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Chapter 1

Library tarski_axioms

Require Export general_tactics.

This version of the axioms of Tarski is the one given in Wolfram Schwabh&duser, Wanda
Szmielew and Alfred Tarski, Metamathematische Methoden in der Geometrie, Springer-
Verlag, Berlin, 1983.

This axioms system is the result of a long history of axiom systems for geometry studied
by Tarski, Schwabh&user, Szmielew and Gupta.

Class Tarski_neutral_dimensionless := {
Tpoint : Type;
Bet : Tpoint — Tpoint — Tpoint — Prop;
Cong : Tpoint — Tpoint — Tpoint — Tpoint — Prop;
between_identity : V A B, Bet A B A — A=B,;
cong_pseudo_reflexivity : V A B : Tpoint, Cong A B B A;
cong_identity : V A B C : Tpoint, Cong A B C C — A = B;
cong_inner_transitivity : VA B C D E F : Tpoint,
CongABCD —CongABEF —CongCDFEF,
inner_pasch : VA B C P @ : Tpoint,
Bet APC —-BetB Q C —
Jz,Bet Pz B ABet @z A;

five_segments : VA A’ B B” C C’ D D’ : Tpoint,

Cong AB A’ B —

Cong BC B C’—

Cong AD A D —

Cong BD B’ D’ —

Bet ABC —>BetA’B"C"—>A+#B—CongCDC’"D’
segment_construction : VA B C' D : Tpoint,

4 F : Tpoint, Bet A B E N Cong B E C D;
lower_dim: 9 A, 3B, 3C, ~(Bet ABCVBetB CAVBet(CADRB)

).

Class Tarski_2D ‘(Tn : Tarski_neutral_dimensionless) := {
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upper_dim: VA B C P @ : Tpoint,
P+#+#@Q —>CngAPAQ—CongBPB@—CongCPCQ—
(Bet AB C VBetBCAVBetCAB)
}.
Class Tarski_2D_euclidean ‘(72D : Tarski_2D) := {
euclid: VA B C D T : Tpoint,
Bet ADT —Bet BD C — A4D —
Jz, Jy,
Bet ABx ABetAC yABetz Ty
}.
Class EqDecidability U := {
eq_dec_points: VA B : U, A=B V — A=B
}.
Class InterDecidability U (Col : U — U — U — Prop) := {
inter_dec: VA B C D,
(41, Col I ABANCollI CD)V
= (31, ColI ABANColl C D)

}.

We describe here a variant of the axiom system proposed by T.J.M. Makarios in June
2013. This variant has a slightly different five_segments axioms and allows to remove the
cong_pseudo_reflexivity axiom. All axioms have been shown to be independent except
cong_identity and inner_pasch.

Class Tarski_neutral_dimensionless_variant := {
MTpoint : Type;
BetM : MTpoint — MTpoint — MTpoint — Prop;
CongM : MTpoint — MTpoint — MTpoint — MTpoint — Prop;
Mbetween _identity : V A B : MTpoint, BetM A B A — A = B,
Mcong_identity : V A B C' : MTpoint, CongM A B C C — A = B,
Mcong_inner_transitivity : VA B C D F F : MTpoint,
CongM ABCD — CongMABEF — CongMC D FE F,
Minner_pasch : V A B C' P () : MTpoint,
BetM AP C —-BetM B @ C —
Jdxz, BetM Pz B A BetM @ z A;
Mfive_segments : VA A’ B B> C C’ D D’ : MTpoint,
CongM A B A’ B —
CongM B C B’ C" —
CongM A DA D —
CongM B D B” D’ —
BetM A B C —-BetM A’ B C"—- A# B — CongM D C C’ D’
Msegment_construction : V A B C' D : MTpoint,
4 F : MTpoint, BetM A B E N CongM B E C D;
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Mlower_dim: 3 A, 3B, 3C, -~ (BetM A B CVBetMB C AV BetM C A B)
}.
We describe here an intuitionistic version of Tarski’s axiom system proposed by Michael
Beeson.

Class intuitionistic_Tarski_neutral_dimensionless := {
ITpoint : Type;
IBet : ITpoint — ITpoint — ITpoint — Prop;
ICong : ITpoint — ITpoint — ITpoint — |ITpoint — Prop;
Cong_stability : VA B C D, - —1Cong A B C D — ICong A B C D;
Bet_stability : VA B C, -~ 1Bet AB C — IBet A B C,
IT (A B C :ITpoint) := = (A#B N B#C N = IBet A B C);
ICol (A B C : ITpoint) := A#B AN - ("ITCABA—-ITACBA-ITABOC);
Ibetween_identity : V A B, = IBet A B A;
Icong_identity : VA B C,1ICong A B C C — A = B;
lcong_pseudo_reflexivity : V A B : [Tpoint, ICong A B B A;
lcong_inner_transitivity : VA B C D E F,
ICong ABCD —I1CongABEF —1Cong C D FE F,
linner_pasch : VA B C P (),
IBet APC —1Bet BQ C — —1Col AB C —
Jxz,IBet Px B NIBet ) z A;
Ibetween_symmetry : VA B C,IBet A B C — IBet C B A;
Ibetween_inner_transitivity : VA B C D,|IBet ABD —1Bet B(C D — 1Bet A B C;
Ifive_segments : VA A’ BB C C’D D,
ICong A B A’ B —
ICong B C B’ ¢’ —
ICong AD A’ D" —
ICong BD B’ D’ —
ITABC —-ITA"B ("= A+#B —I1Cong C D C’" D’
Isegment_construction : V A B C' D,
A#B -4 FE,ITABE NICong BFE C D;
llower_dim: 3 A, 3B, 3C, - ITCABAN—-ITACBAN—-ITABC

).
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Chapter 2

Library hilbert_axioms

Require Export Setoid.
Require Export aux.

We circumvent a limitation of type class definition by defining a polymorphic type for a
triple of elements which will be used to define an angle by instantiating A with Point

Class Hilbert := {
Point : Type;
Line : Type;
EqL : Line — Line — Prop;
EqL_Equiv : Equivalence EqL;
Incid : Point — Line — Prop;

Group I Incidence line_existence : V A B, A#B — 31, Incid A [ A Incid B [;
line_unicity : VA BIlm, A#+ B — Incid Al — Incid B | — Incid A m — Incid B m — EqL
[ m;

two_points_on_line : VI, 3 A, 9 B, Incid B! Alncid Al N A # B;

ColH :=fun A B C = 31, Incid Al Alncid Bl A Incid C [;

plan: 34, 3B, 3C, - ColH A B C;

Group IT Order BetH : Point — Point — Point — Prop;
between_col : V A B C : Point, BetH A B C — ColH A B C,
between_comm : V A B C : Point, BetH A B C — BetH C B A;
between_out : V A B : Point, A # B — 3 C : Point, BetH A B C;
between_only_one : V A B C : Point, BetH A B C —+ - BetH B C A AN -~ BetH B A C;
between_one : VA B C, A#B — A#C — B#C — ColH A B C — BetH A B C' Vv BetH
B C AV BetH B A C;
cut :=funl/ A B = —Incid Al A —Incid BIANJTI,Incid [ ANBetH AT B,
pasch: VABCI[ - CidHABC — —IncdCI!l—cutlAB —cutlACVecutlB C,
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Group III Parallels Para := funlm = — 3 X, Incid X [ A Incid X m;
euclid_existence : VI P, = Incid P [ — 3 m, Para [ m;

euclid_unicity : VI P m1 m2, = Incid P [ — Para [l m1 — Incid P m1— Para [l m2 — Incid
P m2 — EqL m1 m2;

Group IV Congruence CongH : Point — Point — Point — Point — Prop;
cong_pseudo_transitivity : VA B C D E F,CongH A B C D — CongH A B E F — CongH
CDEF;

cong_refl : V A B, CongH A B A B;

cong_existence : VABIM A+ B —IncdM |l —3A", 3B,

Incid A’ [ Alncid B’ [ AN BetH A” M B> N CongH M A’ A B N\ CongH M B’ A B;

cong_unicity : VA BIM A’ B "A” B’ A+ B — Incid M [ —

Incid A’ [ — Incid B’ | —

Incid A” [ — Incid B” [ —

BetH A M B> — CongH M A” A B —

CongH M BPAB —BetH A” M B” —

CongH M A” A B —

CongH M B” A B —

(A’=A”NB’=B")V (A’=B”" NB =A4");

disjoint :==fun A B C D = -4 P, BetHA P B ABetH C P D,
addition: VA B C A’ B’ C’,ColHA B C — ColH A’ B’ (" —
disjoint A B B C' — disjoint A” B’ B " —
CongH A B A’ B> — CongH B C B’ ¢’ — CongH
AC A C
Angle .= @Triple Point;
angle := build_triple Point;
CongaH : Angle — Angle — Prop;
cong.5:VABC A" B C,Y HI : (B#A N C#A),Y H2: B’ #+# A’ N C" # A,
V H3: (A#4#B N C#B),Y H|: A”#+ B’ N C" # B/,
CongH A B A’ B” — CongH A C A’ C” — CongaH (angle B A C H1) (angle B” A" C’
H?) —
CongaH (angle A B C H3) (angle A” B’ C” Hj);

same_side == fun A Bl = 4P, cutl AP ANcutl B P;
outH :=fun P A B=BetHP ABVBetHP BAV (P#+ANA=DB);
InAngleH := fun a P =

(3 M, BetH (V1 a) M (V2 a) A (CoutH (V a) M P) vV M = (V a))) V
outH (V a) (V1 a) P V outH (V a) (V2 a) P;
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Hline .= @QCouple Point;

line_of_hline : Hline — Line;

hline_construction := fun a (h: Hline) P (hc:Hline) H =

(P1 h) = (P1 he) A

CongaH a (angle (P2 h) (P1 k) (P2 hc) (conj (sym_not_equal (Cond h)) H)) A
(VY M, InAngleH (angle (P2 h) (P1 h) (P2 he) (conj (sym_not_equal (Cond h)) H)) M —
same_side P M (line_of_hline h));

aux : V (h ki : Hline), P1 h = P1 h1 — P2 h1 # P1 h;

hcong_4_existence: ¥V a h P,
=Incid P (line_of_hline h) — — BetH (V1 a)(V a)(V2 a) —
Jdht, (PLAh) = (P1Lh1) A (VY CondAuz : P1 h =P1 hi,
CongaH a (angle (P2 k) (P1 h) (P2 h1) (conj (sym_not_equal
(Cond h)) (aux h h1 CondAux)))
A (VY M, = Incid M (line_of_hline h) A InAngleH
(angle (P2 h) (P1 h) (P2 h1) (conj (sym_not_equal (Cond h)) (aux h h1 CondAuz))) M
— same_side P M (line_of_hline
h)));

hEq : relation Hline := fun h1 h2 = (P1 h1) = (P1 h2) A
((P2 h1) = (P2 h2) V BetH (P1 hi) (P2 h2) (P2 h1) Vv
BetH (P1 hi) (P2 h1) (P2 h2));

hcong_4 _unicity :
Vah P hih2 HH1 HH?,
=Incid P (line_of_hline h) — — BetH (V1 a)(V a)(V2 a) —
hline_construction a h P h1 HH1 — hline_construction a h P h2 HH2 —
hEq h1 h2
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Chapter 3

Library ChO2_cong

Require Export tarski_axioms.

Ltac prolong A Bz C D =
assert (sg:= segment_construction A B C' D);
ex_and Sq .

