 𝑇𝐺, 𝑇𝐺𝑇 }.

(3)

The complementary and permutation maps are the two most im-
ortant maps related to the complementary DNA double helix. While
he complementarity map is classic and well-known among biologists,
he permutation map introduced in the theory of circular code in
996 (Arquès and Michel, 1996) is equally important concerning gene
oding. Indeed, these two maps are related to each other according
o 2 relations. Without loss of generality, take a trinucleotide 𝑡, then
Remark 5 in Michel, 2015):

2 2
(𝑡) = ( ((𝑡))) and  (𝑡) = (((𝑡))). (4)
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Furthermore, without loss of generality, take a self-complementary
trinucleotide 𝑌 , i.e. 𝑌 = (𝑌 ), circular or not, then (Arquès and Michel,
1996; Remark 5 in Michel, 2021):

(𝑋) = (2(𝑋)) and 2(𝑋) = ((𝑋)). (5)

Relation (5) means the following biological property with the two
complementary strands 𝑠1 and 𝑠2 = (𝑠1) of DNA. A trinucleotide 𝑡
in frame 0 in 𝑠1 is paired with its complementary trinucleotide (𝑡)
in frame 0 in 𝑠2, and a trinucleotide 𝑡 in frame 1 (2, respectively) in
𝑠1 is paired with its complementary trinucleotide (𝑡) in frame 2 (1,
respectively) in 𝑠2.

The definition of codon permutation class 𝐏 is necessary to ob-
tain a trinucleotide circular code. Indeed, a necessary condition for
a trinucleotide code to be circular is that it contains no permuted
trinucleotide. Thus, a circular code includes only one codon in each
permutation class. As there are 20 permutation classes, the maximum
cardinality of a trinucleotide circular code is 20 (with codewords of
length 3 on a 4-letter alphabet).

The definition of self-complementary codon pair 𝐒𝐂 is necessary to
obtain a self-complementary trinucleotide code, circular or not. A self-
complementary trinucleotide code must contain both a codon and its
complementary codon.

The two definitions 𝐏 and 𝐒𝐂 are necessary to obtain a self-
complementary trinucleotide circular code like 𝑋 (1) identified in
genes.

2.2. Data

The codon statistics database (CSD), recently developed, provides
the codon usage for all the species with reference or representative
genomes in RefSeq (Subramanian et al., 2022). It is free to access
without registration at http://codonstatsdb.unr.edu. From this CSD, we
extract (July 2022) the codon usage of genomes of three kingdoms:
bacteria, archaea and eukaryota. The few exceptional genomes in which
the codon usage of the stop codons is not given, are not considered.

The Archaea (Id 2157) can be directly extracted leading to 432
archaeal genomes Arc with 1,280,890 genes representing 367,937,932
codons.

The Bacteria and Eukaryota cannot be directly obtained from CSD,
which is restricted to taxa for which the genetic code is homogeneous,
i.e. species with the same genetic code. For example, the bacterial
Mycoplasmatales uses a different genetic code with only two stop
codons 𝑇𝐴𝐴 and 𝑇𝐴𝐺, 𝑇𝐺𝐴 coding 𝑇 𝑟𝑝.

Thus, the Bacteria are constructed from the union of the 22 fol-
lowing bacterial classes: Acidobacteria (Id 57723), Actinobacteria (Id
201174), Aquificae (Id 187857), Bacteroidetes (Id 976), Balneolia (Id
1853221), Chlamydiia (Id 204429), Chloroflexi (Id 200795), Cyanobac-
teria (Id 1117), Deferribacteres (Id 68337), Deinococcus-Thermus (Id
1297), Epsilonproteobacteria (Id 29547), Firmicutes (Id 1239), Fu-
sobacteria (Id 32066), Mycoplasmatales (Id 2085), Nitrospirae (Id
40117), Planctomycetes (Id 203682), Pseudomonadales (Id 72274),
Spirochaetes (Id 203691), Synergistetes (Id 508458), Thermodesul-
fobacteria (Id 200940), Thermotogae (Id 200918) and Verrucomicrobia
(Id 74201). This data construction leads to 8345 bacterial genomes Bac
with 34,020,997 genes representing 11,087,876,805 codons.

In a similar way, the Eukaryota are constructed from the union
of the 4 following eukaryotic classes: Metazoa (animals, Id 33208),
Plants (Embryophyta, land plants, Id 3193; Chlorophyta, green al-
gae, Id 3041; Rhodophyta, red algae, Id 2763), Fungi (Agaricomy-
cotina Id 5302; Pezizomycotina, Id 147538; Saccharomyces, Id 4930;
Ustilaginomycotina, Id 452284; Basidiomycota, Id 5204) and Protists
(Apicomplexa, Id 5794; Kinetoplastea, Id 5653). This data construc-
tion leads to 1150 eukaryotic genomes Euk with 20,206,058 genes
3

representing 10,374,305,634 codons.
2.3. Codon usage of bacterial, archaeal and eukaryotic genes

In Table 1, the codon usage frequency 𝑓 (%) is computed in
34,020,997 genes of 8345 bacterial genomes Bac, 1,280,890 genes
of 432 archaeal genomes Arc and 20,206,058 genes of 1150 eukaryotic
genomes Euk obtained from the codon statistics database (CSD) (see
Section 2.2). The massive statistics of genes in the three kingdoms
of bacteria, archaea and eukaryotes given in Table 1, also enable the
reader to carry out other research studies.

2.4. Circular code conditions

We develop a 1-frame statistical method based on circular code
conditions, resulting from code theory and previous statistical work,
in order to identify potential circular codes in genes (in reading frame
0) from the codon usage only, i.e. without having to consider genetic
information in the shifted frames 1 and 2, i.e. without having to
compute trinucleotides in the frames 1 and 2 as with all 3-frame
statistical methods used to date.

(i) The 60 codons 3 ⧵ {𝐴𝐴𝐴,𝐶𝐶𝐶,𝐺𝐺𝐺, 𝑇 𝑇𝑇 } are considered,
i.e. the 4 periodic codons are excluded.

(ii) The cardinality of trinucleotide codes to be identified potentially
circular, is at most 20.

(iii) The permuted codons do not belong to trinucleotide codes to be
identified potentially circular.

(iv) From Conditions (i), (ii) and (iii), the 20 codon permutation
classes 𝐏 (3) are considered.

(v) The codon usage frequency 𝑓 is normalized in each permutation
class 𝐏 (3), the normalized frequency is named 𝑔. It is the most
important idea that enables to neutralize the effect of codon
usage in different genomes depending on a great number of
biological factors.

(vi) The trinucleotide codes 𝑋1 and 𝑋2 in frames 1 and 2, respec-
tively, are deduced from the trinucleotide code 𝑋 in reading
frame of genes as follows: 𝑋1 = (𝑋) and 𝑋2 = 2(𝑋).

2.5. Statistical method

The procedure P for identifying a trinucleotide code 𝑌 of cardinality
20 in genes (in reading frame) is divided into 3 steps.

(P1) Compute the normalized frequency 𝑔 of the 3 codons in each
permutation class 𝐏 (3) among 20. Precisely, let a permutation
class {𝑐1, 𝑐2, 𝑐3} of 3 codons 𝑐1, 𝑐2 and 𝑐3 be associated with
the codon usage frequencies 𝑓1, 𝑓2 and 𝑓3, respectively, from
Table 1. Then, a normalized frequency 𝑔𝑖 of a codon 𝑐𝑖 of
frequency 𝑓𝑖 in its permutation class is (obviously) equal to

𝑔𝑖 =
𝑓𝑖

∑3
𝑖=1 𝑓𝑖

. (6)

Note that ∑3
𝑖=1 𝑔𝑖 = 1. In the tables below, 𝑔 will be given in %.

(P2) For each permutation class 𝐏 (3), identify the codon of highest
normalized frequency 𝑔max such that

𝑔max = max
{

𝑔𝑖 ∶ 𝑖 ∈ {1, 2, 3}
}

. (7)

(P3) Deduce the trinucleotide code 𝑌 of cardinality 20 with the 20
codons of highest normalized frequencies 𝑔max in the 20 codon
permutation classes 𝐏 (3).

Remark 1. The normalized frequency 𝑔 of a codon 𝑐 is not necessary
to find the maximum value (Procedure (P2)) but it is important for
Procedure (P3) that ranks the codons from 1st to 20th place. Remark 7

in Section 3.1 gives an example with bacterial genes.

http://codonstatsdb.unr.edu
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Table 1
Codon usage frequency 𝑓 (%) of 34,020,997 genes of 8345 bacterial genomes Bac (11,087,876,805 codons), 1,280,890 genes of 432 archaeal
genomes Arc (367,937,932 codons) and 20,206,058 genes of 1150 eukaryotic genomes Euk (10,374,305,634 codons) obtained from the codon
statistics database (CSD) (see Section 2.2).

Bac Arc Euk Bac Arc Euk Bac Arc Euk Bac Arc Euk

𝐴𝐴𝐴 2.37 1.74 2.60 𝐶𝐴𝐴 1.20 0.59 1.61 𝐺𝐴𝐴 2.91 3.04 2.96 𝑇𝐴𝐴 0.12 0.11 0.06
𝐴𝐴𝐶 1.80 2.01 2.12 𝐶𝐴𝐶 1.27 1.40 1.37 𝐺𝐴𝐶 3.42 5.25 2.57 𝑇𝐴𝐶 1.56 2.13 1.55
𝐴𝐴𝐺 2.00 1.88 3.12 𝐶𝐴𝐺 2.16 1.78 2.75 𝐺𝐴𝐺 3.22 5.07 3.69 𝑇𝐴𝐺 0.06 0.08 0.05
𝐴𝐴𝑇 1.64 1.05 1.95 𝐶𝐴𝑇 0.78 0.46 1.17 𝐺𝐴𝑇 2.25 2.02 2.64 𝑇𝐴𝑇 1.35 0.96 1.24
𝐴𝐶𝐴 0.93 0.85 1.57 𝐶𝐶𝐴 0.63 0.67 1.61 𝐺𝐶𝐴 1.43 1.48 1.76 𝑇𝐶𝐴 0.64 0.68 1.38
𝐴𝐶𝐶 2.56 2.16 1.63 𝐶𝐶𝐶 1.39 1.35 1.49 𝐺𝐶𝐶 4.32 3.49 2.23 𝑇𝐶𝐶 1.25 1.08 1.60
𝐴𝐶𝐺 1.51 2.20 0.94 𝐶𝐶𝐺 2.14 1.91 0.97 𝐺𝐶𝐺 3.22 3.42 1.12 𝑇𝐶𝐺 1.23 1.62 0.90
𝐴𝐶𝑇 0.76 0.73 1.40 𝐶𝐶𝑇 0.67 0.52 1.58 𝐺𝐶𝑇 1.30 1.05 2.02 𝑇𝐶𝑇 0.67 0.56 1.60
𝐴𝐺𝐴 0.54 0.69 1.27 𝐶𝐺𝐴 0.43 0.72 0.71 𝐺𝐺𝐴 1.39 1.52 1.76 𝑇𝐺𝐴 0.15 0.19 0.08
𝐴𝐺𝐶 1.28 1.27 1.72 𝐶𝐺𝐶 2.26 1.80 1.03 𝐺𝐺𝐶 3.63 3.40 1.92 𝑇𝐺𝐶 0.53 0.41 1.05
𝐴𝐺𝐺 0.38 0.81 1.13 𝐶𝐺𝐺 1.64 1.51 0.82 𝐺𝐺𝐺 1.43 1.78 1.26 𝑇𝐺𝐺 1.31 1.08 1.22
𝐴𝐺𝑇 0.69 0.63 1.27 𝐶𝐺𝑇 0.80 0.50 0.68 𝐺𝐺𝑇 1.54 1.34 1.43 𝑇𝐺𝑇 0.29 0.42 0.95
𝐴𝑇𝐴 0.82 1.33 1.02 𝐶𝑇𝐴 0.45 0.47 0.77 𝐺𝑇𝐴 1.05 0.86 0.84 𝑇𝑇𝐴 1.25 0.75 0.92
𝐴𝑇𝐶 2.76 2.90 2.04 𝐶𝑇𝐶 2.23 3.86 1.83 𝐺𝑇𝐶 2.66 4.30 1.58 𝑇𝑇𝐶 2.11 2.58 2.01
𝐴𝑇𝐺 2.15 2.00 2.26 𝐶𝑇𝐺 3.86 2.25 2.87 𝐺𝑇𝐺 2.66 1.88 2.28 𝑇𝑇𝐺 1.21 0.68 1.58
𝐴𝑇𝑇 1.91 1.31 1.75 𝐶𝑇𝑇 1.01 1.09 1.46 𝐺𝑇𝑇 1.20 1.36 1.51 𝑇𝑇𝑇 1.61 1.00 1.73
Remark 2. In a codon usage (with real numbers), the codon associated
with 𝑔max is unique. In case there are 2 or 3 codons with the same value
𝑔max, any codon with 𝑔max can be chosen or its permutation class can
be discarded.