Ltac cases_equality A B := elim (eq_dec_points A B);intros.
Section T1_1.
Context ‘{ M:Tarski_neutral_dimensionless}.

Lemma cong_reflexivity : V A B,
Cong A B AB.

Lemma cong_symmetry : V A B C D : Tpoint,
CongABCD —CongCDAB.

Lemma cong_transitivity : VA B C' D E F : Tpoint,
CongABCD —CongCDEF —Cong ABFEF.

Lemma cong_left_commutativity : VA B C D,
Cong ABCD — Cong BACD.

Lemma cong_right_commutativity : V A B C' D,
CongABCD —Cong ABD C.

Lemma cong_trivial_identity : V A B : Tpoint,
Cong A A B B.

Lemma cong_reverse_identity : V A C D,
Cong AACD — C=D.

Lemma cong_commutativity : VA B C' D,
Cong ABCD — Cong BAD C.

End T1_1.

Hint Resolve cong_commutativity cong_reverse_identity cong_trivial__identity
cong_left_commutativity cong_right_commutativity
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cong_transitivity cong_symmetry cong_reflexivity cong_identity : cong.
Ltac Cong := auto with cong.
Ltac eCong := eauto with cong.
Section T1_2.
Context ‘{M:Tarski_neutral_dimensionless}.

Lemma cong_dec_eq_dec :
(WVABCD,CongABCDV—-Cong AB C D) —

(¥ A B:Tpoint, A=B \V A+B).
Definition OFSC:=fun A B C D A’ B’ C' D’ =

Bet ABC ANBet A” B” C" A

Cong ABA” B NCong BC B C" A

Cong AD A’ D’ A Cong BD B’ D',
Lemma five_segments_with_def : VA B C D A’ B” C’ D/,
OFSCABCD A’ B ("D — A#B — Cong C D C’ D".

Lemma cong_diff : VA B C D : Tpoint, A# B — Cong AB C D — C # D.

Lemma cong_diff_2: VA B C D ,
B#A—-CongABCD— C#D.

Lemma cong_diff 3: VA B C D ,
C#D—CongABCD— A+#B.

Lemma cong_diff_ 4 : VA B C D,
D+#C—-CongABCD— A+#B.

Definition Cong_3 := fun A1 A2 A3 Bl B2 B3 = Cong A1 A2 Bl B2 N Cong Al A3
B1 B3 N Cong A2 A3 B2 BS3.

Lemma cong_3_sym: VA B C A’ B’ (',
Cong3ABC A’B (" —Cong.3A”"B"C"ABC.

Lemma cong_3_swap: VA B C A’ B’ (",
Cong3ABCA”B (" —Cong.3BACB A’ C".

Lemma cong_3_swap_-2: VA B C A’ B’ (",
Cong3ABCA’B (" —Cong.3ACBA ("B’

Lemma cong3_transitivity : V A0 B0 C0 A1 B1 C1 A2 B2 C2,
Cong_3 A0 B0 C0 A1 B1 C1 — Cong_3 A1 B1 C1 A2 B2 C2 — Cong_3 A0 B0
C0 A2 B2 C2.

End T1_2.

Hint Resolve cong_3_sym : cong.
Hint Resolve cong_3_swap cong_3_swap_2 cong3_transitivity : congs.
Hint Unfold Cong_3 : congs.

Section T1_3.

11
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Context ‘{ M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma 12_.11: VA B C A’ B’ (",
Bet ABC —-BetA”’B"C’—-CongABA”B— Cong BC B C’"— CongAC A’ C".

Lemma construction_unicity : V Q A B C X Y,
QQ#A—>BetQAX - CongAXBC —-BetQQ AY - CongAY BC — X=Y.

Lemma Cong_cases :
VABCD,
Cong ABCDVCongABD CVCongBACDVCongBADCV
Cong C DABVCongCDBAVCongD CABVCongD CBA-—
Cong A B C D.

Lemma Cong_perm :
VABC D,
CongABCD—
Cong ABCDANCongABD CNCongBACDANCongBAD C A
Cong C DABANCongCDBANCongD CABACongD C B A

End T1_3.
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Chapter 4

Library Ch03_bet

Require Export Ch02_cong.

Section T2_1.

Context ‘{M:Tarski_neutral_dimensionless}.

Definition Col (A B C : Tpoint) : Prop := Bet A B C VBet BC AV Bet C AB.
Lemma bet_col : VA B C,Bet AB C — Col A B C.

Lemma between_trivial : V A B : Tpoint, Bet A B B.

Lemma bet_dec_eq_dec :
(WVABC Bet ABCV —-BetABC)—
(V A B:Tpoint, A=B V A#B).

Lemma between_symmetry : V A B C : Tpoint, Bet A B C — Bet C B A.

This lemma is used by tactics for trying several permutations. Lemma Bet_cases :
VABC,
Bet ABCVBetCBA—
Bet A B C.

Lemma Bet_perm :
VABC,
Bet A B C —
Bet A B C ANBet C B A.

Lemma between_trivial2 : V A B : Tpoint, Bet A A B.
Lemma between_egality : V A B C : Tpoint, Bet A B C —-Bet BAC — A=B.
End T2_1.
Ltac assert_cols :=
repeat
match goal with

| H:Bet 7X1 7X2 7X3 F _ =
not_ezist_hyp (Col X1 X2 X38);assert (Col X1 X2 X3) by (apply bet_col;apply H)
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end.

Ltac clean_trivial_hyps =
repeat
match goal with

| H:(Cong 7X1 7X1 ?7X2 ?7X2)F _ = clear H
| H:(Cong 7X1 7X2 ?X2 ?7X1)F _ = clear H
| H:(Cong 7X1 7X2 ?X1 ?7X2)F _ = clear H

(
(
| H:(Bet 7X1 7X1 7X2)F _ = clear H
| H:(Bet 7X2 7X1 7X1)F _ = clear H
| H:(Col 7X1 7X1 ?7X2) F _ = clear H
| H:(Col 7X2 7X1 ?7X1)F _ = clear H
| H:(Col 7X1 7X2 ?X1)F _ = clear H
end.

e N e

Ltac clean_reap_hyps :—
repeat
match goal with

~Col 7A 7B 7C), H
Col 74 7B 7C),
Col 74 7B 7C),
Col 74 7B 70C),
Col 74 7B 70C),
Col 74 7B 7C),

),

), H

mmmmmm

(

(

(

(

(

(

(Col 74 7B 7C

(Bet 74 7B 7C

(Bet 74 7B 7C), H
:(Cong 7A B 7C ?D),
(Cong A ?B 7C D), H
(Cong 74 7B ?7C D), H2
(Cong 74 7B 7C D), H2
(Cong TA B ?7C D), H
(Cong 7A B ?C D), H.
(Cong 7A?B ?C D), H
(Cong 7A 7B 7C D), H,Q :
(?7A<>?B), H2 :
(?A<>7B), H2 :

SIS EEETSISEEISEIEESIS

end.

2:-Col7A?B?C F _
.CoI?A?C?BI—_:>
2:Col?A?B7CF _ =
2:Cil?B7TACF _ =
2:Col?B?CTAF _ =
2:Cil?C?B?7AF _ =
:CoI?C’?A?BI—_:>

= clear H2

clear H2
clear H2
clear H2
clear H2
clear H2
clear H2

: Bet 7C 7B 7A+ _ = clear H2
Bet ?TATB7C F _ = clear H?
: Cong ?PA?B?D?7CF _ =
: Cong ?PA?’B?C 7D F _ =
: Cong ?7C ?’D?7A’BF _ =
: Cong ?7C?’D?B7AF _ =
: Cong ?D?7C7TB7AF _ =
: Cong ?D?7C7A7BF _ =
: Cong 7 B?A?C D F _ =
Cong 7’/B7A?D 7C F _ =
(?B<>7A) F _ = clear H2

(7A<>?B) F _ = clear H2

clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2

Ltac clean := clean_trivial_hyps;clean_duplicated_hyps;clean_reap_hyps.

Ltac smart_subst X := subst X;clean.

Ltac treat_equalities_aux =
repeat
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match goal with
| H:(?X1 = 7X2) b _ = smart_subst X2
end.

Ltac treal_equalities :=
try treat_equalities_aux;
repeat
match goal with
| H:(Cong 7X3 7X3 7X1 7X2)F _ =
apply cong_symmetry in H; apply cong_identity in H;smart_subst X2
| H:(Cong 7X1 7X2 7X3 ?7X3)F _ =
apply cong_identity in H;smart_subst X2
| H:(Bet 7X1 7X2 ?7X1)F _ = apply between_identity in H;smart_subst X2
end.

Ltac show_distinct X Y := assert (X#Y );lunfold not;intro;treat_equalities|idtac].

Hint Resolve between_symmetry bet_col : between.
Hint Resolve between_trivial between_trivial2 : between_no_eauto.

Ltac eBetween := treat_equalities;eauto with between.
Ltac Between := treat_equalities;auto with between between_no_eauto.

Section T2_2.

Context ‘{ M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma between_inner_transitivity : VA B C D,Bet ABD —Bet BC D — Bet A B C.
Lemma between_exchange3 : VA B C D,Bet AB C —Bet AC D — Bet B C D.

Lemma outer_transitivity_between2 : VA B C D,Bet AB C — Bet B(C D — B#C — Bet
A C D.

End T2_2.
Hint Resolve outer_transitivity_between2 between_inner_transitivity between_exchange3 : between.
Section T2_3.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma between_exchange?2 : VA B C D,Bet ABD —Bet BC D — Bet AC D.

Lemma outer_transitivity_between : VA B C D,Bet A B C — Bet B C D — B#(C — Bet
A B D.

End T2_3.
Hint Resolve between_exchange? : between.
Section T2_4.

Context ‘{M:Tarski_neutral_dimensionless}.
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Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma between_exchanged : VA B C D,Bet AB C — Bet AC D — Bet A B D.
End T2_4.

Hint Resolve outer_transitivity_between between_exchange4 : between.

Section T2_5.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition Bet_4 := fun A7 A2 A3 A} =
Bet A7 A2 A3 N Bet A2 A3 A4 N Bet A1 A3 A} N Bet A1 A2 AJ.

Lemma |_3_9_4 : V A1 A2 A3 AJ, Bet_4 A1 A2 A3 A} — Bet_4 AJ A3 A2 Al

Lemma 13_.17: VA B C A’ B’ P,
Bet ABC —+>Bet A’B"C -BetAPA —3@Q,BetP Q CANBetB (@ B’

Lemma two_distinct_points : 94 X, 9 Y: Tpoint, X # Y.

Lemma point_construction_different : V A B, 4 C, Bet A B C N B # C.
Lemma another_point : V A: Tpoint, 3 B, A#B.

End T2_5.

Section Beeson_1.

Another proof of 12_11 without eq_dec_points but using Cong stability inspired by
Micheal Beeson.

Context ‘{M:Tarski_neutral_dimensionless}.
Variable Cong_stability : VA B C D, - - Cong AB C D — Cong AB C D.

Lemma 12_.11_b: VA B C A’ B’ (',
Bet ABC —-BetA”’B”"C’"—CongABA" B — Cong BC B C’”— Cong AC A’ C".

Lemma cong_dec_eq_dec_b :
(V A B:Tpoint, ~ A + B — A = B).

End Beeson_1.

Section Beeson_2.