The procedure Q for identifying a self-complementary trinucleotide
code 𝑍 of cardinality 20 in genes (in reading frame) is divided into 2
steps.

(Q1) Compute the mean normalized frequency 𝑔 of the 2 codons in
each self-complementary pair 𝐒𝐂 (2) among 30. Precisely, let
a self-complementary pair {𝑐,(𝑐)} of 2 codons 𝑐1 = 𝑐 and
𝑐2 = (𝑐) be associated with the normalized frequencies 𝑔1 and
𝑔2. Then, a mean normalized frequency 𝑔 of 2 codons in its
self-complementary pair is (obviously) equal to

𝑔 =
𝑔1 + 𝑔2

2
(8)

where 𝑔𝑖 (6) is the normalized frequency of a codon 𝑐𝑖 in the
self-complementary codon pair {𝑐1, 𝑐2}.

(Q2) Deduce the self-complementary trinucleotide code 𝑍 of car-
dinality 20 with the 20 codons of highest mean normalized
frequencies 𝑔 in the 10 self-complementary codon pairs 𝐒𝐂 (2).

The procedures P and Q can be easily programmed in a program-
ing language or spreadsheet program. Several examples of computa-

ion of 𝑔 and 𝑔 will be given in Section 3 to make it easier for the reader
to implement the software.

Remark 3. The procedure P forces maximality and the procedure Q
orces both maximality and self-complementarity. These two proper-
ies appear naturally and are totally unexpected in the two original
-frames methods (Arquès and Michel, 1996, 1997).

emark 4. The trinucleotide code 𝑌 and the self-complementary
rinucleotide code 𝑍 obtained by the 2 procedures P and Q verify
he necessary conditions of maximal cardinality 20 and the absence of
ermuted codons, but they are not necessarily circular which require
dditional mathematical properties (not in the scope of this paper, see
.g. Arquès and Michel, 1996; Fimmel et al., 2016).

emark 5. The 2 procedures P and Q can obviously identify trin-
cleotide codes 𝑌 and self-complementary trinucleotide codes 𝑍 of
ardinality less than 20 by considering a subset of codons among the 20
ighest normalized frequencies 𝑔max or a subset of self-complementary
odon pairs among the 10 mean normalized frequencies 𝑔. This ap-

proach is particularly interesting for identifying non-maximal circular
codes when a code of cardinality 20 (maximal) is not circular.
4

Remark 6. As the shifted frames 1 and 2 are not analysed, it is
impossible to determine the trinucleotides of the codes 𝑋1 and 𝑋2 in
frames 1 and 2, respectively. Condition (vi) must be applied for this
case.

2.6. Codon usage dispersion in a permutation class

We extend here the definition of codon usage dispersion introduced
in a previous work (Michel and Sereni, 2023) to a codon permutation
class 𝐏 (3). A codon usage in a codon permutation class {𝑐1, 𝑐2, 𝑐3} ∈ 𝐏
of cardinality 3 is uniform if the 3 codons 𝑐1, 𝑐2 and 𝑐3 have the same
occurrence frequency 1

3 . We can now define the dispersion of codon
usage in a permutation class.

Definition 1 (Codon Usage Dispersion in a Codon Permutation Class). The
dispersion 𝑑 of codon usage in a codon permutation class 𝐏 (3) is given
by

𝑑 =
3
∑

𝑖=1

|

|

|

|

𝑔𝑖 −
1
3
|

|

|

|

(9)

where 𝑔𝑖 (6) is the normalized frequency of a codon 𝑐𝑖 in the codon
permutation class {𝑐1, 𝑐2, 𝑐3}.

This new parameter definition 𝑑 will show that the genes of bac-
teria and archaea have a codon usage dispersion of the same order
of magnitude, but significantly higher than the one in the genes of
eukaryotes. This result could be the fundamental explanation for the
greater variability of codes in eukaryotic genes, compared to bacterial
and archaeal genes.

3. Results

The two procedures P and Q will be applied to the codon us-
age of genes of bacteria, archaea and eukaryotes in order to identify
trinucleotide codes which are potentially circular.

3.1. Trinucleotide codes in bacterial genes

In Table 2, the codon usage frequency 𝑓 (%) of 34,020,997 genes
of 8345 bacterial genomes Bac is copied from the codon usage Table 1
into each codon permutation class 𝐏 (3) and Procedure (P1) computes
the normalized frequency 𝑔 (6) given in %.

For the reader’s convenience, an example is given for computing
𝑔 (6).
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Table 2
Frequency 𝑓 (codon usage from Table 1 in %) and normalized frequency 𝑔 (6) (%) of 34,020,997 genes of 8345 bacterial genomes Bac (11,087,876,805 codons) for each codon
ermutation class 𝐏 (3) (frequency sum equal to 100%; Procedure P). The codons are ordered according to the 20 permutation classes and the numbers are rounded to the 2nd
ecimal place.

𝑓 𝑔 𝑓 𝑔 𝑓 𝑔 𝑓 𝑔

𝐴𝐴𝐶 1.80 45.83 𝐴𝐶𝑇 0.76 27.41 𝐴𝑇𝐺 2.15 47.25 𝐶𝐺𝑇 0.80 17.07
𝐴𝐶𝐴 0.93 23.61 𝐶𝑇𝐴 0.45 16.16 𝑇𝐺𝐴 0.15 3.26 𝐺𝑇𝐶 2.66 56.68
𝐶𝐴𝐴 1.20 30.57 𝑇𝐴𝐶 1.56 56.43 𝐺𝐴𝑇 2.25 49.49 𝑇𝐶𝐺 1.23 26.25
Total 3.92 100.00 Total 2.76 100.00 Total 4.55 100.00 Total 4.70 100.00

𝐴𝐴𝐺 2.00 36.69 𝐴𝐺𝐶 1.28 26.25 𝐴𝑇𝑇 1.91 42.41 𝐶𝑇𝐺 3.86 67.81
𝐴𝐺𝐴 0.54 9.93 𝐺𝐶𝐴 1.43 29.38 𝑇𝑇𝐴 1.25 27.68 𝑇𝐺𝐶 0.53 9.34
𝐺𝐴𝐴 2.91 53.39 𝐶𝐴𝐺 2.16 44.37 𝑇𝐴𝑇 1.35 29.91 𝐺𝐶𝑇 1.30 22.85
Total 5.45 100.00 Total 4.87 100.00 Total 4.51 100.00 Total 5.70 100.00

𝐴𝐴𝑇 1.64 63.75 𝐴𝐺𝐺 0.38 7.64 𝐶𝐶𝐺 2.14 24.54 𝐶𝑇𝑇 1.01 26.54
𝐴𝑇𝐴 0.82 31.67 𝐺𝐺𝐴 1.39 27.77 𝐶𝐺𝐶 2.26 25.89 𝑇𝑇𝐶 2.11 55.72
𝑇𝐴𝐴 0.12 4.57 𝐺𝐴𝐺 3.22 64.59 𝐺𝐶𝐶 4.32 49.57 𝑇𝐶𝑇 0.67 17.73
Total 2.57 100.00 Total 4.99 100.00 Total 8.72 100.00 Total 3.79 100.00

𝐴𝐶𝐶 2.56 57.46 𝐴𝐺𝑇 0.69 38.31 𝐶𝐶𝑇 0.67 16.09 𝐺𝐺𝑇 1.54 27.92
𝐶𝐶𝐴 0.63 14.05 𝐺𝑇𝐴 1.05 58.22 𝐶𝑇𝐶 2.23 53.86 𝐺𝑇𝐺 2.66 48.24
𝐶𝐴𝐶 1.27 28.49 𝑇𝐴𝐺 0.06 3.47 𝑇𝐶𝐶 1.25 30.05 𝑇𝐺𝐺 1.31 23.84
Total 4.46 100.00 Total 1.80 100.00 Total 4.15 100.00 Total 5.51 100.00

𝐴𝐶𝐺 1.51 28.24 𝐴𝑇𝐶 2.76 65.96 𝐶𝐺𝐺 1.64 19.33 𝐺𝑇𝑇 1.20 44.54
𝐶𝐺𝐴 0.43 8.01 𝑇𝐶𝐴 0.64 15.31 𝐺𝐺𝐶 3.63 42.75 𝑇𝑇𝐺 1.21 44.70
𝐺𝐴𝐶 3.42 63.75 𝐶𝐴𝑇 0.78 18.73 𝐺𝐶𝐺 3.22 37.91 𝑇𝐺𝑇 0.29 10.76
Total 5.37 100.00 Total 4.18 100.00 Total 8.49 100.00 Total 2.70 100.00
t
c
(

t
f
c

Example 3. The normalized frequency 𝑔 for 𝐴𝐴𝐶 in Table 2 needs the
requencies 𝑓 = 0.0180 for 𝐴𝐴𝐶, 𝑓 = 0.0093 for 𝐴𝐶𝐴 and 𝑓 = 0.0120
or 𝐶𝐴𝐴

= 0.0180
0.0180 + 0.0093 + 0.0120

= 0.0180
0.0392

≈ 0.4583 = 45.83%.

The denominator 0.0392 = 3.92% and the frequency 𝑔 = 45.83% are
given in Table 2.

In Table 3, Procedures (P2) and (P3) identify the bacterial trinu-
cleotide code 𝑌Bac in reading frame of genes, which is ordered from the
highest to the lowest frequency

𝑌Bac = {𝐶𝑇𝐺,𝐴𝑇𝐶,𝐺𝐴𝐺,𝐴𝐴𝑇 ,𝐺𝐴𝐶,𝐺𝑇𝐴,𝐴𝐶𝐶,𝐺𝑇𝐶, 𝑇𝐴𝐶, 𝑇 𝑇𝐶,

𝐶𝑇𝐶,𝐺𝐴𝐴,𝐺𝐶𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐺,𝐴𝐴𝐶, 𝑇 𝑇𝐺, 𝐶𝐴𝐺,𝐺𝐺𝐶,𝐴𝑇𝑇 }.

(10)

The 14 codons of highest frequencies in 𝑌Bac belong to the circular code
𝑋 (1) in genes and 𝑌Bac contains 18 codons of 𝑋, i.e. |𝑌Bac ∩𝑋| = 18,
except {𝐺𝑇𝐺, 𝑇 𝑇𝐺} ∉ 𝑋.

Remark 7. As already mentioned in Remark 1, the frequencies 𝑓
and 𝑔 identify the same trinucleotide code 𝑌Bac of cardinality 20. But,
the occurrence frequencies of selected trinucleotides are completely
different in 𝑌Bac. For example in 𝑌Bac, the codon 𝐶𝑇𝐺 has the highest
rank with the normalized frequency 𝑔 = 67.81% (see Tables 2 and
3) whereas it is the codon 𝐺𝐶𝐶 which has the highest rank with the
frequency 𝑓 = 4.32% (see Tables 1 and 2).