Context ‘{ M:Tarski_neutral_dimensionless}.

Variable Bet_stability : VA B C, -~ Bet AB C — Bet AB C.

Lemma bet_dec_eq_dec_b :
(V A B:Tpoint, = A # B — A = B).

End Beeson_2.
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Chapter 5

Library ChO4_cong_bet

Require Export ChO3_bet.
Section T3.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

Definition IFSC:=fun A B C D A’ B’ (" D’ =
Bet ABC ANBet A’ B” C’ A
Cong AC A”C"NCong BC B C" A
Cong AD A”D’NCong C D C’ D"

Lemma 4_.2: VA B CD A" B"C’' D IFSCABCDA B C’"D—Cong BD B D’

Lemma 14_.3:VABC A B’ C,
Bet ABC —BetA”’B"C’"—CongAC A" C"—-Cong BC B C”—CongAB A’ B’

Lemma 14 5:VABCA C,
Bet ABC —Cong AC A C" —
4B,Bet A’ B’ C’NCong.3ABC A B (.

Lemma 14 6: VAB C A’ B C’Bet ABC — Cong.3ABC A B C’"—BetA’ B ("

Lemma cong3_bet_eq: VA B C X,
Bet ABC —+Cong3ABCAXC— X=8B

End T3.
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Chapter 6

Library Ch04_col

Require Export Ch04_cong_bet.
Section T4_1.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

Lemma col_permutation_1:V A B C,Col AB C — Col B C A.
Lemma col_permutation_.2: VA B C,Col A B C — Col C A B.
Lemma col_permutation_.3:V A B C,Col A B C — Col C B A.
Lemma col_permutation_4:V A B C,Col A B C — Col B A C.
Lemma col_permutation.5: VA B C,Col A B C — Col A C B.
End T4_1.

Hint Resolve bet_col col_permutation_1 col_permutation_2
col_permutation_3 col_permutation_4 col_permutation_5 : col.

Ltac Col :— auto 3 with col.
Ltac Col5 :— auto with col.

Section T4_2.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma not_col_permutation_1 :
V(A B C : Tpoint), = Col A B C — - Col B C A.

Lemma not_col_permutation_2 :
V(A B C : Tpoint), “ Col AB C — - Col C AB.

Lemma not_col_permutation_3 :
V(A B C : Tpoint), ~Col A B C — = Col C B A.

Lemma not_col_permutation_4 :
V(A B C : Tpoint), ~Col A B C — - Col B AC.
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Lemma not_col_permutation_5 :
V(A B C : Tpoint), 7 Col A B C — - Col A C B.

End T4_2.

Hint Resolve not_col_permutation_1 not_col_permutation_2
not_col_permutation_3 not_col_permutation_4 not_col_permutation_5 : col.

Section T4_3.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

This lemma is used by tactics for trying several permutations. Lemma Col_cases :
VABC,
ColABCVClACBYVCIBACYV
Col BC AV ClCABVCCBA=—
Col A B C.

Lemma Col_perm :

VABC,

Cod ABC —

Col ABCANColACBANCol BACNA
Col BC ANCol C ABACol CB A.

Lemma col_trivial_.1: V A B, Col A A B.

Lemma col_trivial_2 : V A B, Col A B B.

Lemma col_trivial_3: V A B, Col A B A.

End T4_3.

Hint Immediate col_trivial_1 col_trivial_2 col_trivial_3: col.
Section T4_4.

Context ‘{ M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma 14_13: VA B C A’ B’ (',
CodABC —Cong3ABCA B C"—ColA” B’ C".

Lemma 14_.14 : VA B C A’ B’
ColABC —-CongABA" B — 3", Cong.3ABC A B ("

Definition FSC:=fun A B C D A’ B’ C' D’ =
Col ABCANCong3ABCA B C’NCongAD A" D’ NCong BD B’ D’

Lemma 14_.16 : VA B C D A’ B’ C’ D’,
FSCABCDA B "D — A#B — Cong C D C’ D".

Lemma 14_17: VAB C P Q, A#B — Col A B C —-CongAP A —CongBPBQ—
Cong C' P C Q.

Lemma 14_18 : V A B C (",
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A#4B — Col A B C - Cong AC AC’ = Cong BC B C — C=C".

Lemma 14_.19: VA B C C’,
Bet ACB—-CongACAC —Cong BCBC — C=C".

Lemma not_col_distincts : VA B C
—-ColAB C —
—CoddABCNA#BNB#CNAH#C.

Lemma NCol_cases :

VABC,

- ColABCV—-ClACBYV—-ColBACYV
- ColBCAV-~ColCABYV—-ColCBA-—
- Col A B C.

Lemma NCol_perm :

VABC,

- ColABC —

- CodABCAN—-CodACBAN—-ColBACA
—Col BCAN—-Col CABAN-ColCB A.

End T4_4.
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Chapter 7

Library ChO5_bet_le

Require Export Ch04_col.
Section Tb.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

Lemma I5_1: VA B C D,
A#B - Bet ABC - Bet ABD —-Bet ACDVBetADC.

Lemma 15_2: VA B C D,
A#B - Bet ABC - Bet ABD —BetB CDVBetBDC.

Lemma I5_.3:VAB C D,
Bet ABD -BetACD —BetAB CVBetAC B.

Definitionle :=fun A B C D =
Jy,Bet Cy D ANCong ABCy.

Definitionge:=fun A B C D =1l CD A B.

Lemma I15.5.1: VA B C D,
leABCD — dz,Bet ABaxz N\Cong Az C D.

Lemma I5.5.2: VA B C D,
(dz,Bet ABz ANCong Az C D) —leABC D.

Lemma 5.6 : VAB C DA B C’D’,
le ABCDANCongABA”B ANCongC DC' D —leA” B C'"D’.

Lemma le_reflexivity : V A B,le A B A B.

Lemma le_transitivity : VA B CD E F,le ABCD —leCDEF —leABEF.
Lemma between_cong : VA B C,Bet AC B — Cong A C A B — C=B.

Lemma cong3_symmetry : VA B C A’ B’ C’: Tpoint , Cong.3 A B C A’ B” C’ — Cong_3
A”B’C"ABC.

Lemma between_cong 2: VA B D EEBet ADB —-Bet AEB—CongADAFE — D =EF.
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Lemma between_cong 3: VABD E, A+ B —+Bet ABD —+Bet ABFE —Cong BD B
E —D-=EFE

Lemma le_anti_symmetry : VA B C D, le ABCD —leCDAB— CongAB C D.

Lemma segment_construction_ 2 : VA Q B C, A#4#Q — 73X, (Bet Q A X VBet Q X A) A
Cong Q X B C.

Lemma Cong_dec: VA B C D,
Cong ABC DYV —-Cong ABC D.

Lemma Bet_dec: VA B C,Bet AB CV ~Bet A B C.
Lemma Col_dec: VA B C,Col AB CV - Col ABC.
Lemma le_trivial : VA C D,le AAC D .

Lemma le_cases : VA B C D,le ABCDVleCDAB.
Lemma le_zero : VA B C,le AB C C — A=B.

Lemma bet_cong_eq :
VABCD,
Bet AB C —
Bet AC D —
CongBCAD —
C=DNA=B

Definitionlt:=fun A B C D=1 AB CDAN—-Cong AB C D.
Definitiongt:=fun A BC D=1t CD A B.

Lemma fourth_point: VAB CP,A#B B+ C —-ClABP —>BetABC —
Bet PABVBet AP BVBetBPCVBetBCCP.

Lemma third_point : VA B P,Col A B P —Bet PABVBetAP BVBetABP.
End T5.
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Chapter 8

Library Ch06_out_lines

Require Export ChO5_bet_le.
Ltac eCol :— eauto with col.
Section T6_1.

Context ‘{ M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition out:=fun P A B = A#P N B#P N (Bet P A BV Bet P B A).
Lemma out_dec: VP A B,out PA BV —out P A B.

Lemma out_diffl : VA B C,out A B C — B # A.

Lemma out_diff2: VA B C,out A B C — C # A.

Lemma out_distinct : VA B C,out ABC — B # AN C # A.

Lemma out_col : VA B C,out A B C — Col A B C.

Lemma 16 2: VA B C P, A#P — B#P — C#P - Bet AP C — (Bet B P C <> out P
A B).

Lemma 16_3_1:V A B P,out P AB — (A4P A B#P A3 C, C4P ABet AP C A Bet B
P 0).

Lemma 16_.3.2: VA B P,
(AAP N B#P N3 C, C#P NBet AP C NBet BP () —out P AB.

Lemma 16_4.1: VABP,outPAB — ColAPBN—-BetAPB.
Lemma 164 2:VABP,ColAPBAN—-BetAPB —outP AB.
out reflexivity. 16_5
Lemma out_trivial : V P A, A#P — out P A A.
out symmetry.
Lemma 16_6: VP A B,out P A B — out P B A.

out transitivity.
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Lemma 16_.7: VP AB CioutPAB —outP BC —outP AC

Lemma bet_out_out_bet: VA B C A’ C’,
Bet ABC wout BAA” —outB (C (C’—Bet A’ B (C".

Lemma out2_bet_out: VA B C X P,
outBAC »outBX P —BetAX C —>outBAPANoutB C P.

Lemma 16_11_unicity : VA B C R X Y,
R#A — B#C —
outAXR—-CongAX BC —
outAY R—Cong AY B C —
X=Y.

Lemma |6_11_existence : V A B C R,
R#AA — B#C —- 3 X, out A X RANCong AX B C.

Lemma 16_13_.1: VP AB,outPAB—lePAPB —BetP AB.
Lemma 16_13_.2: VP AB,outP AB —+BetPAB —+lePAPB.
Lemma 16_16_1: VP Q S X, PAQ — S#AP - Col S P Q - Col X P @ — Col X P S.

Lemma col_transitivity_1: V P Q A B,
P#Q — Col P Q A— Col P Q B— Col PAB.

Lemma col_transitivity_2 : V P Q A B,
P#£Q — Col P QA— Col P QB — Col Q AB.

Unicity of intersection

Lemma 1621 : VA B C D P Q,
—ColABC—C#D —ClABP —-ColABQ —Col CDP—ColCDQQ— P=Q.

End T6_1.
Hint Resolve col_transitivity_1 col_transitivity_2 : col.
Section T6_2.

Context ‘{M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Lemma 16_25 : V A B,

A#B -3 C, - Col A B C.

Lemma t2.8: VA B C D FE : Tpoint,
Bet ABC —+>Bet D BE —-CongABDB —CongBCBE—CongAFE CD.

Lemma col3: VX Y A B C,

X#Y —
CodoXYA—-CldlXYB—-ClXYC—
Col A B C.

End T6_2.
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Chapter 9

Library ChO7_midpoint

Require Export Ch06_out_lines.
Section T7_1.

Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition is_midpoint := fun M A B = Bet AM B NCong A M M B.

Lemma is_midpoint_dec :
V1 A B, is_midpoint I A B \V — is_midpoint I A B.

Lemma is_midpoint_id : V A B, is_midpoint A A B —+ A = B.

Lemma is_midpoint_id_2 : V A B, is_midpoint A B A — A=B.

Lemma |7_2 : V M A B, is_midpoint M A B — is_midpoint M B A.
Lemma |7_3: V M A, is_midpoint M A A — M=A.

Lemma 17_3_2 : V A, is_midpoint A A A.

Lemma symmetric_point_construction : V A P, 4 P’, is_midpoint P A P’.