For the reader’s convenience, an example is given for computing the
mean normalized frequency 𝑔 (8) in a self-complementary codon pair.

xample 4. The mean normalized frequency 𝑔 for the self-
omplementary codon pair {𝐴𝐴𝐶,𝐺𝑇𝑇 } needs the frequencies 𝑔 =
0.4583 for 𝐴𝐴𝐶 (see Table 2 and Example 3) and 𝑔 = 0.4454 for 𝐺𝑇𝑇
see Table 2)

𝑔 = 0.4583 + 0.4454
2

≈ 0.4518 = 45.18%.

he pair {𝐴𝐴𝐶,𝐺𝑇𝑇 } and its frequency 𝑔 = 45.18% are in the 9th rank
in Table 3.

In Table 3, Procedures (Q1) and (Q2) identify the bacterial self-
complementary trinucleotide code 𝑍 in reading frame, which is
5

Bac
ordered by self-complementary codon pairs from the highest to the
lowest frequency

𝑍Bac = {𝐺𝐴𝐶,𝐺𝑇𝐶,𝐶𝑇𝐶,𝐺𝐴𝐺,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐶𝐴𝐺,𝐶𝑇𝐺,

𝐺𝐴𝐴, 𝑇 𝑇𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝐴𝐶,𝐺𝑇𝑇 ,𝐴𝐶𝐶,𝐺𝐺𝑇 }.

(11)

Very interestingly and surprisingly, the bacterial self-complementary
trinucleotide code 𝑍Bac identified by this 1-frame method (codon us-
age), is the circular code 𝑋 (1) in genes

𝑍Bac = 𝑋. (12)

In order to have a statistical order of magnitude, let 𝑛 be the total
number of self-complementary codon pairs 𝐒𝐂 (2) and let 𝑚 be the
number of self-complementary codon pairs of a trinucleotide code 𝑍,
usually 𝑚 < 𝑛. Then, the probability 𝑝 that the 𝑚 self-complementary
codon pairs of 𝑍 occurs in the 𝑚 first ranks among 𝑛 is equal to

𝑝 =
𝑚!(𝑛 − 𝑚)!

𝑛!
. (13)

If 𝑍 is the circular code 𝑋 (1), i.e. 𝑚 = 10 among 𝑛 = 30, then
𝑝 ≈ 3 × 10−8.

Table 8 in Appendix A shows that the circular code 𝑋 (1) observed
in genes cannot be identified in 34,020,997 genes of 8345 bacterial
genomes Bac without normalization of the frequency 𝑓 in the self-
complementary codon pairs 𝐒𝐂 (2). Indeed, if the mean frequency 𝑓 =
(𝑓1 + 𝑓2)∕2 (defined in the same way as 𝑔 (8)) computed from Table 1
in % is used instead of 𝑔, then the code 𝑍Bac contains only 14 codons
of 𝑋 and is not circular for two reasons: (i) the pair {𝐺𝐶𝐶,𝐺𝐺𝐶} in
he 1st rank and the pair {𝐶𝐶𝐺,𝐶𝐺𝐺} in the 10th rank have permuted
odons; and (ii) the pair {𝐺𝐶𝐺,𝐶𝐺𝐶} in the 4th rank is not circular
not detailed).

Furthermore, several random genetic codes are generated according
o a uniform distribution of the 64 codon frequencies (𝑓 = 1∕64
or every codon). Then, the two procedures P and Q are applied for
omputing the frequencies 𝑔 (6) and 𝑔 (8) in these random genes. The

20 codons and the 10 self-complementary codon pairs of the circular
code 𝑋 (1) in genes always have different ranks in each random genetic
code. Furthermore, an example of random genetic code Rand is given
in Table 9 in Appendix B with random trinucleotide frequencies 𝑓 .
Table 10 in Appendix B gives the trinucleotide code 𝑌Rand and the self-

complementary trinucleotide code 𝑍Rand. In 𝑌Rand, 8 codons among 20
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Table 3
Identification of a code 𝑌Bac (Procedure P) and a self-complementary code 𝑍Bac
Procedure Q) of cardinality 20 in 34,020,997 genes of 8345 bacterial genomes Bac
11,087,876,805 codons). The codons and the self-complementary codon pairs are given
n descending order of frequencies 𝑔 (6) and 𝑔 (8), respectively. The codons in bold

belong to the circular code 𝑋 (1) observed in genes. The normalized frequency 𝑔 (from
able 2 in %) identifies the codon of preferential occurrence (highest frequency) in each
f the 20 codon permutation classes 𝐏 (3) leading to a code 𝑌Bac of cardinality 20 with
rank from 1 to 20. The mean normalized frequency 𝑔 (%) is computed for the 30

self-complementary codon pairs 𝐒𝐂 (2) and identifies the self-complementary codon
pairs of preferential occurrence (highest frequency) leading to a self-complementary
code 𝑍Bac of cardinality 20 with a rank from 1 to 10. The code 𝑌Bac contains 18
codons of the circular code 𝑋 (1) in genes and the codes 𝑍Bac and 𝑋 are identical.

Genes of bacteria Bac

Code Self-complementary code
of cardinality 20 of cardinality 20

Rank 𝑌Bac 𝑔 Rank 𝑍Bac 𝑔

1 𝑪𝑻𝑮 67.81 1 {𝑮𝑨𝑪,𝑮𝑻𝑪} 60.22
2 𝑨𝑻𝑪 65.96 2 {𝑪𝑻𝑪,𝑮𝑨𝑮} 59.23
3 𝑮𝑨𝑮 64.59 3 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 57.72
4 𝑨𝑨𝑻 63.75 4 {𝑮𝑻𝑨, 𝑻𝑨𝑪} 57.32
5 𝑮𝑨𝑪 63.75 5 {𝑪𝑨𝑮,𝑪𝑻𝑮} 56.09
6 𝑮𝑻𝑨 58.22 6 {𝑮𝑨𝑨, 𝑻 𝑻𝑪} 54.56
7 𝑨𝑪𝑪 57.46 7 {𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 53.08
8 𝑮𝑻𝑪 56.68 8 {𝑮𝑪𝑪,𝑮𝑮𝑪} 46.16
9 𝑻𝑨𝑪 56.43 9 {𝑨𝑨𝑪,𝑮𝑻𝑻 } 45.18
10 𝑻 𝑻𝑪 55.72 10 {𝑨𝑪𝑪,𝑮𝑮𝑻 } 42.69
11 𝑪𝑻𝑪 53.86 {𝐺𝑇𝐺,𝐶𝐴𝐶} 38.36
12 𝑮𝑨𝑨 53.39 {𝑇𝑇𝐺,𝐶𝐴𝐴} 37.63
13 𝑮𝑪𝑪 49.57 {𝐴𝑇𝐺,𝐶𝐴𝑇 } 32.99
14 𝑮𝑨𝑻 49.49 {𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 32.86
15 𝐺𝑇𝐺 48.24 {𝐺𝐶𝐺,𝐶𝐺𝐶} 31.90
16 𝑨𝑨𝑪 45.83 {𝐴𝐴𝐺,𝐶𝑇𝑇 } 31.62
17 𝑇𝑇𝐺 44.70 {𝐴𝑇𝐴, 𝑇𝐴𝑇 } 30.79
18 𝑪𝑨𝑮 44.37 {𝑇𝐶𝐶,𝐺𝐺𝐴} 28.91
19 𝑮𝑮𝑪 42.75 {𝐴𝐺𝐶,𝐺𝐶𝑇 } 24.55
20 𝑨𝑻𝑻 42.41 {𝐴𝐶𝐺,𝐶𝐺𝑇 } 22.65

{𝐶𝐶𝐺,𝐶𝐺𝐺} 21.94
{𝑇𝐺𝐶,𝐺𝐶𝐴} 19.36
{𝐶𝐶𝐴, 𝑇𝐺𝐺} 18.95
{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 17.18
{𝑇𝐶𝐺,𝐶𝐺𝐴} 17.13
{𝑇𝑇𝐴, 𝑇𝐴𝐴} 16.13
{𝑇𝐶𝑇 ,𝐴𝐺𝐴} 13.83
{𝐴𝐺𝐺,𝐶𝐶𝑇 } 11.86
{𝑇𝐴𝐺,𝐶𝑇𝐴} 9.81
{𝑇𝐶𝐴, 𝑇𝐺𝐴} 9.28

belong to the circular code 𝑋 (1) in genes. In 𝑍Rand, 6 codons among
0 belong to 𝑋 as the 10 self-complementary codon pairs of 𝑋 occur

in the ranks 2, 4, 5, 12, 13, 18, 23, 26, 28 and 30, thus only 3 pairs
have a rank ≤10.

Remark 8. In the limit case, if the 64 codons all have an exactly
frequency 𝑓 = 1∕64 then no preferential codon can be identified with
he procedures P and Q.

In this random context, we are investigating the ‘‘inverse’’ theoreti-
al problem with the relation between a uniform amino acid code and
he preferential codons of 𝑋 (1) occurring in the codon permutation
lass 𝐏 (3). Two cases are considered whether every amino acid has
he same probability: (i) 𝑓 = 1∕20 and 𝑓 = 0 for the 3 stop codons
𝑇𝐴𝐴, 𝑇𝐴𝐺, 𝑇𝐺𝐴}; and (ii) 𝑓 ′ = 1∕21 including the 3 stop codons
Table 11 in Appendix C).

xample 5. The codon {𝐴𝑇𝐺} coding 𝑀𝑒𝑡 has the frequencies 𝑓 =
1∕20 = 5% and 𝑓 ′ = 1∕21 = 4.76%. Each codon in {𝐺𝐶𝐴,𝐺𝐶𝐶,𝐺𝐶𝐺,
𝐺𝐶𝑇 } coding 𝐴𝑙𝑎 has the frequencies 𝑓 = 1∕80 = 1.25% and 𝑓 ′ =
1∕84 = 1.19%.

Table 12 in Appendix C identifies 3 cases for the codons of 𝑋
occurring in the codon permutation class 𝐏 (3):
6

(i) 7 codons (8 codons with 𝐺𝑇𝐴) of 𝑋 have a preferential occur-
rence (highest frequency) in 𝐏:

{𝐴𝐴𝑇 , 𝐶𝐴𝐺,𝐺𝐴𝐶,𝐺𝐴𝐺,𝐺𝑇𝐶, 𝑇𝐴𝐶, 𝑇 𝑇𝐶} and 𝐺𝑇𝐴 (with 𝑓 ).

(ii) 4 codons of 𝑋 have an indeterminate preferential occurrence (2
codons with highest frequencies) in 𝐏:

{𝐴𝐴𝐶,𝐺𝐴𝐴,𝐺𝐶𝐶,𝐺𝐺𝐶}.

(iii) 8 codons (9 codons with 𝐺𝑇𝐴) of 𝑋 have no preferential occur-
rence (not the highest frequency) in 𝐏:

{𝐴𝐶𝐶,𝐴𝑇𝐶,𝐴𝑇𝑇 , 𝐶𝑇𝐶, 𝐶𝑇𝐺,𝐺𝐴𝑇 ,𝐺𝐺𝑇 ,𝐺𝑇𝑇 } and 𝐺𝑇𝐴 (with 𝑓 ′).

The frequencies 𝑓 and 𝑓 ′ lead to the same classification except for
𝐺𝑇𝐴. As the random genetic code, the uniform amino acid code cannot
construct the circular code 𝑋 (1) observed in genes.

3.2. Trinucleotide codes in archaeal genes

We apply the same approach in 1,280,890 genes of 432 archaeal
enomes Arc: the codon usage frequency 𝑓 (from Table 1 in %) and the
ormalized frequency 𝑔 (6) (%) computed by Procedure (P1) are given
or each codon permutation class 𝐏 (3) in Table 13 in Appendix D.

In Table 4, Procedures (P2) and (P3) identify the archaeal trinu-
leotide code 𝑌Arc in reading frame of genes, which is ordered from the
ighest to the lowest frequency

Arc = {𝐴𝑇𝐶,𝐶𝑇𝐶,𝐺𝐴𝐺,𝐺𝑇𝐶,𝐺𝐴𝐶, 𝑇𝐴𝐶, 𝑇 𝑇𝐶, 𝐶𝑇𝐺,𝐴𝐴𝐶,𝐺𝑇𝑇 ,

𝐺𝑇𝐴,𝐺𝐴𝐴,𝐴𝑇𝐴,𝐴𝐶𝐶,𝐺𝐶𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐺,𝐴𝑇𝑇 ,𝐺𝐶𝐺,𝐶𝐴𝐺}.