Lemma symmetric_point_unicity : V A P P1 P2, is_midpoint P A P1 — is_midpoint P A P2
— P1=P2.

Lemma I7_.9: VP Q A X, is_midpoint A P X — is_midpoint A Q X — P=Q.
Lemma diff_bet : VA B C, A+ B —-Bet ABC — A+# C.
Lemma I7_13: VA P Q P’ Q’, is_midpoint A P’ P — is_midpoint A @’  — Cong P @ P’
Q.
Lemma [7_15: VP Q R P (@ R’ A,
is_midpoint A P P’ — is_midpoint A ¢) ¢}’ — is_midpoint A R R’ — Bet P Q R — Bet P’

Q R’

Lemma 716 : VP QRS P Q' R’ S A,
is_midpoint A P P’ — is_midpoint A @ Q" —
is_midpoint A R R’ — is_midpoint A § S’ —
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CongP QRS —Cong PP Q"R S".
Lemma symmetry_preserves_midpoint :
VABCDEF Z
is_midpoint Z A D — is_midpoint Z B £ —
is_midpoint Z C' F' — is_midpoint B A C — is_midpoint £ D F.

End T7_1.

Hint Resolve I7_13 : cong.
Hint Resolve I7_2 [7_3 I7_3_2 symmetric_point_construction symmetry_preserves_midpoint :
midpoint.

Ltac Midpoint := auto with mudpoint.
Section T7_2.

Context ‘{ MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma Mid_cases :
VABC,
is_midpoint A B C' V is_midpoint A C' B —
is_midpoint A B C.

Lemma Mid_perm :
VABC,
is_midpoint A B C —
is_midpoint A B C A is_midpoint A C B.

Lemma |7_17 : V P P’ A B, is_midpoint A P P’ — is_midpoint B P P’ — A=B.
Lemma |7_17_bis : V P P” A B, is_midpoint A P P’ — is_midpoint B P’ P — A=B.

Lemma 17_20 : V M A B,
Col AM B — Cong M AM B — A=B V is_midpoint M A B.

Lemma cong_col_mid : V A B C,
A#+C —-ClABC—-CongABBC—
is_midpoint B A C.

Lemma 1721 : VA B C D P,
- Col A B C — B#D —
CongABCD —CongBCDA—
ColAPC—-ColBPD—
is_midpoint P A C' A is_midpoint P B D.

Lemma 17_22_aux : V A1 A2 B1 B2 C M1 M2,
Bet A7 C' A2 — Bet BI C B2 —
Cong C A1 C B1 — Cong C A2 C B2 —
is_midpoint M1 A1 B1 — is_midpoint M2 A2 B2 —
le C A1 C A2 —
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Bet M1 C M2.
This is Krippen lemma , proved by Gupta in its PhD in 1965 as Theorem 3.45

Lemma |7_22 : V A1 A2 Bl B2 C M1 M2,
Bet A7 C' A2 — Bet BI C B2 —
Cong C A1 C B1 — Cong C A2 C B2 —
is_midpoint M1 A1 B1 — is_midpoint M2 A2 B2 —
Bet M1 C M2.

Lemma bet_coll: VA B C D,Bet ABD —Bet ACD — Col ABC.

Lemma bet_col2 : VA B C D,
A#B —-Bet ABC —-BetABD —
Col A C D.

Lemma 17_25: VA B C,
Cong C AC B —
3 X, is_midpoint X A B.
Lemma midpoint_distinct_1 : V I A B,
A#+B —
is_midpoint I A B —
I+A N I#B.
Lemma midpoint_distinct_2 : V I A B,
I#+A —
is_midpoint I A B —
A#B N I+#B.
Lemma midpoint_distinct_3: VI A B,
I+#B —
is_midpoint I A B —
A4B N 1#A.
Lemma midpoint_def : VA B C,Bet A B C — Cong A B B C — is_midpoint B A C.
Lemma midpoint_bet : V A B C, is_midpoint B A C — Bet A B C.
Lemma midpoint_col : V A M B, is_midpoint M A B — Col M A B.
Lemma midpoint_cong : V A B C, is_midpoint B A C — Cong A B B C.
Lemma midpoint_not_midpoint : V I A B,
A#B —
is_midpoint I A B —
= is_midpoint B A I
Lemma swap_diff : V (A B : Tpoint), A#B — B#A.
Lemma cong_cong_half_.1: VA M B A’ M’ B’,
is_midpoint M A B — is_midpoint M’ A’ B” —
Cong ABA"B —Cong AM A M.
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Lemma cong_cong_half_2: VA M B A" M’ B’
is_midpoint M A B — is_midpoint M’ A’ B’ —
Cong ABA"B”— Cong BM B M.

End T7_2.
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Chapter 10

Library ChO8_orthogonality

Require Export Ch07_midpoint.
Require Export ColR.

Ltac not_ezist_hyp_comm A B := not_ezxist_hyp (A#B);not_ezist_hyp (B#+A).

Ltac not_ezist_hyp2 A B C D := first |[not_ezist_hyp_comm A B | not_exist_hyp_comm
C D|.

Ltac not_exist_hyp3 A B C D E F :=first |not_exist_hyp_comm A B | not_exist_hyp_comm
C D | not_exist_hyp_comm E F].

Ltac not_exist_hyp_perm_col A B C := not_exist_hyp (— Col A B C); not_exist_hyp (— Col
A C B);

not_exist_hyp (— Col B A C); not_exist_hyp (— Col B
¢ A);

not_exist_hyp (- Col C' A B); not_exist_hyp (- Col C
B A).

Ltac finish := match goal with
| = Col 7A?B 7C = Col
| = Col7A?B ?7C = Col
| = Cong ?7A?B 7C 7D = Cong
| = is_midpoint 74 7B 7C = Midpoint
| = ?7A<>?B = apply swap_diff;assumption
| F _ = try assumption
end.

Ltac assert_all_diffs_by_cases :=

repeat match goal with

| A: Tpoint, B: Tpoint - _ = not_exist_hyp_comm A B;induction (eq_dec_points A
B);|treat_equalities;solve |finish| |idtac]
end.

Ltac assert_cols :—
repeat
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match goal with
| H:Bet 7X1 7X2 7X3 I _ =
not_exist_hyp (Col X1 X2 X8);assert (Col X1 X2 X3) by (apply bet_col;apply H)

| H:is_midpoint 7X1 7X2 7X3 + _ =
not_exist_hyp (Col X1 X2 X8);let N := fresh in assert (N := midpoint_col X2 X1
X3 H)

| H:out 7X1 7X2 7X3 F _ =

not_exist_hyp (Col X1 X2 X3);let N :— fresh in assert (N :— out_col X1 X2 X3
H)
end.
Ltac assert_bet :=
repeat
match goal with

| H:is—_midpoint 7B 7A 7C + _ = let T := fresh in not_exist_hyp (Bet A B C);
assert (7 := midpoint_bet A B C H)
end.

Ltac clean_reap_hyps :—

repeat

match goal with
| H:(is—.midpoint 7A ?B 7C), H2 : is_midpoint 7A ?C 7B + _ = clear H2
| H:(is_midpoint 7A 7B 70) s is_midpoint 7A 7B 7C + _ = clear H2
| H:(—Col 7A 7B ‘70) ﬁCol TA?B?7C F _ = clear H2
| H:(Col 7A 7B 7C'), H2 : CoI ?TA?C 7B\ _ = clear H2
| H:(Col TA?B ?C), H2 : Col 7A 7B 7C + _ = clear H2
| H:(Col 7A 7B 7C), H : Col?B?7A7C F _ = clear H2
| H:(Col TA?B ?C), H2 : Col 7B 7C ?A+ _ = clear H2
| H:(Col 7A?B 7C), H2 : Col ?7C 7B ?A + _ = clear H2
| H:(Col 7A 7B 7C), H : Col 7C ?7A 7B+ _ = clear H2
| H:(Bet TA?B 7C'), H2 : Bet 7C "B 7AF _ = clear H2
| H:(Bet TA 7B 7C'), H Bet TATB?7C F _ = clear H2
| H:(Cong 7A 7B ?C ?D), : Cong ?7A?B 7D 7C + _ = clear H2
| H:(Cong 7A 7B 7C 7D), H : Cong ?A?B?C 7D+ _ = clear H2
| H:(Cong 7A 7B ?7C ?D), H2 : Cong 7C ?D 7A ?B - _ = clear H2
| H:(Cong 7A?B ?7C ?D), H2 : Cong 7C 7D 7B 7AF _ = clear H2
| H:(Cong 7A 7B 7C 7D), H : Cong 7D 7C ?'B At _ = clear H2
| H:(Cong 7A 7B ?7C ?D), H2 : Cong 7D ?7C 7A 7B F _ = clear H2
| H:(Cong 7A?B ?7C ?D), H2 : Cong 7B 7A?C 7D F _ = clear H2
| H:(Cong 7A 7B 7C 7D), H,Q : Cong 7B 7A7?D 7C' - _ = clear H2
| H:(?A<>?B), H2 : (1B<>?A) + _ = clear H2

| H:(?A<>?B), H2 : (7A<>?B) b _ = clear H2
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end.

Ltac assert_diffs :—
repeat
match goal with
| H:(~Col 7X1 7X2 7X3) F _ =
let h := fresh in
not_exist_hyp3 X1 X2 X1 X3 X2 X3,
assert (h := not_col_distincts X1 X2 X3 H);decompose |and| h;clear h;clean_reap_hyps

| H:Cong A 7B 7C 7D, H2 : 7A # 7B F_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (T:= cong_diff A B C D H2 H);clean_reap_hyps
| H:Cong A B ?C 7D, H2 : 7B # 7A+_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (T:= cong_diff_.2 A B C D H2 H);clean_reap_hyps
| H:Cong 7A 7B 7C 7D, H2 : 7C # 7D F_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (7:= cong_diff_.3 A B C D H2 H);clean_reap_hyps
| H:Cong ?A 7B 7C 7D, H2 : 7D + 7C b_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (T:= cong_diff_4 A B C D H2 H);clean_reap_hyps

| H:is_midpoint 71 ?7A 7B, H2 : 7TA<>?B F _ =
let T:= fresh in (not_ezist_hyp2 I B I A);

assert (7:= midpoint_distinct_-1 1 A B H2 H);

decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 ?A 7B, H2 : 7B<>?A F _ =
let T:= fresh in (not_ezist_hyp2 I B I A);

assert (7:= midpoint_distinct_-1 I A B (swap_diff B A H2) H);
decompose |and| T;clear T;clean_reap_hyps

| Hiis_midpoint 21 74 7B, H2 : 7[<>7A - _ =
let T:= fresh in (not_ezist_hyp2 I B A B);

assert (7:= midpoint_distinct_-2 I A B H2 H);

decompose [and| T;clear T;clean_reap_hyps

| Hiis_midpoint 21 74 7B, H2 : 7A<>?] - _ =
let T:= fresh in (not_exist_hyp2 I B A B);

assert (7= midpoint_distinct_2 I A B (swap_diff A I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 74 ?B, H2 : 1[<>7B F _ =
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let T:= fresh in (not_ezist_hyp2 I A A B);
assert (7:= midpoint_distinct_-3 1 A B H2 H);
decompose |and| T;clear T;clean_reap_hyps
| Hiis_midpoint 21 24 7B, H2 : 7B<>?] - _ =
let T:— fresh in (not_ezist_hyp2 I A A B);
assert (7:= midpoint_distinct_-3 I A B (swap_diff B I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| Hout TA?B7C + _ =
let T:— fresh in (not_exist_hyp2 A B A C);
assert (7= out_distinct A B C' H);
decompose |and| T;clear T;clean_reap_hyps
end.

Ltac clean_trivial_hyps :=
repeat
match goal with
| H:(Cong 7X1 7X1 ?7X2 ?7X2)F _ = clear H

| H:(Cong 7X1 7X2 7X2 ?X1)F _ = clear H
| H:(Cong 7X1 7X2 7X1 ?7X2)F _ = clear H
| H:(Bet 7X1 7X1 7X2)F _ = clear H

| H:(Bet 7X2 7X1 ?X1)F _ = clear H

| H:(Col 7X1 7X1 ?7X2) F _ = clear H

| H:(Col 7X2 7X1 ?X1)F _ = clear H

| H:(Col 7X1 7X2 ?X1)F _ = clear H

| H:(is—.midpoint 7X1 ?X1 7X1)F _ = clear H

end.

Ltac treat_equalities : =
try treat_equalities_aux;
repeat
match goal with
| H:(Cong 7X3 7X3 X1 7X2)F _ =
apply cong_symmetry in H; apply cong_identity in H;smart_subst X2
| H:(Cong 7X1 7X27X38 7X3)F _ =
apply cong_identity in H;smart_subst X2
| H:(Bet 7X1 7X2 ?X1)F _ =
apply between_identity in H;smart_subst X2
| H:(is—.midpoint 7X 7Y ?Y) F _ = apply I7_3 in H; smart_subst Y
| H:Bet?A?B?C, H2 : Bet 7B ?7A7C+ _ =
let T := fresh in not_ezist_hyp (A=B); assert (T := between_egality A B C H
H2);smart_subst A
| H :is_midpoint 7P ?A 7P1, H2 : is_midpoint 7P 7A 7P2 - _ =
let T := fresh in not_exist_hyp (P1=P2); assert (1" := symmetric_point_unicity A
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P P1 P2 H H2);smart_subst P1
| H :is_midpoint 7A 7P 7X, H2 : is_midpoint 7A 7Q ?X F _ =
let T :=freshin not_exist_hyp (P=Q);assert (T :=17_9P Q A X H H2);smart_subst

P
| H :is_midpoint 7M 7A7AF _ =
let T := fresh in not_exist_hyp (M=A); assert (T :17_-3 M A H);smart_subst M
| H :is_midpoint 7A 7P 7P’ H2 : is_midpoint 7B 7P 7P’ F _ =
let T :=fresh in not_exist_hyp (A=B);assert (T :=17_17 P P’ A B H H2);smart_subst
A

| H :is_midpoint 7A 7P 7P’ H2 : is_midpoint 7B 7P’ 7P + _ =
let T := fresh in not_exist_hyp (A=B); assert (T := |7_17_bis P P’ A B H
H2);smart_subst A
| H :is_midpoint 7TA 7B 7AF _ =
let T :=freshin not_exist_hyp (A=B); assert (T :=is_midpoint_id_2 A B H);smart_subst

A
| H :is_midpoint TA 7TA B+ _ =
let T :=fresh in not_exist_hyp (A=B); assert (T :=is_midpoint_id A B H);smart_subst
A
end.
Ltac ColR :=

let tpoint := constr:(Tpoint) in
let col := constr:(Col) in
treat_equalities; Col_refl tpoint col.

Ltac search_contradiction :=
match goal with
| H: 7A # ?7A + _ = exfalso;apply H;reflexivity
| H: = Col 7A 7B ?7C' + _ = exfalso;apply H;ColR
end.

Ltac show_distinct” X Y =
assert (X+#Y);
|[intro;treat_equalities; (solve |search_contradiction|)|idtac|.

Ltac assert_all_diffs_by_contradiction :=
repeat match goal with

| A: Tpoint, B: Tpoint - _ = not_exist_hyp_comm A B;show_distinct” A B
end.
Ltac update_cols :=

let tpoint := constr:(Tpoint) in

let col := constr:(Col) in

update_cols_gen tpoint col.

Ltac deduce_cols :—
let tpoint :— constr:(Tpoint) in
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let col := constr:(Col) in
treat_equalities; deduce_cols_hide_gen tpoint col.

Ltac cols 1=
let tpoint := constr:(Tpoint) in
let col := constr:(Col) in
cols_gen tpoint col.

Ltac tag_hyps :=

let tpoint := constr:(Tpoint) in

let col := constr:(Col) in
tag_hyps_gen tpoint col.

Ltac untag_hyps :=

let tpoint :— constr:(Tpoint) in

let col := constr:(Col) in
untag_hyps_gen tpoint col.

Ltac clear_cols :=

let tpoint := constr:(Tpoint) in

let col := constr:(Col) in
clear_cols_gen tpoint col.

Ltac smart_subst’ := update_cols;clean.

Ltac treat_equalities_aux’ :=
match goal with
| H:(?X1 = ?X2) - _ = smart_subst’

end.

Ltac treal_equalities’ :=
try treat_equalities_aux’;
repeat
match goal with
| H:(Cong 7X3 7X3 X1 7X2)F _ =
apply cong_symmetry in H; apply cong_identity in H; smart_subst’
| H:(Cong 7X1 7X2 7X3 ?7X3)F _ =
apply cong_identity in H; smart_subst’
| H:(Bet 7X1 7X27?X1)F _ =
apply between_identity in H; smart_subst’
| H:(is_midpoint ?X 7Y ?Y) F _ = apply I7_3 in H; smart_subst’
| H:Bet?A "B ?C, H2 : Bet 7B ?7A7C + _ =
let T :— fresh in not_exist_hyp (A=B); assert (1 : between_egality A B C' H H2);
smart_subst’
| H :is_midpoint 7P 7A 7P1, H2 : is_midpoint 7P ?PA?P2 + _ =
let T := fresh in not_exist_hyp (P1=P2); assert (T : symmetric_point_unicity A P
P1 P2 H H2); smart_subst’
| H :is_midpoint 7A 7P 7X, H2 : is_midpoint TA 7Q ?X + _ =
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let T := fresh in not_exist_hyp (P=Q); assert (T : 179 P Q A X H H2),
smart_subst’
| H :is_midpoint 7M 7TA7TAF _ =
let T := fresh in not_ezist_hyp (M=A); assert (T : 17_3 M A H); smart_subst’
| H :is_midpoint 7A 7P 7P’ H2 : is_midpoint 7B 7P 7P’ + _ =
let T := fresh in not_exist_hyp (A=B); assert (17 := 17_17 P P’ A B H H2);
smart_subst’
| H :is_midpoint 7TA 7B 7A+ _ =
let T := fresh in not_ezist_hyp (A=B); assert (T := is_midpoint_id_2 A B H);
smart_subst’
| H :is_midpoint A 7TA B+ _ =
let T := fresh in not_exist_hyp (A=B); assert (T := is_midpoint_id A B H);
smart_subst’
end.

Ltac search_contradiction’ :=
match goal with
| H: 7A # ?7A + _ = exfalso;apply H;reflexivity
| H: = Col 7A 7B ?7C + _ = exfalso;apply H;cols
end.

Ltac show_distinct” X YV :—

assert (X#Y);

[intro; treat_equalities’; (solve [search_contradiction’])|idtac].
Ltac show_not_col X Y Z :—

assert (= Col X Y Z);

[intro; update_cols; (solve [search_contradiction’])|idtac].

Ltac assert_all_diffs_by_contradiction_auz :=
repeat match goal with

| A: Tpoint, B: Tpoint - _ = untag_hyps; not_exist_hyp_comm A B; tag_hyps; show_distinct’
A B

end.

Ltac assert_all_not_cols_by_contradiction_auxr :=
repeat match goal with
| A: Tpoint, B: Tpoint, C: Tpoint - _ = untag_hyps; not_exist_hyp_perm_col A B C;
tag_hyps; show_not_col A B C
end.

Ltac assert_all_diffs_by_contradiction’ :=
deduce_cols; assert_all_diffs_by_contradiction_aux; untag_hyps; clear_cols.

Ltac assert_all_not_cols_by_contradiction =
deduce_cols; assert_all_not_cols_by_contradiction_auz; untag_hyps; clear_cols.

Ltac assert_ndc_by_contradiction =
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assert_all_diffs_by_contradiction’; assert_all_not_cols_by_contradiction.
Section T8_1.

Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition Per := fun A B C' = 3 (7, is_midpoint B C ¢’ AN Cong A C A C".
Lemma Per_dec: VA B C,Per AB C VvV - Per AB C.

Lemma 18_.2: VA B C,Per A B C — Per C B A.

End T8_1.

Hint Resolve I8_2 : perp.

Ltac Perp := auto with perp.

Section T8_2.

Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma Per_cases :

VABC,

Per ABCVPerCBA-—
Per A B C.

Lemma Per_perm :
VABC,

Per AB C —

Per AB C N Per C B A.

Lemma 1I8_.3: VA B C A’
Per ABC — A#B — Col BA A’ — Per A’ B C.

Lemma 18_4: VA B C C’,Per AB C — is_midpoint B C C’ — Per A B C".
Lemma I8 5:V A B, Per A B B.

Lemma 186 : VA B C A, Per ABC —-PerA’BC —Bet A C A’ — B=C.
End T8_2.

Hint Resolve I8_5 : perp.

Ltac let_symmetric C P A .=
let idl:=fresh in (assert (id1:(3 A’, is_midpoint P A A’));
lapply symmetric_point_construction|ez_and id1 C1]).

Ltac symmetric B> A B :=
assert(sp:= symmetric_point_construction B A); ez_and sp B’.

Section T8_3.

Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

36


file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Lemma 1I8_.7: VA B C,PerAB C — PerAC B — B=C.

Lemma I8_.8: V A B,Per A B A— A=B.

Lemma I18.9:VAB C,PerABC —ColAB C — A=BV C=B.

Lemma I8.10: VA B C A’ B’ C’,Per AB C — Cong.3ABC A’ B C"— Per A’ B” (.

Definition Perp_in :=fun X A B C D =
A4B N C#D NCol X ABANCol X CDANKNUV,ClUAB — Col VCD— Per
UX V).

Lemma col_col_per_per: VA X C U V,
A4X — C#+X —

Cod UAX —

Cod VCX—

PerA X C —

Per U X V.

Lemma Perp_in_dec: VX A B C D,Perp_in X AB C DV — Perp_in X A B C D.
Definition Perp:=fun A B C' D = 4 X, Perp_.in X A B C D.

Lemma perp_distinct : VA B C D,Perp ABCD — A+ BANC # D.

Lemma 1812 : VA B C D X, Perp_.in X A B C D — Perp_in X C D A B.

Lemma 14_.3.1: VAB C A’ B’ C’,
Bet ABC —-BetA”B"C’"—-CongABA"B —Cong ACA” C’"— Cong BC B’ ("

Lemma per_col : VA B C D,
B+#C—-PerABC —ColBCD — Per AB D.

Lemma 18_.13.2: VA B C D X,
A#4#B—->C+#D—-ClXAB—>Col X CD—
(3 U, 3V :Tpoint, Col U ABANCol V CDANUAX NVAX ANPer U X V) —
Perp_in X A B C' D.