(14)

he 12 codons of highest frequencies in 𝑌Arc belong to the circular code
(1) in genes and 𝑌Arc contains 17 codons of 𝑋, i.e. |𝑌Arc ∩𝑋| = 17,

xcept {𝐴𝑇𝐴,𝐺𝑇𝐺,𝐺𝐶𝐺} ∉ 𝑋.
In Table 4, Procedures (Q1) and (Q2) identify the archaeal self-

omplementary trinucleotide code 𝑍Arc in reading frame, which is
rdered by self-complementary codon pairs from the highest to the
owest frequency

Arc = {𝐶𝑇𝐶,𝐺𝐴𝐺,𝐺𝐴𝐶,𝐺𝑇𝐶,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐺𝐴𝐴, 𝑇 𝑇𝐶,

𝐴𝐴𝐶,𝐺𝑇𝑇 , 𝐶𝐴𝐺,𝐶𝑇𝐺,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐴𝑇𝐴, 𝑇𝐴𝑇 }.

(15)

he 9 self-complementary codon pairs of highest frequencies in 𝑍Arc
elong to the circular code 𝑋 (1). The code 𝑍Arc is not circular as
𝐴𝐴𝑇 ,𝐴𝑇𝑇 } and {𝐴𝑇𝐴, 𝑇𝐴𝑇 } are permuted. However, if the 10th
odon pair {𝐴𝑇𝐴, 𝑇𝐴𝑇 } is replaced by the 11th codon pair {𝐴𝐶𝐶,𝐺𝐺𝑇 }

of close frequencies (42.55% and 41.04%, respectively), then 𝑍Arc = 𝑋,
result summarized as follows

𝑍Arc = {𝑋 ∶ {𝐴𝑇𝐴, 𝑇𝐴𝑇 } ∈ 𝑍Arc → {𝐴𝐶𝐶,𝐺𝐺𝑇 } ∈ 𝑋}. (16)

Remark 9. The number 367,937,932 of archaeal codons represents
only ≈3% of the number 11,087,876,805 of bacterial codons (see
Section 2.2), leading to data of very different sizes and less stability
with the non-highest codon frequencies.

3.3. Trinucleotide codes in eukaryotic genes

We repeat the approach in 20,206,058 genes of 1150 eukaryotic
genomes Euk: the codon usage frequency 𝑓 (from Table 1 in %) and
the normalized frequency 𝑔 (6) (%) computed by Procedures (P1) are

given for each codon permutation class 𝐏 (3) in Table 14 in Appendix E.
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Table 4
Identification of a code 𝑌Arc (Procedure P) and a self-complementary code 𝑍Arc
(Procedure Q) of cardinality 20 in 1,280,890 genes of 432 archaeal genomes Arc
(367,937,932 codons). The codons and the self-complementary codon pairs are given
in descending order of frequencies 𝑔 (6) and 𝑔 (8), respectively. The codons in bold
belong to the circular code 𝑋 (1) observed in genes. The normalized frequency 𝑔 (from

able 13 in %) identifies the codon of preferential occurrence (highest frequency) in
ach of the 20 codon permutation classes 𝐏 (3) leading to a code 𝑌Arc of cardinality 20
ith a rank from 1 to 20. The mean normalized frequency 𝑔 (%) is computed for the
0 self-complementary codon pairs 𝐒𝐂 (2) and identifies the self-complementary codon
airs of preferential occurrence (highest frequency) leading to a self-complementary
ode 𝑍Arc of cardinality 20 with a rank from 1 to 10. The code 𝑌Arc contains 17
odons of the circular code 𝑋 (1) in genes and the code 𝑍Arc contains 18 codons
f 𝑋.
Genes of archaea Arc

Code Self-complementary code
of cardinality 20 of cardinality 20

Rank 𝑌Arc 𝑔 Rank 𝑍Arc 𝑔

1 𝑨𝑻𝑪 71.80 1 {𝑪𝑻𝑪,𝑮𝑨𝑮} 69.56
2 𝑪𝑻𝑪 70.67 2 {𝑮𝑨𝑪,𝑮𝑻𝑪} 65.61
3 𝑮𝑨𝑮 68.46 3 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 59.94
4 𝑮𝑻𝑪 66.96 4 {𝑮𝑻𝑨, 𝑻𝑨𝑪} 59.45
5 𝑮𝑨𝑪 64.26 5 {𝑮𝑨𝑨, 𝑻 𝑻𝑪} 57.62
6 𝑻𝑨𝑪 64.01 6 {𝑨𝑨𝑪,𝑮𝑻𝑻 } 56.72
7 𝑻 𝑻𝑪 61.02 7 {𝑪𝑨𝑮,𝑪𝑻𝑮} 50.00
8 𝑪𝑻𝑮 60.57 8 {𝑮𝑪𝑪,𝑮𝑮𝑪} 44.64
9 𝑨𝑨𝑪 58.15 9 {𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 42.86
10 𝑮𝑻𝑻 55.29 10 {𝐴𝑇𝐴, 𝑇𝐴𝑇 } 42.55
11 𝑮𝑻𝑨 54.88 {𝑨𝑪𝑪,𝑮𝑮𝑻 } 41.04
12 𝑮𝑨𝑨 54.22 {𝐺𝑇𝐺,𝐶𝐴𝐶} 38.43
13 𝐴𝑇𝐴 53.40 {𝐺𝐶𝐺,𝐶𝐺𝐶} 33.07
14 𝑨𝑪𝑪 51.02 {𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 31.09
15 𝑮𝑪𝑪 48.48 {𝐴𝐴𝐺,𝐶𝑇𝑇 } 29.64
16 𝑮𝑨𝑻 48.08 {𝐴𝑇𝐺,𝐶𝐴𝑇 } 29.40
17 𝐺𝑇𝐺 43.73 {𝐴𝐺𝐶,𝐺𝐶𝑇 } 28.16
18 𝑨𝑻𝑻 43.50 {𝑇𝑇𝐺,𝐶𝐴𝐴} 22.34
19 𝐺𝐶𝐺 41.11 {𝐶𝐶𝐺,𝐶𝐺𝐺} 22.29
20 𝑪𝑨𝑮 39.42 {𝑇𝐺𝐶,𝐺𝐶𝐴} 21.84

{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 20.95
{𝐶𝐶𝐴, 𝑇𝐺𝐺} 20.53
{𝑇𝐶𝐶,𝐺𝐺𝐴} 20.17
{𝐴𝐶𝐺,𝐶𝐺𝑇 } 17.35
{𝑇𝐶𝐺,𝐶𝐺𝐴} 17.04
{𝑇𝑇𝐴, 𝑇𝐴𝐴} 14.58
{𝑇𝐶𝑇 ,𝐴𝐺𝐴} 12.74
{𝑇𝐶𝐴, 𝑇𝐺𝐴} 10.66
{𝐴𝐺𝐺,𝐶𝐶𝑇 } 10.27
{𝑇𝐴𝐺,𝐶𝑇𝐴} 9.46

In Table 5, Procedures (P2) and (P3) identify the eukaryotic trinu-
leotide code 𝑌Euk in reading frame of genes, which is ordered from the
ighest to the lowest frequency

Euk = {𝐴𝐴𝑇 ,𝐺𝐴𝐶,𝐴𝐺𝑇 ,𝐺𝐴𝐺,𝐺𝐴𝑇 ,𝐺𝐶𝐶,𝐺𝑇𝐶,𝐺𝐺𝐶,𝐶𝑇𝐺,𝐺𝑇𝐺,

𝐴𝑇𝑇 ,𝐴𝑇𝐶, 𝐶𝐴𝐺,𝐴𝐴𝐺, 𝑇𝐴𝐶,𝐴𝐴𝐶, 𝑇 𝑇𝐶, 𝑇 𝑇𝐺,𝐶𝑇𝐶,𝐴𝐶𝐶}.

(17)

he code 𝑌Euk contains 16 codons of the circular code 𝑋 (1) in genes,
.e. |𝑌Euk ∩𝑋| = 16, except {𝐴𝐺𝑇 ,𝐺𝑇𝐺,𝐴𝐴𝐺, 𝑇 𝑇𝐺} ∉ 𝑋.

In Table 5, Procedures (Q1) and (Q2) identify the eukaryotic self-
omplementary trinucleotide code 𝑍Euk in reading frame, which is
rdered by self-complementary codon pairs from the highest to the
owest frequency

Euk = {𝐺𝐴𝐶,𝐺𝑇𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐴𝐶𝑇 ,𝐴𝐺𝑇 ,

𝐶𝑇𝐶,𝐺𝐴𝐺,𝐶𝐴𝐺,𝐶𝑇𝐺,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐺𝐴𝐴, 𝑇 𝑇𝐶,𝐴𝐴𝐶,𝐺𝑇𝑇 }.

(18)

n 𝑍Euk, the codon pairs {𝐴𝐶𝑇 ,𝐴𝐺𝑇 } ∉ 𝑋 in 5th rank and {𝐺𝑇𝐴, 𝑇𝐴𝐶}
𝑋 in 8th rank are permuted. In order to identify a code that

ould be maximal and circular, the codon pair {𝐺𝑇𝐴, 𝑇𝐴𝐶} must
e removed and another codon pair must be added. By using the
7

able 5
dentification of a code 𝑌Euk (Procedure P) and a self-complementary code 𝑍Euk
Procedure Q) of cardinality 20 in 20,206,058 genes of 1150 eukaryotic genomes Euk
10,374,305,634 codons). The codons and the self-complementary codon pairs are given
n descending order of frequencies 𝑔 (6) and 𝑔 (8), respectively. The codons in bold

belong to the circular code 𝑋 (1) observed in genes. The normalized frequency 𝑔 (from
Table 14 in %) identifies the codon of preferential occurrence (highest frequency) in
each of the 20 codon permutation classes 𝐏 (3) leading to a code 𝑌Euk of cardinality 20
with a rank from 1 to 20. The mean normalized frequency 𝑔 (%) is computed for the
30 self-complementary codon pairs 𝐒𝐂 (2) and identifies the self-complementary codon
pairs of preferential occurrence (highest frequency) leading to a self-complementary
code 𝑍Euk of cardinality 20 with a rank from 1 to 10. The code 𝑌Euk contains 16
codons of the circular code 𝑋 (1) in genes and the code 𝑍Euk contains 18 codons
of 𝑋.