Definition Disttn :==fun A B C D =
(3X,ClXABAN—-ClX CD)V(TIX, ~ClX ABANCol X C D).

Lemma perBAB:V A B, Per BAB — A=B.

Lemma 18_.14_1: VA B, ~Perp AB A B.

Lemma 18_14_2_1a: VX AB C D,Perp.n X ABC D — PerpAB C D.

Lemma perp_in_distinct : VX AB C D ,Perp.n X ABCD — A+ BN C # D.

Lemma 18_.14 2. 1b: VX AB CD Y,Perp.in X ABCD —Col Y AB —-ColY CD —
X=Y.

Lemma 18_14_2_1b_bis: VA B C D X,Perp AB C D — Col X AB — Col X C D —
Perp_in X A B C D.

Lemma 18_.14.2.2: VX A B C D,
PerpABCD— VY, ClYAB —ColY CD— X=Y)— Perp_in X AB C D.

37


file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Lemma 18_.14_.3: VA B C D X Y,Perp_.in X ABCD — Perp_in Y ABCD — X=Y.
Lemma 18_15_.1: VAB C X, A#B - ColABX —PerpABCX — Perp_.in X AB C X.
Lemma 18.15.2: VA B C X, A#B —- Col AB X — Perp_.in X ABC X - Perp A B C X.
Lemma perp_in_per : VA B C, Perp_.in BAB B C— Per A B C.

Lemma perp_sym : VA B C D,Perp AB C D — Perp C D A B.

Lemma perp_col0: VAB CD X Y PerpABCD - X #Y -ColABX —>ClABY
—Perp C D X Y.

Lemma 18.16_1: VA B C U X,
A#B - Col ABX - Col ABU - U#X - PerpABC X — - Col AB C N PerC
X U

Lemma per_perp_in: VA B C,A# B - B # C —Per AB C — Perp.in BABB C.
Lemma per_perp: VA B C,A#+B B+ C —-PerABC — Perp AB B C.

Lemma perp_left_comm : VA B C D, Perp ABCD — Perp BAC D.

Lemma perp_right_.comm : VA B C D,Perp AB C D — Perp A B D C.

Lemma perp_comm : VA B C D, Perp AB C D — Perp BAD C.

Lemma perp_in_sym :
VABCD X,
Perp_in X A B C D — Perp_.in X C D A B.

Lemma perp_in_left_comm :
VABCD X,
Perp_in X A B C D — Perp_in X B A C D.

Lemma perp_in_right_.comm : VA B C D X, Perp_in X AB C D — Perp_in X ABD C.
Lemma perp_in_comm : VA B C D X, Perp.in X AB C D — Perp_.in X BAD C.
End T8_3.

Hint Resolve perp_sym perp_left_comm perp_right_comm perp_comm per_perp_in
perp_in_per perp_in_left_comm perp_in_right_comm perp_in_comm perp_in_sym
. perp.
Ltac double A B A’ :=
assert (mp:= symmetric_point_construction A B);
elim mp; intros A’ ; intro; clear mp.

Section T3_4.

Context ‘{ MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma Perp_cases :
VABC D,
Perp ABCDVPerpBACDVYVPerpABD CVPerpBADCV
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Perp C D ABYVPerpCDBAVPerpDCABVYVPerpD CBA—
Perp A B C D.

Lemma Perp_perm :
VABC D,
Perp ABCD —
Perp ABCDANPerpBACD ANPerpABD CAPerp BADC A
Perp C D ABANPerpCDBANPerpD C ABAPerpD C B A.

Lemma Perp_in_cases :

VX ABCD,

Perp_in X A B C DV Perp.in X BACDVPerp.nXABDCVPerp_.inXBAD
cvV

Perp_in X C D A BV Perp_.in X C D B AV Perp_in X D CABVPerp_.inXDCB
A —

Perp_in X A B C D.

Lemma Perp_in_perm :

VX ABCD,

Perp.in X ABC D —

Perp_in X A B C D NPerp.in X BACD NPerp.in X ABD C ANPerp_.inX BAD
C A

Perp_in X C D A B AN Perp_.in X C DB ANPerp_in X D CABANPerp_.inXDCB
A.

Lemma 18.16_.2: VA B C U X,
A#B - ColAB X - CllABU - U#X —- ~CollAB C —PerC X U — Perp A
B C X.

Lemma 18_18_unicity : VA B C X Y,

- ColABC —>ClABX -PerpABCX —-ColABY —PerpABCY — X=Y.
Lemma distinct : VA B X C C’, - ColAB C — Col AB X — is_midpoint X C ¢ — C
+ C".

Lemma 18_.20_.1: VA B C C" D P,

Per A B C — is_midpoint P C” D — is_midpoint A C’ C — is_midpoint B D C — Per
B AP

Lemma 18_.20.2: VA B C C" D P,
Per A B C — is_midpoint P C” D — is_midpoint A C” C — is_midpoint B D C — B+#C
— A#P.

Lemma perp_coll : VA B C D X,
C#X —>PerpABCD —ColCDX —PerpABC X

Lemma |18_18_existence : VA B C, - Col A B C — 34X, ColAB X NPerpAB C X.

Lemma 18_21_aux: VA B C,
A#B — - Cl ABC —3dP, 3T, PerpABPANCIlABT NBetCTP.
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Lemma 18_21 : VA B C,
A4 B — 3P, 3T, PerpABPANCIl ABTANBetC TP

Lemma perp_in_col : VA B C D X, Perp.in X ABC D — Col AB X NCol C D X.
Lemma perp_perp-in: VA B C,Perp AB C A — Perp_.in A A B C A.

Lemma perp_per-1: VA B C, A#B — Perp A B C A — Per B A C.

Lemma perp_per_2: VA B C, A#B — Perp A B AC — Per B A C.

Lemma perp_col : VA B C D E, A#F - Perp AB C D — Col ABE — Perp AFE C D.

Lemma perp_col2: VA B C D X Y,
Perp ABX Y —
C+#D—-ClABC—-ClABD —PerpCDXY.

Lemma perp_not_eq_1: VA B C D,Perp A B C D — A#+B.
Lemma perp_not_eq_2: VA B C D,Perp A B C D — C+#D.
Lemma le_bet : VA B C D,le C DAB —34X,BetAX BANCong AX C D.
Lemma bet_cong3: VA B C A’ B, Bet ABC —-CongABA” B —4C’", Cong.3AB
C A’ B ("
Lemma diff_per_diff : VA B P R,
A#B —-CongAPBR—-PerBAP —>PerABR— P #R,.

Lemma per_not_colp: VABP R A+4B—A+P —>B+R—>PerBAP —PerABR
— —Col P A R.

Lemma per_not_col : VA B C, A+ B —- B+ C —PerAB C — —Col A B C.

Lemma per_cong : VA B P R X |
A+4#B—>A#+P—

Per BAP —PerABR—
CongAPBR—CllABX —BetP X R—
Cong AR P B.

Lemma perp_cong : VA B P R X,

A#+#B —>A+P —

Perp ABPA—PerpABRB —
CongAPBR—-ClABX —-BetP XR—
Cong AR P B.

Lemma midpoint_existence_aux : VA B P @ T,
A#4B — Perp AB () B —Perp ABP A—
ClABT —>Bet@Q TP —1leAPBQ—
4 X : Tpoint, is_midpoint X A B.

Lemma midpoint_existence : V A B, 4 X, is_midpoint X A B.
Lemma perp_in_id: VA B C X, Perp_.in X AB C A — X = A.
Lemma 1I8_.22: VABPR X,
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A#+#B —>A+P —

Per BAP — PerABR—
CongAPBR—-ClABX —-BetP XR—

Cong A R P B A is_midpoint X A B A is_midpoint X P R.

Lemma 18_22_bis: VA B P R X,

A#+#B— A+#+P —

Perp ABPA—PerpABRB —
CongAPBR—CllABX —BetP X R—

Cong A R P B Ais_midpoint X A B A is_midpoint X P R.

Lemma perp_in_perp: VA B C D X, Perp_.in X ABC D — Perp A B C D.
End T8_4.

Hint Resolve perp_col perp_perp_in perp_in_perp : perp.

Section T8_5.

Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma perp_proj: VA B C D,Perp A B C D — —-Col AC D — 34X, Col AB X A Perp
AX CD.

Lemma 18.24 : VABP QR T,

PerpP AAB —

Perp @ B AB —

Col ABT —

Bet P T @ —

Bet BR @ —

Cong APBR—

3 X, is_midpoint X A B A is_midpoint X P R.

Lemma perp_not_col2: VA B C D,Perp ABC D — - ColAB CV —-Col AB D.
Lemma ex_col2: VA B, 4 C, Col ABCANA#CNB+#C.

Lemma perp_in_col_perp_in: VABCDE P, C+#FE — Col CDE — Perp_inPABCD
— Perp_in P A B C E.

End T8_5.
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Chapter 11

Library ChQ09_plane

Require Export Ch08_orthogonality.

Ltac clean_reap_hyps :=
repeat
match goal with
| H:(is—.midpoint 7A ?B 7C), H.
| H:(is_midpoint 7A 7B 70)

. is_midpoint 7A 7C 7B  _ = clear H2
s is_midpoint 7A 7B 7C + _ = clear H2

| H:(—Col 7A 7B ‘70) ﬁCol TATB?7C F _ = clear H2

| H:(Col TA?B 7C), H2 : CoI ?TA?C 7Bt _ = clear H2

| H:(Col TA?B ?C), H2 : Col 7A 7B 7C' + _ = clear H2

| H:(Col 7A 7B 7C), H : Col ?B?7A7C F _ = clear H2

| H:(Col 7A?B 7C), H2 : Col 7B 7C ?A+ _ = clear H2

| H:(Col 7A?B ?C), H2 : Col 7C 7B 7A+ _ = clear H2

| H:(Col 7A 7B 7C), H : Col 7C ?A 7B+ _ = clear H2

| H:(Bet TA?B 7C'), H2 : Bet 7C 7B TA+ _ = clear H2

| H:(Bet TA ?B 7C), H Bet TATB?7C F _ = clear H2

| H:(Cong 7A ?B 7C ?D), : Cong ?A?B 7D 7C' - _ = clear H2
| H:(Cong 7A 7B 7C 7D), H : Cong ?A?B ?7C 7D+ _ = clear H2
| H:(Cong 7A?B ?7C ?D), H2 : Cong 7C ?D 7A ?B F _ = clear H2
| H:(Cong 7A?B ?C ?D), H2 : Cong 7C 7D 7B 7AF _ = clear H2
| H:(Cong 7A 7B ?7C ?D), H2 : Cong 7D ?C 7B 7AF _ = clear H2
| H:(Cong 7A?B ?7C ?D), H2 : Cong 7D ?7C 7A 7B F _ = clear H2
| H:(Cong 7A 7B 7C 7D), H : Cong 7B ?7A7?C 7D+ _ = clear H2
| H:(Cong 7A?B ?7C ?D), H2 : Cong 7B 7A 7D 7C F _ = clear H2
| H:(Perp ?7A 7B 7C D), H,? : Perp 7A?B 7D 7C F _ = clear H2