Genes of eukaryotes Euk

Code Self-complementary code
of cardinality 20 of cardinality 20

Rank 𝑌Euk 𝑔 Rank 𝑍Euk 𝑔

1 𝑨𝑨𝑻 64.35 1 {𝑮𝑨𝑪,𝑮𝑻𝑪} 55.40
2 𝑮𝑨𝑪 60.87 2 {𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 54.52
3 𝐴𝐺𝑇 58.93 3 {𝑮𝑪𝑪,𝑮𝑮𝑪} 51.26
4 𝑮𝑨𝑮 56.10 4 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 48.68
5 𝑮𝑨𝑻 52.92 5 {𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 48.22
6 𝑮𝑪𝑪 52.72 6 {𝑪𝑻𝑪,𝑮𝑨𝑮} 46.31
7 𝑮𝑻𝑪 49.94 7 {𝑪𝑨𝑮,𝑪𝑻𝑮} 46.22
8 𝑮𝑮𝑪 49.80 8 {𝑮𝑻𝑨, 𝑻𝑨𝑪} 40.28
9 𝑪𝑻𝑮 48.29 9 {𝑮𝑨𝑨, 𝑻 𝑻𝑪} 39.99
10 𝐺𝑇𝐺 46.23 10 {𝑨𝑨𝑪,𝑮𝑻𝑻 } 38.67
11 𝑨𝑻𝑻 44.70 {𝐺𝑇𝐺,𝐶𝐴𝐶} 37.96
12 𝑨𝑻𝑪 44.44 {𝐴𝐴𝐺,𝐶𝑇𝑇 } 35.61
13 𝑪𝑨𝑮 44.15 {𝐴𝑇𝐺,𝐶𝐴𝑇 } 35.40
14 𝐴𝐴𝐺 42.43 {𝑇𝑇𝐺,𝐶𝐴𝐴} 34.72
15 𝑻𝑨𝑪 41.68 {𝐴𝑇𝐴, 𝑇𝐴𝑇 } 32.69
16 𝑨𝑨𝑪 39.98 {𝑨𝑪𝑪,𝑮𝑮𝑻 } 32.19
17 𝑻 𝑻𝑪 39.65 {𝐴𝐺𝐶,𝐺𝐶𝑇 } 30.82
18 𝑇𝑇𝐺 39.08 {𝐶𝐶𝐴, 𝑇𝐺𝐺} 29.85
19 𝑪𝑻𝑪 36.51 {𝑇𝐶𝐶,𝐺𝐺𝐴} 29.29
20 𝑨𝑪𝑪 35.38 {𝐺𝐶𝐺,𝐶𝐺𝐶} 26.64

{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 26.61
{𝐴𝐺𝐺,𝐶𝐶𝑇 } 24.41
{𝑇𝐶𝑇 ,𝐴𝐺𝐴} 24.40
{𝑇𝐺𝐶,𝐺𝐶𝐴} 22.95
{𝑇𝐶𝐺,𝐶𝐺𝐴} 22.62
{𝐶𝐶𝐺,𝐶𝐺𝐺} 22.10
{𝐴𝐶𝐺,𝐶𝐺𝑇 } 21.97
{𝑇𝐶𝐴, 𝑇𝐺𝐴} 15.93
{𝑇𝑇𝐴, 𝑇𝐴𝐴} 12.78
{𝑇𝐴𝐺,𝐶𝑇𝐴} 11.50

codon pair {𝐺𝑇𝐺,𝐶𝐴𝐶} ∉ 𝑋 in 11th rank (a permuted codon pair of
𝐴𝐶𝐶,𝐺𝐺𝑇 } ∈ 𝑋), the trinucleotide code 𝑉Euk is

Euk = {𝐺𝐴𝐶,𝐺𝑇𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐴𝐶𝑇 ,𝐴𝐺𝑇 ,

𝐶𝑇𝐶,𝐺𝐴𝐺,𝐶𝐴𝐺,𝐶𝑇𝐺,𝐺𝐴𝐴, 𝑇 𝑇𝐶,𝐴𝐴𝐶,𝐺𝑇𝑇 ,𝐺𝑇𝐺,𝐶𝐴𝐶}.

(19)

Both codes 𝑍Euk and 𝑉Euk contains 16 codons of 𝑋. The code 𝑍Euk is
ot circular as there are permuted codons, but the code 𝑉Euk is circular
proof not shown), precisely 𝑉Euk is a maximal 𝐶3 self-complementary
rinucleotide circular code, as the class of 𝑋 (1) in genes.

These eukaryotic statistical results lead to several observations.

• The statistical approach by codon usage only is less effective
with genes of eukaryotes than with the genes of bacteria and
archaea, in particular because permuted codon pairs can occur
in the top 10 ranks. A reason is the lack of statistical analysis of
trinucleotides in frames 1 and 2.

• In general terms, there is a greater statistical variability with eu-
karyotic genes for identifying circular codes, variability observed
since 1996 with the 6 statistical methods using the 3 frames.

• From a biological point of view, this variability may be associated
with a greater variety with the eukaryotic genes. For example,
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Table 6
Identification of a self-complementary code 𝑍Genes (Procedure Q) of cardinality 20 in
the 3 kingdoms of bacterial, archaeal and eukaryotic genes. The self-complementary
codon pairs are given in descending order of frequencies 𝑔 (20). The codons in bold
belong to the circular code 𝑋 (1) observed in genes. The mean gene frequency 𝑔
%) is computed for the 30 self-complementary codon pairs 𝐒𝐂 (2) and identifies the
elf-complementary codon pairs of preferential occurrence (highest frequency) leading
o a self-complementary code 𝑍Genes of cardinality 20 with a rank from 1 to 10. The
ode 𝑍Genes is identical to the circular code 𝑋 (1) in genes.
Genes (Bac, Arc, Euk)

Self-complementary code
of cardinality 20

Rank 𝑍Genes 𝑔

1 {𝑮𝑨𝑪,𝑮𝑻𝑪} 60.41
2 {𝑪𝑻𝑪,𝑮𝑨𝑮} 58.37
3 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 55.45
4 {𝑮𝑻𝑨, 𝑻𝑨𝑪} 52.35
5 {𝑪𝑨𝑮,𝑪𝑻𝑮} 50.77
6 {𝑮𝑨𝑨, 𝑻 𝑻𝑪} 50.72
7 {𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 50.16
8 {𝑮𝑪𝑪,𝑮𝑮𝑪} 47.35
9 {𝑨𝑨𝑪,𝑮𝑻𝑻 } 46.86
10 {𝑨𝑪𝑪,𝑮𝑮𝑻 } 38.64

{𝐺𝑇𝐺,𝐶𝐴𝐶} 38.25
{𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 37.39
{𝐴𝑇𝐴, 𝑇𝐴𝑇 } 35.35
{𝐴𝑇𝐺,𝐶𝐴𝑇 } 32.60
{𝐴𝐴𝐺,𝐶𝑇𝑇 } 32.29
{𝑇𝑇𝐺,𝐶𝐴𝐴} 31.56
{𝐺𝐶𝐺,𝐶𝐺𝐶} 30.54
{𝐴𝐺𝐶,𝐺𝐶𝑇 } 27.85
{𝑇𝐶𝐶,𝐺𝐺𝐴} 26.12
{𝐶𝐶𝐴, 𝑇𝐺𝐺} 23.11
{𝐶𝐶𝐺,𝐶𝐺𝐺} 22.11
{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 21.58
{𝑇𝐺𝐶,𝐺𝐶𝐴} 21.38
{𝐴𝐶𝐺,𝐶𝐺𝑇 } 20.66
{𝑇𝐶𝐺,𝐶𝐺𝐴} 18.93
{𝑇𝐶𝑇 ,𝐴𝐺𝐴} 16.99
{𝐴𝐺𝐺,𝐶𝐶𝑇 } 15.51
{𝑇𝑇𝐴, 𝑇𝐴𝐴} 14.50
{𝑇𝐶𝐴, 𝑇𝐺𝐴} 11.96
{𝑇𝐴𝐺,𝐶𝑇𝐴} 10.26

Table 7
Codon usage dispersion 𝑑 (9) in the 20 codon permutation classes 𝐏 (3) of 34,020,997
enes of 8345 bacterial genomes Bac (11,087,876,805 codons), 1,280,890 genes of 432
rchaeal genomes Arc (367,937,932 codons) and 20,206,058 genes of 1150 eukaryotic

genomes Euk (10,374,305,634 codons). The last row gives the dispersion mean 𝑑. The
numbers are rounded to the 2nd decimal place.

Bac Arc Euk

{𝐴𝐴𝐶,𝐴𝐶𝐴,𝐶𝐴𝐴} 24.99 49.63 13.29
{𝐴𝐴𝐺,𝐴𝐺𝐴,𝐺𝐴𝐴} 46.81 42.20 32.18
{𝐴𝐴𝑇 ,𝐴𝑇𝐴, 𝑇𝐴𝐴} 60.84 57.92 62.52
{𝐴𝐶𝐶,𝐶𝐶𝐴,𝐶𝐴𝐶} 48.26 35.38 7.28
{𝐴𝐶𝐺,𝐶𝐺𝐴,𝐺𝐴𝐶} 60.84 61.86 55.08
{𝐴𝐶𝑇 , 𝐶𝑇𝐴, 𝑇𝐴𝐶} 46.20 61.35 25.06
{𝐴𝐺𝐶,𝐺𝐶𝐴,𝐶𝐴𝐺} 22.07 12.18 21.64
{𝐴𝐺𝐺,𝐺𝐺𝐴,𝐺𝐴𝐺} 62.52 70.25 45.54
{𝐴𝐺𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐺} 59.72 57.02 62.28
{𝐴𝑇𝐶, 𝑇𝐶𝐴,𝐶𝐴𝑇 } 65.25 76.93 22.20
{𝐴𝑇𝐺, 𝑇𝐺𝐴,𝐺𝐴𝑇 } 60.15 57.86 63.30
{𝐴𝑇𝑇 , 𝑇 𝑇𝐴, 𝑇𝐴𝑇 } 18.15 20.34 22.72
{𝐶𝐶𝐺,𝐶𝐺𝐶,𝐺𝐶𝐶} 32.48 30.29 38.77
{𝐶𝐶𝑇 , 𝐶𝑇𝐶, 𝑇𝐶𝐶} 41.06 74.68 6.35
{𝐶𝐺𝐺,𝐺𝐺𝐶,𝐺𝐶𝐺} 28.00 30.47 32.94
{𝐶𝐺𝑇 ,𝐺𝑇𝐶, 𝑇𝐶𝐺} 46.70 67.25 33.21
{𝐶𝑇𝐺, 𝑇𝐺𝐶,𝐺𝐶𝑇 } 68.96 54.48 31.32
{𝐶𝑇𝑇 , 𝑇 𝑇𝐶, 𝑇𝐶𝑇 } 44.78 55.38 12.64
{𝐺𝐺𝑇 ,𝐺𝑇𝐺, 𝑇𝐺𝐺} 29.81 20.78 25.80
{𝐺𝑇𝑇 , 𝑇 𝑇𝐺, 𝑇𝐺𝑇 } 45.15 43.91 19.56

Dispersion mean 𝑑 45.64 49.01 31.68
8

Table 8
Self-complementary code 𝑍′

Bac of cardinality 20 in 34,020,997 genes of 8345 bacterial
genomes Bac (11,087,876,805 codons) without normalization of the frequency 𝑓 . The
self-complementary codon pairs are given in descending order of mean frequencies 𝑓
defined in the same way as 𝑔 (8)) computed from Table 1 in %. The codons in bold

belong to the circular code 𝑋 (1) observed in genes. The mean frequency 𝑓 (%) is
omputed for the 30 self-complementary codon pairs 𝐒𝐂 (2) and identifies the self-
omplementary codon pairs of preferential occurrence (highest frequency) leading to
self-complementary code 𝑍′

Bac of cardinality 20 with a rank from 1 to 10. The code
′
Bac contains only 14 codons of 𝑋 and is not circular (see Section 3.1).

Genes of bacteria Bac

Self-complementary code
of cardinality 20

Rank 𝑍′
Bac 𝑓

1 {𝑮𝑪𝑪,𝑮𝑮𝑪} 7.95
2 {𝑮𝑨𝑪,𝑮𝑻𝑪} 6.08
3 {𝑪𝑨𝑮,𝑪𝑻𝑮} 6.03
4 {𝐺𝐶𝐺,𝐶𝐺𝐶} 5.48
5 {𝑪𝑻𝑪,𝑮𝑨𝑮} 5.46
6 {𝑮𝑨𝑨, 𝑻 𝑻𝑪} 5.02
7 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 5.01
8 {𝑨𝑪𝑪,𝑮𝑮𝑻 } 4.10
9 {𝐺𝑇𝐺,𝐶𝐴𝐶} 3.93
10 {𝐶𝐶𝐺,𝐶𝐺𝐺} 3.78

{𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 3.55
{𝐴𝐴𝐺,𝐶𝑇𝑇 } 3.01
{𝑨𝑨𝑪,𝑮𝑻𝑻 } 3.00
{𝐴𝑇𝐺,𝐶𝐴𝑇 } 2.93
{𝑇𝐶𝐶,𝐺𝐺𝐴} 2.63
{𝑮𝑻𝑨, 𝑻𝑨𝑪} 2.61
{𝐴𝐺𝐶,𝐺𝐶𝑇 } 2.58
{𝑇𝑇𝐺,𝐶𝐴𝐴} 2.41
{𝐴𝐶𝐺,𝐶𝐺𝑇 } 2.32
{𝐴𝑇𝐴, 𝑇𝐴𝑇 } 2.16
{𝑇𝐺𝐶,𝐺𝐶𝐴} 1.96
{𝐶𝐶𝐴, 𝑇𝐺𝐺} 1.94
{𝑇𝐶𝐺,𝐶𝐺𝐴} 1.66
{𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 1.45
{𝑇𝑇𝐴, 𝑇𝐴𝐴} 1.36
{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 1.22
{𝑇𝐶𝑇 ,𝐴𝐺𝐴} 1.21
{𝐴𝐺𝐺,𝐶𝐶𝑇 } 1.05
{𝑇𝐶𝐴, 𝑇𝐺𝐴} 0.79
{𝑇𝐴𝐺,𝐶𝑇𝐴} 0.51

some eukaryotic genes may use the circular code 𝑋 and some
other eukaryotic genes may change a few self-complementary
codon pairs of 𝑋, while maintaining a circular code close to 𝑋,
e.g. 𝑉Euk.

The problem of variability in circular code with the eukaryotic
genes has been open for several years in the circular code theory, and
no statistical explanation could be found for this. In Section 3.5, we
will investigate this question with the current (frequency) data and
we will provide a statistical explanation by analysing the codon usage
dispersion in the codon permutation classes.

3.4. Trinucleotide code in bacterial, archaeal and eukaryotic genes

The trinucleotide codes 𝑍Bac (11), 𝑍Arc (15) and 𝑍Euk (18) in genes
of bacteria, archaea and eukaryotes, respectively, ordered from the
highest to the lowest frequency, are recalled here.

𝑍Bac = {𝐺𝐴𝐶,𝐺𝑇𝐶,𝐶𝑇𝐶,𝐺𝐴𝐺,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐶𝐴𝐺,𝐶𝑇𝐺,

𝐺𝐴𝐴, 𝑇 𝑇𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝐴𝐶,𝐺𝑇𝑇 ,𝐴𝐶𝐶,𝐺𝐺𝑇 },

𝑍Arc = {𝐶𝑇𝐶,𝐺𝐴𝐺,𝐺𝐴𝐶,𝐺𝑇𝐶,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐺𝐴𝐴, 𝑇 𝑇𝐶,

𝐴𝐴𝐶,𝐺𝑇𝑇 , 𝐶𝐴𝐺,𝐶𝑇𝐺,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐴𝑇𝐴, 𝑇𝐴𝑇 },

𝑍Euk = {𝐺𝐴𝐶,𝐺𝑇𝐶,𝐴𝐴𝑇 ,𝐴𝑇𝑇 ,𝐺𝐶𝐶,𝐺𝐺𝐶,𝐴𝑇𝐶,𝐺𝐴𝑇 ,𝐴𝐶𝑇 ,𝐴𝐺𝑇 ,
𝐶𝑇𝐶,𝐺𝐴𝐺,𝐶𝐴𝐺,𝐶𝑇𝐺,𝐺𝑇𝐴, 𝑇𝐴𝐶,𝐺𝐴𝐴, 𝑇 𝑇𝐶,𝐴𝐴𝐶,𝐺𝑇𝑇 }.
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Table 9
Random frequency 𝑓 (%) in a random genetic code Rand according to a uniform distribution of the 64 codon frequencies (𝑓 = 1∕64 for every
codon), and normalized frequency 𝑔 (6) (%) for each codon permutation class 𝐏 (3) (frequency sum equal to 100%; Procedure P). The codons
are ordered according to the 20 permutation classes and the numbers are rounded to the 2nd decimal place.

𝑓 𝑔 𝑓 𝑔 𝑓 𝑔 𝑓 𝑔

𝐴𝐴𝐶 1.18 56.19 𝐴𝐶𝑇 1.75 38.72 𝐴𝑇𝐺 0.91 24.66 𝐶𝐺𝑇 1.76 48.75
𝐴𝐶𝐴 0.82 39.05 𝐶𝑇𝐴 1.54 34.07 𝑇𝐺𝐴 1.81 49.05 𝐺𝑇𝐶 1.75 48.48
𝐶𝐴𝐴 0.10 4.76 𝑇𝐴𝐶 1.23 27.21 𝐺𝐴𝑇 0.97 26.29 𝑇𝐶𝐺 0.10 2.77
Total 2.10 100.00 Total 4.52 100.00 Total 3.69 100.00 Total 3.61 100.00

𝐴𝐴𝐺 1.10 24.39 𝐴𝐺𝐶 0.47 8.44 𝐴𝑇𝑇 2.41 48.01 𝐶𝑇𝐺 0.53 9.43
𝐴𝐺𝐴 3.04 67.41 𝐺𝐶𝐴 2.18 39.14 𝑇𝑇𝐴 1.97 39.24 𝑇𝐺𝐶 2.34 41.64
𝐺𝐴𝐴 0.37 8.20 𝐶𝐴𝐺 2.92 52.42 𝑇𝐴𝑇 0.64 12.75 𝐺𝐶𝑇 2.75 48.93
Total 4.51 100.00 Total 5.57 100.00 Total 5.02 100.00 Total 5.62 100.00

𝐴𝐴𝑇 0.33 5.76 𝐴𝐺𝐺 2.04 48.92 𝐶𝐶𝐺 0.36 8.87 𝐶𝑇𝑇 1.39 28.66
𝐴𝑇𝐴 2.46 42.93 𝐺𝐺𝐴 1.48 35.49 𝐶𝐺𝐶 1.77 43.60 𝑇𝑇𝐶 0.46 9.48
𝑇𝐴𝐴 2.94 51.31 𝐺𝐴𝐺 0.65 15.59 𝐺𝐶𝐶 1.93 47.54 𝑇𝐶𝑇 3.00 61.86
Total 5.73 100.00 Total 4.17 100.00 Total 4.06 100.00 Total 4.85 100.00

𝐴𝐶𝐶 0.42 6.62 𝐴𝐺𝑇 1.56 23.74 𝐶𝐶𝑇 1.05 25.80 𝐺𝐺𝑇 2.49 32.51
𝐶𝐶𝐴 2.97 46.85 𝐺𝑇𝐴 2.81 42.77 𝐶𝑇𝐶 0.18 4.42 𝐺𝑇𝐺 2.07 27.02
𝐶𝐴𝐶 2.95 46.53 𝑇𝐴𝐺 2.20 33.49 𝑇𝐶𝐶 2.84 69.78 𝑇𝐺𝐺 3.10 40.47
Total 6.34 100.00 Total 6.57 100.00 Total 4.07 100.00 Total 7.66 100.00

𝐴𝐶𝐺 0.51 17.41 𝐴𝑇𝐶 1.83 46.68 𝐶𝐺𝐺 0.52 12.56 𝐺𝑇𝑇 2.01 35.96
𝐶𝐺𝐴 0.46 15.70 𝑇𝐶𝐴 0.77 19.64 𝐺𝐺𝐶 2.09 50.48 𝑇𝑇𝐺 3.08 55.10
𝐺𝐴𝐶 1.96 66.89 𝐶𝐴𝑇 1.32 33.67 𝐺𝐶𝐺 1.53 36.96 𝑇𝐺𝑇 0.50 8.94
Total 2.93 100.00 Total 3.92 100.00 Total 4.14 100.00 Total 5.59 100.00
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The order of the 10 self-complementary codon pairs (in the top 10
ranks) differ in these 3 gene kingdoms. By considering each kingdom
with the same weight, a mean gene frequency 𝑔 of a self-complementary
codon pair is defined as follows

𝑔 =
𝑔𝐵𝑎𝑐 + 𝑔𝐴𝑟𝑐 + 𝑔𝐸𝑢𝑘

3
(20)

where 𝑔𝐵𝑎𝑐 , 𝑔𝐴𝑟𝑐 and 𝑔𝐸𝑢𝑘 are the mean normalized frequencies 𝑔 (8)
in genes of bacteria, archaea and eukaryotes, respectively.

Remark 10. As the number of archaeal codons represents only ≈3%
of the number of bacterial codons (see Remark 9), all codons of all
genes from all organisms of all kingdoms would have constituted a
biased sample to calculate the mean gene frequency 𝑔 that was not
representative of the biological classification into 3 kingdoms.

An example is given for computing the mean gene frequency 𝑔 (20)
n a self-complementary codon pair.

xample 6. The mean gene frequency 𝑔 for the self-complementary
codon pair {𝐴𝐴𝐶,𝐺𝑇𝑇 } needs the mean normalized frequencies 𝑔𝐵𝑎𝑐 =
.4518 (see Table 3 and Example 4), 𝑔𝐴𝑟𝑐 = 0.5672 (see Table 4) and
𝑔𝐸𝑢𝑘 = 0.3867 (see Table 5)

𝑔 = 0.4518 + 0.5672 + 0.3867
3

≈ 0.4686 = 46.86%.

he pair {𝐴𝐴𝐶,𝐺𝑇𝑇 } and its frequency 𝑔 = 46.86% are in the 9th rank
in Table 6.

In Table 6, the average self-complementary trinucleotide code
𝑍Genes identified by this 1-frame statistical method, is the circular code
𝑋 (1) in genes

𝑍Genes = 𝑋. (21)

3.5. Lowest codon dispersion in eukaryotic genes compared to bacterial and
archaeal genes

The problem of variability in circular code is investigated by
analysing the codon usage dispersion 𝑑 (9) in the codon permutation
classes 𝐏 (3).
9

m

For the reader’s convenience, an example is given for computing the
codon usage dispersion 𝑑 in a permutation class.

Example 7. The codon usage dispersion 𝑑 in the permutation class
{𝑐1, 𝑐2, 𝑐3} = {𝐴𝐴𝐶,𝐴𝐶𝐴,𝐶𝐴𝐴} ∈ 𝐏 of bacteria Bac needs the normal-
zed frequencies (6) 𝑔1 = 0.4583 for 𝑐1 = 𝐴𝐴𝐶, 𝑔2 = 0.2361 for 𝑐2 = 𝐴𝐶𝐴
nd 𝑔3 = 0.3057 for 𝑐3 = 𝐶𝐴𝐴 (see Table 2).

=
3
∑

𝑖=1

|

|

|

|

𝑔𝑖 −
1
3
|

|

|

|

=
(

0.4583 − 1
3

)

+
( 1
3
− 0.2361

)

+
( 1
3
− 0.3057

)

≈ 0.2499 = 24.99%.

The result 24.99% of {𝐴𝐴𝐶,𝐴𝐶𝐴,𝐶𝐴𝐴} is given in Table 7 (1st row).