| H:(Perp ?7A 7B 7C 7D), H2 : Perp A 7B 7C 7D + _ = clear H2

| H:(Perp ?7A 7B 7C 7D), H2 : Perp 7C 7D 7A 7B + _ = clear H2

| H:(Perp TA?B 7C 7D), H2 : Perp ?7C 7D 7B 7A - _ = clear H2

| H:(Perp 7A?B ?7C ?D), H2 : Perp 7D 7C 7B 7A + _ = clear H2

| H:(Perp ?7A?B ?7C ?D), H2 : Perp 7D 7C 7A 7B+ _ = clear H2
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| H:(Perp ?7A 7B 7C 7D), H2 : Perp 7B 7A7C 7D + _ = clear H2

| H:(Perp ?A 7B ?C ?7D), H2 : Perp 7B ?7A 7D 7C + _ = clear H2

| H:(?A<>?B), H2 : (1B<>?A)  _ = clear H2

| H:(?A<>?B), H2 : (‘7A<>?B) F _ = clear H2

| H:(Per 7A 7D ?C), H2 : (Per 7C 7D 7A) - _ = clear H?2

| H:(Per ?A 7D ?C), H2 : (Per 7A 7D ?C) - _ = clear H2

| H:(Perp_in 7X 7A 7B 70 ?D), HQ : Perp_in 72X ?7A?B?D ?7C + _ = clear H2
| H:(Perp_in 7X TA?B 7C 7D), H2 : Perp_in 7 X TA 7B ?C 7D - _ = clear H2
| H:(Perp_in 7X 7A 7B 7C 7D), H,Q : Perp_in ?X 7C 7D ?A 7B + _ = clear H2
| H:(Perp_in 7X TA?B 7C D), H2 : Perp_in 7X 7C 7D 7B 7A | _ = clear H2
| H:(Perp_in 7X 7A B 7C ?7D), H2 : Perp_in 7X 7D 7C 7B ?7A+ _ = clear H2
| H:(Perp_in 7X 7A?B 7C 7D), H2 : Perp_in 7X 7D 7C 7A 7B+ _ = clear H2
| H:(Perp_in 7X TA?B 7C 7D), H2 : Perp_in X TB?7A7C 7D\ _ = clear H2
| H:(Perp_in 7X 7TA?B 7C ?D), H2 : Perp_in 7X 7B 7A 7D ?C I _ = clear H2

end.

Ltac assert_diffs :=
repeat
match goal with
| H:(=Col 7X1 7X2 7X3) F _ =
let h := fresh in
not_exist_hyp3 X1 X2 X1 X3 X2 X3,
assert (h := not_col_distincts X1 X2 X3 H );decompose |and| h;clear h;clean_reap_hyps

| H:Cong ?A 7B 7C 7D, H2 : 7A + 7B F_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (T:= cong_diff A B C D H2 H);clean_reap_hyps
| H:Cong 7A 2B 7C 7D, H2 : 7B # 7A F_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (7T:= cong_diff_2 A B C D H2 H);clean_reap_hyps
| H:Cong ?A 7B 7C 7D, H2 : 7C + 7D b_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (7T:= cong_diff_3 A B C D H2 H);clean_reap_hyps
| H:Cong ?A 7B 7C 7D, H2 : 7D + 7C b_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (T:= cong_diff.4 A B C D H2 H);clean_reap_hyps

| Hiis_midpoint 21 74 7B, H2 : 7A<>?B - _ =
let T:— fresh in (not_ezist_hyp2 I B I A);
assert (7:= midpoint_distinct_.1 I A B H2 H);

decompose |and| T;clear T;clean_reap_hyps
| Hiis_midpoint 71 74 7B, H2 : 7B<>7A b _ =
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let T:= fresh in (not_ezist_hyp2 I B I A);
assert (7:= midpoint_distinct_-1 I A B (swap_diff B A H2) H);
decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 7A 7B, H2 : 7I<>7AF _ =
let T:= fresh in (not_ezist_hyp2 I B A B);
assert (7T:= midpoint_distinct_.2 I A B H2 H);
decompose |and| T;clear T;clean_reap_hyps
| Hiis_midpoint 21 74 7B, H2 : 7A<>?[ - _ =
let T:— fresh in (not_ezist_hyp2 I B A B);
assert (7= midpoint_distinct_2 I A B (swap_diff A I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| Hiis_midpoint 71 ?A 7B, H2 : 7<>?B - _ =
let T:= fresh in (not_exist_hyp2 I A A B);
assert (7:= midpoint_distinct_.3 1 A B H2 H);
decompose |and| T;clear T;clean_reap_hyps
| H:is_midpoint 71 ?A 7B, H2 : 7B<>7]  _ =
let T:= fresh in (not_exist_hyp2 I A A B);
assert (7T:= midpoint_distinct_3 I A B (swap_diff B I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| H:Perp 7A 2B 7C 7D F _ =

let T:= fresh in (not_exist_hyp2 A B C D),
assert (T:= perp_distinct A B C D H);
decompose |and| T;clear T;clean_reap_hyps
| H:Perp_in 72X TA?B?7C 7D F _ =

let T:= fresh in (not_exist_hyp2 A B C D);
assert (7T:= perp_in_distinct X A B C D H);
decompose |and| T;clear T;clean_reap_hyps
| Hout 7A?B7C F _ =

let T:= fresh in (not_ezist_hyp2 A B A C);
assert (7T:= out_distinct A B C' H);
decompose |and| T;clear T;clean_reap_hyps

end.

Ltac clean_trivial_hyps :=
repeat
match goal with
| H:(Cong 7X1 7X1 7X2 ?7X2)F _ = clear H
| H:(Cong 7X1 7X2 7X2 ?X1)F _ = clear H
| H:(Cong 7X1 7X2 7X1 ?7X2)F _ = clear H
| H:(Bet 7X1 7X1 7X2) F _ = clear H
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(Bet 7X2 7X1 7X1)F _ = clear H
((Col 7X1 ?X1 7X2) F _ = clear H
(Col 7X2 7X1 7X1)F _ = clear H
(Col 7X1 7X2 7X1)F _ = clear H
(Per 7X1 ?X2 ?7X2) - _ = clear H
(Per 7X1 ?X1 ?7X2)F _ = clear H
:(is_midpoint ?7X1 ?X1 7X1)F _ = clear H

| H
| H
| H
| H
| H
| H
| H

end

Ltac finish := match goal with
| = Col 7A 7B ?7C = Col
| = Col 7A?B 7C = Col
| - Perp 7A 7B 7C 7D = Perp
| - Cong 7A 7B ?7C 7D = Cong
| = is_midpoint 74 7B ?7C = Midpoint
| - ?A<>?B = apply swap_diff;assumption
| - = try assumption
end.

Section T9.
Context ‘{MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition two_sides := fun A B P () =
A#B N —-ColPABAN—-Col QABANIT,CllTABANBetP T Q.

Lemma 19_.2: VA B P @, two_sides A B P () — two_sides A B @) P.

Lemma invert_two_sides : V A B P @,
two_sides A B P () — two_sides B A P Q.

Lemma inter_unicity : VA B X Y M N,
Col ABM—Col X YM—ColABN —Col XY N—
- ClAXB—-X+#Y —>M-=N.

Lemma colx:VABMN X,A4B > N4AM X 4M - ColABM — Col ABN —
CooM NX —=ColABX

Lemma 19.3: VP QACMR B,
two_sides P Q A C — Col M P @ —
is_midpoint M A C — Col R P Q@ —
out RA B — two_sides P Q B C.

Definition is_symmetric (A A’ C : Tpoint) := is_midpoint C' 4 A’.
Lemma sym_sym : V A C' A’ is_symmetric A A’ C — is_symmetric A’ A C.
Lemma distinct : V P @ R : Tpoint, P # ) — (R # PV R # Q).

Lemma diff_col_ex: VA B, 3 C, A+ C ANB # C AN Col AB C.

Lemma diff_bet_ex3: V A B C,
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Bet A B C —
AD,A4LDANBADAC4DACo ABD.

Lemma diff_col_ex3: VA B C,
CllABC 3D, A2DANB#ADANC+DACol AB D.

Lemma mid_preserves_col : VA B C M A’ B’ (',
Col A B C —
is_midpoint M A A’ —
is_midpoint M B B’ —
is_midpoint M C C" —
Col A" B’ C".
Lemma per_mid_per : VA B X Y M,
A# B —-PerX AB—
is_midpoint M A B — is_midpoint M X Y —
Cong AX BY ANPerY B A.

Lemma perp_in_perp: VA B C D X,
Perpin X ABCD —PerpX BCDVPerpAX CD.

Lemma sym_preserve_diff : V A B M A’ B’,
A # B — is_midpoint M A A’ — is_midpoint M B B” — A’# B’.

Lemma perp_col2 : VP Q RS A B,
PerpP Q AB—CodlPQR—CalPQS—R+#AS—
Perp R S A B.

Lemma 19_4_1_aux : VP Q AC RS M,

le S CRA—

two_sides P Q A C —-Col RP () - PerpP QAR — ColSP (Q—
Perp P Q C S — is_midpoint M R § —

(V U Ciscmidpoint M U C” — (out R U A <> out S C (7).

Lemma per_col_eq: VA B C,Per ABC - ColABC —-B+#C—~A=B8B

Lemma 19_.4.1: VP QACRS M,

two_sides P Q A C — Col RP @ —

Perp P Q AR — Col S P Q —

Perp P Q C S — is_midpoint M R § —

(V U Cis_midpoint M U C” — (out R U A <> out S C (C7)).

Lemma mid_two_sides : VA B M X Y,
A+ B — is_midpoint M A B — - Col A B X — is_midpoint M X YV —
two_sides A B X Y.

Lemma col_preserves_two_sides: VA B C D X Y,
A#B—C+#D —ClABC—-ClABD—
two_sides A B X YV —
two_sides C D X Y.
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Lemma out_out_two_sides : VA B X Y U V I,
A+ B —
two_sides A B X YV —
CollT AB—CollI XY —
ot/ XU —outl YV —
two_sides A B U V.

Lemma 19_4 2 aux : VP QACRSUV,lIeSCRA—
two_sides P Q AC —-Col RP Q —PerpP QAR —ColSPQ—
Perp P Q CS —voutRUA—outSV C —twosidesP Q U V.

Lenmma 19 4.2: VP QACRSUYV,
two_sides P Q AC —-Col RP Q —-PerpP QAR—ColSPQ—
Perp P Q CS —outRUA—outSV C —twosidesP Q U V.

Lemma 19 5: VP QACRB,
two_sides P Q A C —Col RP () -out RAB — two_sides P ) B C.

This lemma used to be an axiom in previous versions of Tarski’s axiom system. It is a
been shown to a theorem by Gupta in his Phd 1965.

Lemma outer_pasch: VA B C P @,
Bet ACP—>BetBQC—3X,BetAX BABetP @Q X.

Definition one_side := fun P ) A B =
34 C, two_sides P Q A C' A two_sides P Q B C.

Lemma invert_one_side : VA B P (@,
one_side A B P () — one_side B AP Q.

Lemma 19_.8.1: VP @ A B C, two_sides P Q@ A C — two_sides P @ B C — one_side P @)
A B.

Lemma not_two_sides_id : V A P @), — two_sides P ) A A.

Lemma 19.8.2: VP QAB C,
two_sides P Q A C —
one_side P Q A B —
two_sides P Q B C.

Lemma 19_9:V P Q A B, two_sides P Q A B — —one_side P Q A B.
Lemma 19_9_bis: VP Q A B,one_side P Q A B — — two_sides P ) A B.