Very interestingly, the dispersion means 𝑑 = 45.64 in genes of
bacteria Bac and 𝑑 = 49.01 in genes of archaea Arc differ significantly
from 𝑑 = 31.68 in genes of eukaryotes Euk. We use the Wilcoxon signed-
rank test for a statistical evaluation. It is a classical non-parametric rank
test for statistical hypothesis testing used to compare the means of two
populations using two matched samples. We first use a one-sided 𝑝-
value to compare the 20 dispersion values of the variable Arc with the
highest mean 𝑑 = 49.01 and the variable Bac with the 2nd highest mean
𝑑 = 45.64: 𝑝 = 0.29 (the null hypothesis is not rejected), i.e. there is no
dispersion difference between the genes of archaea and bacteria. Then,
we continue with a one-sided 𝑝-value to compare the 20 dispersion
values of the variable Bac with the 2nd highest mean 𝑑 = 45.64 and
the variable Euk with the lowest mean 𝑑 = 31.68: 𝑝 = 0.002 (the null
hypothesis is rejected), i.e. there is a dispersion difference between the
genes of bacteria and eukaryotes. Finally, a one-sided 𝑝-value compares
the 20 dispersion values of the variable Arc (𝑑 = 49.01) and the variable
Euk (𝑑 = 31.68): 𝑝 = 0.005 (the null hypothesis is rejected), i.e. there is
a dispersion difference between the genes of archaea and eukaryotes.
Note the detail that 𝑝 = 0.002 with Bac and Euk is less than 𝑝 = 0.005
with Arc and Euk, while 𝑑 = 45.64 with Bac is less than 𝑑 = 49.01 with

rc.
In conclusion, the codon dispersion in eukaryotic genes is sig-

ificantly lower than the codon dispersion in bacterial and archaeal
enes. Thus, the codons of eukaryotes have, on average, frequencies
hat are closer to each other. This statistical result could be the main
xplanation for the fact that the circular codes in eukaryotic genes are

ore variable and more difficult to identity with any statistical method.
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Table 10
Identification of a code 𝑌Rand (Procedure P) and a self-complementary code 𝑍Rand
Procedure Q) of cardinality 20 in a random genetic code Rand according to a uniform
istribution of the 64 codon frequencies (𝑓 = 1∕64 for every codon). The codons and

the self-complementary codon pairs are given in descending order of frequencies 𝑔 (6)
and 𝑔 (8), respectively. The codons in bold belong to the circular code 𝑋 (1) observed
in genes. The normalized frequency 𝑔 (from Table 9 in %) identifies the codon of
preferential occurrence (highest frequency) in each of the 20 codon permutation classes
𝐏 (3) leading to a code 𝑌Rand of cardinality 20 with a rank from 1 to 20. The mean
normalized frequency 𝑔 (%) is computed for the 30 self-complementary codon pairs
𝐒𝐂 (2) and identifies the self-complementary codon pairs of preferential occurrence
(highest frequency) leading to a self-complementary code 𝑍Rand of cardinality 20

ith a rank from 1 to 10. The codes 𝑌Rand and 𝑍Rand contain 8 and 6 codons of
, respectively.
Random genes

Code Self-complementary code
of cardinality 20 of cardinality 20

Rank 𝑌Rand 𝑔 Rank 𝑍Rand 𝑔

1 𝑇𝐶𝐶 69.78 1 {𝑇𝐶𝑇 ,𝐴𝐺𝐴} 64.63
2 𝐴𝐺𝐴 67.41 2 {𝑮𝑨𝑪,𝑮𝑻𝑪} 57.69
3 𝑮𝑨𝑪 66.89 3 {𝑇𝐶𝐶,𝐺𝐺𝐴} 52.64
4 𝑇𝐶𝑇 61.86 4 {𝑮𝑪𝑪,𝑮𝑮𝑪} 49.01
5 𝑨𝑨𝑪 56.19 5 {𝑨𝑨𝑪,𝑮𝑻𝑻 } 46.07
6 𝑇𝑇𝐺 55.10 6 {𝑇𝑇𝐴, 𝑇𝐴𝐴} 45.28
7 𝑪𝑨𝑮 52.42 7 {𝐶𝐶𝐴, 𝑇𝐺𝐺} 43.66
8 𝑇𝐴𝐴 51.31 8 {𝑇𝐺𝐶,𝐺𝐶𝐴} 40.39
9 𝑮𝑮𝑪 50.48 9 {𝐺𝐶𝐺,𝐶𝐺𝐶} 40.28
10 𝑇𝐺𝐴 49.05 10 {𝐴𝐺𝐺,𝐶𝐶𝑇 } 37.36
11 𝐺𝐶𝑇 48.93 {𝐺𝑇𝐺,𝐶𝐴𝐶} 36.78
12 𝐴𝐺𝐺 48.92 {𝑨𝑻𝑪,𝑮𝑨𝑻 } 36.49
13 𝐶𝐺𝑇 48.75 {𝑮𝑻𝑨, 𝑻𝑨𝑪} 34.99
14 𝑨𝑻𝑻 48.01 {𝑇𝐶𝐴, 𝑇𝐺𝐴} 34.35
15 𝑮𝑪𝑪 47.54 {𝑇𝐴𝐺,𝐶𝑇𝐴} 33.78
16 𝐶𝐶𝐴 46.85 {𝐴𝐶𝐺,𝐶𝐺𝑇 } 33.08
17 𝑨𝑻𝑪 46.68 {𝐴𝐶𝑇 ,𝐴𝐺𝑇 } 31.23
18 𝑮𝑻𝑨 42.77 {𝑪𝑨𝑮,𝑪𝑻𝑮} 30.93
19 𝑇𝐺𝐺 40.47 {𝑇𝑇𝐺,𝐶𝐴𝐴} 29.93
20 𝐴𝐶𝑇 38.72 {𝐴𝑇𝐺,𝐶𝐴𝑇 } 29.17

{𝐴𝐺𝐶,𝐺𝐶𝑇 } 28.69
{𝐴𝑇𝐴, 𝑇𝐴𝑇 } 27.84
{𝑨𝑨𝑻 ,𝑨𝑻𝑻 } 26.88
{𝐴𝐴𝐺,𝐶𝑇𝑇 } 26.53
{𝐴𝐶𝐴, 𝑇𝐺𝑇 } 24.00
{𝑨𝑪𝑪,𝑮𝑮𝑻 } 19.57
{𝐶𝐶𝐺,𝐶𝐺𝐺} 10.71
{𝑪𝑻𝑪,𝑮𝑨𝑮} 10.01
{𝑇𝐶𝐺,𝐶𝐺𝐴} 9.23
{𝑮𝑨𝑨, 𝑻 𝑻𝑪} 8.84

4. Conclusion

In this work, we have developed a new statistical approach to
identify trinucleotide codes and self-complementary trinucleotide codes
in genes that are potentially circular, based solely on the reading frame
of genes. Surprisingly, this 1-frame method reveals the circular code
𝑋 (1) in bacterial genes, in average (bacterial, archaeal, eukaryotic)
genes. Furthermore, it allows deducing the circular code 𝑋 in archaeal
genes and identifying 16 codons of 𝑋 in eukaryotic genes.

This 1-frame method based on codon usage only, avoids an anal-
sis of the genetic information in the shifted frames (1 and 2). This
pproach differs from the six 3-frame methods used in the past (Ar-
uès and Michel, 1996, 1997; Frey and Michel, 2003, 2006; Michel,
015, 2017). Indeed, the 1-frame method is based on two important
oncepts: codon dispersion and permutation class. Furthermore, a 3-
rame method needs the gene sequence in the reading frame but
lso its 2 sequences in the 2 shifted frames (1 and 2). Indeed, the
rinucleotide frequencies in the 2 shifted frames cannot be deduced
10

rom the trinucleotide frequencies in reading frame (codon usage).
The statistical relation between the 1-frame method and the 3-frame
methods is unknown to date. It is also unexpected that 2 different meth-
ods identify the same circular code, i.e. 𝑋. Indeed, as each permutation
lass has 3 codons and as there are 20 permutation classes, the number
f codon possibilities in the 20 permutation classes is 320. Thus, the
robability to observe the circular code 𝑋 in the 20 permutation classes
s equal to 1∕320 ≈ 10−10. Furthermore, the 1-frame method without

the concept of permutation class cannot identify a maximal circular
code (see Section 3.1 and Table 8 in Appendix A). Whether this direct
approach can replace the 3-frames methods remains an open question,
emphasizing that improvements remain possible in the future.

The trinucleotide code variability in eukaryotic genes, a long-
standing problem since 1996, is investigated with a new parameter
definition based on the dispersion in the codon permutation classes.
The genes of bacteria and archaea have a codon usage dispersion of the
same order of magnitude, but significantly higher than the one in the
genes of eukaryotes where the codons have, on average, frequencies
that are closer to each other. This new statistical result could be the
fundamental explanation for the variability of codes, whether circular
or not, in eukaryotic genes.

The 1-frame statistical method developed solely on codon usage, the
most standard procedure in genetics, now allows biologists to access the
circular code theory. It can be applied at the genome level, in a group of
genes, e.g. orthologs, and even at the gene level. Variability in circular
code at the gene level should increase drastically, but the property of
retrieving the reading frame could still be retained, for example with
non-maximal circular codes.
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Table 11
Uniform amino acid code where every amino acid has the same probability: (i) 𝑓 = 1∕20 with 𝑓 = 0 for the 3 stop codons {𝑇𝐴𝐴, 𝑇𝐴𝐺, 𝑇𝐺𝐴};
and (ii) 𝑓 ′ = 1∕21 including the 3 stop codons.

Codon Number 𝑓 = 1∕20 𝑓% 𝑓 ′ = 1∕21 𝑓 ′%

𝑀𝑒𝑡 {𝐴𝑇𝐺} 1 1/20 5.00 1/21 4.76
𝑇 𝑟𝑝 {𝑇𝐺𝐺} 1 1/20 5.00 1/21 4.76
𝐴𝑠𝑛 {𝐴𝐴𝐶,𝐴𝐴𝑇 } 2 1/40 2.50 1/42 2.38
𝐴𝑠𝑝 {𝐺𝐴𝐶,𝐺𝐴𝑇 } 2 1/40 2.50 1/42 2.38
𝐶𝑦𝑠 {𝑇𝐺𝐶, 𝑇𝐺𝑇 } 2 1/40 2.50 1/42 2.38
𝐺𝑙𝑛 {𝐶𝐴𝐴,𝐶𝐴𝐺} 2 1/40 2.50 1/42 2.38
𝐺𝑙𝑢 {𝐺𝐴𝐴,𝐺𝐴𝐺} 2 1/40 2.50 1/42 2.38
𝐻𝑖𝑠 {𝐶𝐴𝐶,𝐶𝐴𝑇 } 2 1/40 2.50 1/42 2.38
𝐿𝑦𝑠 {𝐴𝐴𝐴,𝐴𝐴𝐺} 2 1/40 2.50 1/42 2.38
𝑃ℎ𝑒 {𝑇𝑇𝐶, 𝑇 𝑇𝑇 } 2 1/40 2.50 1/42 2.38
𝑇 𝑦𝑟 {𝑇𝐴𝐶, 𝑇𝐴𝑇 } 2 1/40 2.50 1/42 2.38
𝐼𝑙𝑒 {𝐴𝑇𝐴,𝐴𝑇𝐶,𝐴𝑇𝑇 } 3 1/60 1.67 1/63 1.59
𝑆𝑡𝑜𝑝 {𝑇𝐴𝐴, 𝑇𝐴𝐺, 𝑇𝐺𝐴} 3 0 0 1/63 1.59
𝐴𝑙𝑎 {𝐺𝐶𝐴,𝐺𝐶𝐶,𝐺𝐶𝐺,𝐺𝐶𝑇 } 4 1/80 1.25 1/84 1.19
𝐺𝑙𝑦 {𝐺𝐺𝐴,𝐺𝐺𝐶,𝐺𝐺𝐺,𝐺𝐺𝑇 } 4 1/80 1.25 1/84 1.19
𝑃𝑟𝑜 {𝐶𝐶𝐴,𝐶𝐶𝐶,𝐶𝐶𝐺,𝐶𝐶𝑇 } 4 1/80 1.25 1/84 1.19
𝑇ℎ𝑟 {𝐴𝐶𝐴,𝐴𝐶𝐶,𝐴𝐶𝐺,𝐴𝐶𝑇 } 4 1/80 1.25 1/84 1.19
𝑉 𝑎𝑙 {𝐺𝑇𝐴,𝐺𝑇𝐶,𝐺𝑇𝐺,𝐺𝑇𝑇 } 4 1/80 1.25 1/84 1.19
𝐴𝑟𝑔 {𝐴𝐺𝐴,𝐴𝐺𝐺,𝐶𝐺𝐴,𝐶𝐺𝐶,𝐶𝐺𝐺,𝐶𝐺𝑇 } 6 1/120 0.83 1/126 0.79
𝐿𝑒𝑢 {𝐶𝑇𝐴,𝐶𝑇𝐶, 𝐶𝑇𝐺,𝐶𝑇𝑇 , 𝑇 𝑇𝐴, 𝑇 𝑇𝐺} 6 1/120 0.83 1/126 0.79
𝑆𝑒𝑟 {𝐴𝐺𝐶,𝐴𝐺𝑇 , 𝑇𝐶𝐴, 𝑇𝐶𝐶, 𝑇𝐶𝐺, 𝑇𝐶𝑇 } 6 1/120 0.83 1/126 0.79
Table 12
Codon frequencies 𝑓 and 𝑓 ′ of a uniform amino acid code where every amino acid has the same probability: (i) 𝑓 = 1∕20 with 𝑓 = 0 for the
3 stop codons {𝑇𝐴𝐴, 𝑇𝐴𝐺, 𝑇𝐺𝐴}; and (ii) 𝑓 = 1∕21 including the 3 stop codons (from Table 11) for each codon permutation class 𝐏 (3). The
codons in bold belong to the circular code 𝑋 (1) observed in genes.

𝑓 𝑓 ′ 𝑓 𝑓 ′ 𝑓 𝑓 ′ 𝑓 𝑓 ′

𝑨𝑨𝑪 2.50 2.38 𝐴𝐶𝑇 1.25 1.19 𝐴𝑇𝐺 5.00 4.76 𝐶𝐺𝑇 0.83 0.79
𝐴𝐶𝐴 1.25 1.19 𝐶𝑇𝐴 0.83 0.79 𝑇𝐺𝐴 0.00 1.59 𝑮𝑻𝑪 1.25 1.19
𝐶𝐴𝐴 2.50 2.38 𝑻𝑨𝑪 2.50 2.38 𝑮𝑨𝑻 2.50 2.38 𝑇𝐶𝐺 0.83 0.79

𝐴𝐴𝐺 2.50 2.38 𝐴𝐺𝐶 0.83 0.79 𝑨𝑻𝑻 1.67 1.59 𝑪𝑻𝑮 0.83 0.79
𝐴𝐺𝐴 0.83 0.79 𝐺𝐶𝐴 1.25 1.19 𝑇𝑇𝐴 0.83 0.79 𝑇𝐺𝐶 2.50 2.38
𝑮𝑨𝑨 2.50 2.38 𝑪𝑨𝑮 2.50 2.38 𝑇𝐴𝑇 2.50 2.38 𝐺𝐶𝑇 1.25 1.19

𝑨𝑨𝑻 2.50 2.38 𝐴𝐺𝐺 0.83 0.79 𝐶𝐶𝐺 1.25 1.19 𝐶𝑇𝑇 0.83 0.79
𝐴𝑇𝐴 1.67 1.59 𝐺𝐺𝐴 1.25 1.19 𝐶𝐺𝐶 0.83 0.79 𝑻 𝑻𝑪 2.50 2.38
𝑇𝐴𝐴 0.00 1.59 𝑮𝑨𝑮 2.50 2.38 𝑮𝑪𝑪 1.25 1.19 𝑇𝐶𝑇 0.83 0.79

𝑨𝑪𝑪 1.25 1.19 𝐴𝐺𝑇 0.83 0.79 𝐶𝐶𝑇 1.25 1.19 𝑮𝑮𝑻 1.25 1.19
𝐶𝐶𝐴 1.25 1.19 𝑮𝑻𝑨 1.25 1.19 𝑪𝑻𝑪 0.83 0.79 𝐺𝑇𝐺 1.25 1.19
𝐶𝐴𝐶 2.50 2.38 𝑇𝐴𝐺 0.00 1.59 𝑇𝐶𝐶 0.83 0.79 𝑇𝐺𝐺 5.00 4.76

𝐴𝐶𝐺 1.25 1.19 𝑨𝑻𝑪 1.67 1.59 𝐶𝐺𝐺 0.83 0.79 𝑮𝑻𝑻 1.25 1.19
𝐶𝐺𝐴 0.83 0.79 𝑇𝐶𝐴 0.83 0.79 𝑮𝑮𝑪 1.25 1.19 𝑇𝑇𝐺 0.83 0.79
𝑮𝑨𝑪 2.50 2.38 𝐶𝐴𝑇 2.50 2.38 𝐺𝐶𝐺 1.25 1.19 𝑇𝐺𝑇 2.50 2.38
Table 13
Frequency 𝑓 (codon usage from Table 1 in %) and normalized frequency 𝑔 (6) (%) of 1,280,890 genes of 432 archaeal genomes Arc (367,937,932
codons) for each codon permutation class 𝐏 (3) (frequency sum equal to 100%; Procedure P). The codons are ordered according to the 20
permutation classes and the numbers are rounded to the 2nd decimal place.

𝑓 𝑔 𝑓 𝑔 𝑓 𝑔 𝑓 𝑔

𝐴𝐴𝐶 2.01 58.15 𝐴𝐶𝑇 0.73 21.89 𝐴𝑇𝐺 2.00 47.52 𝐶𝐺𝑇 0.50 7.77
𝐴𝐶𝐴 0.85 24.71 𝐶𝑇𝐴 0.47 14.11 𝑇𝐺𝐴 0.19 4.40 𝐺𝑇𝐶 4.30 66.96
𝐶𝐴𝐴 0.59 17.15 𝑇𝐴𝐶 2.13 64.01 𝐺𝐴𝑇 2.02 48.08 𝑇𝐶𝐺 1.62 25.27
Total 3.46 100.00 Total 3.33 100.00 Total 4.21 100.00 Total 6.42 100.00

𝐴𝐴𝐺 1.88 33.55 𝐴𝐺𝐶 1.27 27.98 𝐴𝑇𝑇 1.31 43.50 𝐶𝑇𝐺 2.25 60.57
𝐴𝐺𝐴 0.69 12.23 𝐺𝐶𝐴 1.48 32.60 𝑇𝑇𝐴 0.75 24.79 𝑇𝐺𝐶 0.41 11.07
𝐺𝐴𝐴 3.04 54.22 𝐶𝐴𝐺 1.78 39.42 𝑇𝐴𝑇 0.96 31.71 𝐺𝐶𝑇 1.05 28.35
Total 5.61 100.00 Total 4.53 100.00 Total 3.02 100.00 Total 3.71 100.00

𝐴𝐴𝑇 1.05 42.23 𝐴𝐺𝐺 0.81 10.99 𝐶𝐶𝐺 1.91 26.49 𝐶𝑇𝑇 1.09 25.74
𝐴𝑇𝐴 1.33 53.40 𝐺𝐺𝐴 1.52 20.55 𝐶𝐺𝐶 1.80 25.03 𝑇𝑇𝐶 2.58 61.02
𝑇𝐴𝐴 0.11 4.38 𝐺𝐴𝐺 5.07 68.46 𝐺𝐶𝐶 3.49 48.48 𝑇𝐶𝑇 0.56 13.24
Total 2.49 100.00 Total 7.40 100.00 Total 7.21 100.00 Total 4.22 100.00

𝐴𝐶𝐶 2.16 51.02 𝐴𝐺𝑇 0.63 40.29 𝐶𝐶𝑇 0.52 9.54 𝐺𝐺𝑇 1.34 31.06
𝐶𝐶𝐴 0.67 15.84 𝐺𝑇𝐴 0.86 54.88 𝐶𝑇𝐶 3.86 70.67 𝐺𝑇𝐺 1.88 43.73
𝐶𝐴𝐶 1.40 33.13 𝑇𝐴𝐺 0.08 4.82 𝑇𝐶𝐶 1.08 19.79 𝑇𝐺𝐺 1.08 25.21
Total 4.22 100.00 Total 1.56 100.00 Total 5.47 100.00 Total 4.30 100.00

𝐴𝐶𝐺 2.20 26.93 𝐴𝑇𝐶 2.90 71.80 𝐶𝐺𝐺 1.51 18.10 𝐺𝑇𝑇 1.36 55.29
𝐶𝐺𝐴 0.72 8.81 𝑇𝐶𝐴 0.68 16.92 𝐺𝐺𝐶 3.40 40.80 𝑇𝑇𝐺 0.68 27.52
𝐺𝐴𝐶 5.25 64.26 𝐶𝐴𝑇 0.46 11.28 𝐺𝐶𝐺 3.42 41.11 𝑇𝐺𝑇 0.42 17.19
Total 8.16 100.00 Total 4.04 100.00 Total 8.33 100.00 Total 2.46 100.00
11
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Table 14
Frequency 𝑓 (codon usage from Table 1 in %) and normalized frequency 𝑔 (6) (%) of 20,206,058 genes of 1150 eukaryotic genomes Euk
(10,374,305,634 codons) for each codon permutation class 𝐏 (3) (frequency sum equal to 100%; Procedure P). The codons are ordered according
to the 20 permutation classes and the numbers are rounded to the 2nd decimal place.

𝑓 𝑔 𝑓 𝑔 𝑓 𝑔 𝑓 𝑔

𝐴𝐴𝐶 2.12 39.98 𝐴𝐶𝑇 1.40 37.52 𝐴𝑇𝐺 2.26 45.40 𝐶𝐺𝑇 0.68 21.56
𝐴𝐶𝐴 1.57 29.66 𝐶𝑇𝐴 0.77 20.81 𝑇𝐺𝐴 0.08 1.69 𝐺𝑇𝐶 1.58 49.94
𝐶𝐴𝐴 1.61 30.36 𝑇𝐴𝐶 1.55 41.68 𝐺𝐴𝑇 2.64 52.92 𝑇𝐶𝐺 0.90 28.50
Total 5.30 100.00 Total 3.72 100.00 Total 4.99 100.00 Total 3.17 100.00

𝐴𝐴𝐺 3.12 42.43 𝐴𝐺𝐶 1.72 27.61 𝐴𝑇𝑇 1.75 44.70 𝐶𝑇𝐺 2.87 48.29
𝐴𝐺𝐴 1.27 17.24 𝐺𝐶𝐴 1.76 28.23 𝑇𝑇𝐴 0.92 23.49 𝑇𝐺𝐶 1.05 17.68
𝐺𝐴𝐴 2.96 40.33 𝐶𝐴𝐺 2.75 44.15 𝑇𝐴𝑇 1.24 31.81 𝐺𝐶𝑇 2.02 34.03
Total 7.35 100.00 Total 6.22 100.00 Total 3.91 100.00 Total 5.94 100.00

𝐴𝐴𝑇 1.95 64.35 𝐴𝐺𝐺 1.13 17.19 𝐶𝐶𝐺 0.97 23.01 𝐶𝑇𝑇 1.46 28.79
𝐴𝑇𝐴 1.02 33.57 𝐺𝐺𝐴 1.76 26.71 𝐶𝐺𝐶 1.03 24.27 𝑇𝑇𝐶 2.01 39.65
𝑇𝐴𝐴 0.06 2.07 𝐺𝐴𝐺 3.69 56.10 𝐺𝐶𝐶 2.23 52.72 𝑇𝐶𝑇 1.60 31.56
Total 3.03 100.00 Total 6.58 100.00 Total 4.24 100.00 Total 5.07 100.00

𝐴𝐶𝐶 1.63 35.38 𝐴𝐺𝑇 1.27 58.93 𝐶𝐶𝑇 1.58 31.62 𝐺𝐺𝑇 1.43 28.99
𝐶𝐶𝐴 1.61 34.92 𝐺𝑇𝐴 0.84 38.88 𝐶𝑇𝐶 1.83 36.51 𝐺𝑇𝐺 2.28 46.23
𝐶𝐴𝐶 1.37 29.69 𝑇𝐴𝐺 0.05 2.19 𝑇𝐶𝐶 1.60 31.87 𝑇𝐺𝐺 1.22 24.77
Total 4.61 100.00 Total 2.16 100.00 Total 5.01 100.00 Total 4.92 100.00

𝐴𝐶𝐺 0.94 22.38 𝐴𝑇𝐶 2.04 44.44 𝐶𝐺𝐺 0.82 21.18 𝐺𝑇𝑇 1.51 37.37
𝐶𝐺𝐴 0.71 16.75 𝑇𝐶𝐴 1.38 30.17 𝐺𝐺𝐶 1.92 49.80 𝑇𝑇𝐺 1.58 39.08
𝐺𝐴𝐶 2.57 60.87 𝐶𝐴𝑇 1.17 25.40 𝐺𝐶𝐺 1.12 29.01 𝑇𝐺𝑇 0.95 23.55
Total 4.22 100.00 Total 4.59 100.00 Total 3.85 100.00 Total 4.04 100.00
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