Lemma one_side_chara : V P ) A B,

P#Q — —Col AP Q— —Col BP Q —

one_side P Q A B— (VX,Col X P@Q — —Bet A X B).
Lemma 19_10 : V P @ A,

P£Q — —Col AP Q — 3C, two_sides P Q A C.

Lemma one_side_reflexivity : V P Q A,
- Col AP @ — one_side P ) A A.
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Lemma one_side_symmetry : V P Q A B,
one_side P Q A B — one_side P ) B A.

Lemma one_side_transitivity : V P Q A B C,
one_side P Q A B — one_side P ) B C — one_side P ) A C.

Lemma col_eq: VA B X Y,

A#4#X -ClAXY 5ClBXY —
- ColAX B —

X=Y

Lemma 19_.17 : VA B C P @, one_side P Q A C — Bet A B C — one_side P ) A B.

Lemma 19_.18: VX Y A B P,
X#Y 5ClXYP—ColABP — (two_sides X ¥ A B+« (Bet APBAN-Col XY
AN =Col X Y B)).

Lemma 19_.19: VX Y AB P,
X#Y 5ClXYP—ColABP — (one_side X Y A B« (out PABA—Col XY
A)).

End T9.
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Chapter 12

Library Ch10_line_reflexivity

Require Export Ch09_plane.
Section T10.
Context ‘{MT:Tarski_2D}.
Context ‘{ EqgDec:EqDecidability Tpoint}.
Definition is_image_spec P’ P A B :=
(4 X, is_midpoint X P P’ A Col A B X) A
(Perp A B P PV P=P’).
Definition is_image P’ P A B :=
(A#B A is_image_spec P P A B) V (A=B A is_midpoint A P P’).
Lemmaex.sym: VA B X, 3Y, (PerpABX YV X=Y)A
(M, Col AB M Ais_midpoint M X Y).
Lemma is_image_is_image_spec: V P P” A B, A#B — (is_image P’ P A B <> is_image_spec
P" P A B).
Require Import Setoid.

Lemma ex_syml : VA B X, A#B — 3Y, (Perp ABX YV X=Y) A
(AM, Col AB M Nis_midpoint M X Y Ais_.image X Y A B).

Lemma 110_2_unicity : V A B P P1 P2,
is_image P1 P A B — is_image P2 P A B — P1=P2.

Lemma |110_2_existence_spec : V A B P,
4 P’, is_image_spec P’ P A B.

Lemma |110_2_existence : V A B P,
4 P’, is_.image P” P A B.

Lemma 110_4_spec: VA B P P’,
is_image_spec P P’ A B —
is_image_spec P’ P A B.

Lemma 1104 : VA B P P’ is_.image P P’ A B — is_.image P’ P A B.
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Lemma |10.5: VA B P P’ P,

is_image P’ P A B —

is_image P” P A B — P=P".
Lemma 110_6_unicity : YV A B P P1 P2, is_image P P1 A B — is_.image P P2 A B — P1 =
P2.

Lemma |10_6_existence_spec : V A B P’, A#B — 3 P, is_image_spec P’ P A B.
Lemma |10_6_existence : VA B P’, 3 P, is_.image P’ P A B.

Lemma 110_.7: VA B P P’ Q) Q’,
is_.image PP P A B —is_image )’ Q A B —
P=Q" — P=0Q.
Lemma 1108 : V A B P, is_.image P P A B — Col P A B.

Here we need the assumption that A<>B Lemma is_image_col_cong : VA B P P’ X,
A#+B —
is_image P PPAB — Col ABX — Cong P X P X.

Lemma is_image_spec_col_cong : VA B P P’ X,
is_image_spec P P” A B — Col ABX — Cong PX P’ X.
Lemma perp_not_col : VA B P,Perp ABP A— —Col AB P.
Lemma image_id : VA B T T,
A#B —
Col ABT —
is_image ' T A B —
T="1T"
Lemma osym_not_col : VA B P P’

is_.image P PP A B —
- ColABP——-Col AB P’

We use 19_33 as a definition for coplanar.

Definition coplanar A B C D :=
X, (CdABX ANCol CDX)V (CodACXANCdBDX)V (ColAD X N Col B
C X).

Lemma coplanar_perm_1:V A B C D,
coplanar A B C D — coplanar A B D C.

Lemma coplanar_perm_2: VA B C D,
coplanar A B C D — coplanar A C B D.

Lemma coplanar_perm_3:V A B C D,
coplanar A B C D — coplanar A C D B.

Lemma coplanar_perm_4:V A B C D,
coplanar A B C' D — coplanar A D B C.

Lemma coplanar_perm_5:V A B C D,
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coplanar A B C D — coplanar A D C B.

Lemma coplanar_perm_6:V A B C D,
coplanar A B C D — coplanar B A C' D.

Lemma coplanar_perm_7:V A B C D,
coplanar A B C' D — coplanar B A D C.

Lemma coplanar_perm_8:V A B C D,
coplanar A B C' D — coplanar B C A D.

Lemma coplanar_perm_9:V A B C D,
coplanar A B C' D — coplanar B C' D A.

Lemma coplanar_perm_10: V A B C D,
coplanar A B C' D — coplanar B D A C.

Lemma coplanar_perm_11:V A B C D,
coplanar A B C D — coplanar B D C A.

Lemma per_per_col : VA B C X,PerAX C - X #4#C —-PerBX C — Col AB X.

Lemma per_per_perp: VA B X Y,
A#+#B—->X#Y —
(B#XVB#Y)—>PerABX -PerABY —
Perp AB X Y.

Lemma midpoint_preserves_image : YV A B P P’ () Q’ M,
A+ B — Col ABM —is_.image PP’ A B —
is_midpoint M P @ — is_midpoint M P’ @)’ — is_image ) Q" A B.
Definition is_image_spec_in M P’ P A B :=
(is_midpoint M P P’ N Col A B M) N (Perp AB P P’V P=P’).
Definition is_image_spec_in_gen M P’ P A B :=
(A # B N is_image_spec_.in M P" P A B) V (A=B N A=M A is_midpoint M P P’).

Lemma image_in_is_image_spec :
VMABPP,
is_image_spec_in M P P’ A B — is_image_spec P P’ A B.

Lemma image_in_gen_is_image : VM A B P P/,
is_image_spec_in_gen M P P° A B — is_.image P P’ A B.

Lemma image_image_in: VA B P P’ M,
P +# P’— is_image_spec P PP AB —- Col ABM — Col PM P’ —
is_image_spec_in M P P’ A B.

Lemma image_in_col : VA B P P’ Q Q’ M,
is_image_spec_in M P P A B — is_image_spec_in M () )’ A B —
Col M P Q.

Lemma image_in_col0 : YV A B P P’ Y : Tpoint,
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is_image_spec_in Y P PP A B — Col P P’ Y.

Lemma 110_10_spec: VA B P Q P’ Q)
A#B — is_image_spec P’ P A B — is_image_spec )’ Q@ A B —
Cong P Q P’ Q.
Lemma 110_.10: VA B P Q P’ @,
is_image P’ P A B — is_.image Q’ Q@ A B —
Cong P Q P’ Q"
Lemma is_image_spec_rev : V P P’ A B, is_image_spec P P’ A B — is_image_spec P P’ B
A.

Lemma is_image_rev : V P P’ A B,
is_image P P’ A B — is_.image P P’ B A.

Lemma per_double_cong : VA B C (",
Per A B C — is_midpoint B C' C° — Cong A C A C".

Lemma midpoint_preserves_per : VA B C A1 B1 C1 M,
Per AB C —

is_midpoint M A A1 —

is_midpoint M B B1 —

is_midpoint M C C1 —

Per A1 B1 C1.

Lemma image_preserves_bet : VA B C A’ B’ C" X Y,
X#Y —
is_image_spec A A’ X Y — is_image_spec B B’ X Y — is_image_spec C C" X Y —
Bet A B C —
Bet A” B’ C".
Lemma image_gen_preserves_bet : VA B C A’ B’ C" X Y,
X#Y —
is_image A A7 X Y —
is_.image BB’ X Y —
is_image C (" X YV —
Bet A B C —
Bet A” B” ("
Lemma image_preserves_midpoint :
VABCA'BC XY, X#Y —
is_image_spec A A’ X Y — is_image_spec B B’ X Y — is_image_spec C' C" X YV —
is_midpoint A B C' —
is_midpoint A’ B’ C".
Lemma image_preserves_per : VA B C A’ B” C" X Y,
X#Y —
is_image_spec A A’ X Y — is_.image_spec B B’ X Y — is_image_spec C ¢’ X Y —
Per AB C —
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Per A’ B’ C.

Lemma col_per_perp : VA B C D,
A#+4B—-B#C—-D+#B—D+#C(—
Cod BCD —PerABC —Perp CD AB.

Lemma image_col : VA B X, Col A B X — is_image_spec X X A B.
Lemma is_image_spec_triv: V A B, is_image_spec A A B B.

Lemma is_image_spec_dec :
VAB C D,is_image_spec A B C DV —is_.image_spec A B C D.

Lemma [10_12: VA B C A’ B’ C’,

Per ABC — Per A’ B’ C" —

Cong ABA”B"—Cong BC B’ (" —

Cong A C A’ C".

Lemma 110_.14 : VP PP AB, P # P — A+# B —
is_image P P’ A B — two_sides A B P P".

Lemma 110_15: VA B C P,
CodlABC ——-ColABP—
3@, PerpAB @Q C /None_side AB P ().

Lemma 110_.16 : VA B C A’ B’ P,
- ClABC——-ClA”B P—>CongAB A" B —
4C’, Cong.3AB C A’ B’ C” None_side A’ B P (.

Lemma not_col_exists : VA B, A# B — 3 P, -Col A B P.
Lemma perp_exists : V O A B A# B — 34X, Perp O X A B.
End T10.
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Chapter 13

Library Ch10_line_reflexivity _2D

Require Export Chl0_line_reflexivity.

Section T10.

Context ‘{MT:Tarski_2D}.

Context ‘{ EqgDec:EqDecidability Tpoint}.

Lemma image_cong_col : VA B P P’ X,
P #P —is_.image P PPAB —Cong P X P X —
Col A B X.

Lemma per_per_cong_1 :

VABX Y A#B—>PerABX —-PerABY —
Cong BX BY — X =Y Vis_midpoint B X Y.

Lemma per_per_cong : VA B X Y,
A#+#B —>PerABX -PerABY -CongBX BY —
X =Y Vis_image_spec X Y A B.

Lemma per_per_cong_gen:V A B X Y,
A#B —-PerABX -PerABY - CongBX BY —
X =Y Vis_image X Y A B.

End T10.
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Chapter 14

Library Ch11_angles

Require Export Chl0_line_reflexivity.

Ltac permut =
match goal with
|H : (Col ?2X ?Y ?7Z) F Col ?X ?Y 77 = assumption

)

|H : (Col 27X ?Y ?Z) - Col 7Y ?7Z ?7X = apply col_permutation_1; assumption
|H : (Col 27X ?Y ?Z) = Col 7Z ?7X 7Y = apply col_permutation_2; assumption
|H : (Col 27X ?Y ?Z) = Col 7X 77 7Y = apply col_permutation_5; assumption
|H : (Col 7X ?Y ?Z) - Col 7Y ?X ?Z = apply col_permutation_4; assumption
|H : (Col 7X ?Y ?7Z) - Col 7Z 7Y 7X = apply col_permutation_3; assumption
|- - F _ = idtac

end.

Ltac bet :=

match goal with
|HO : Bet 7A 7B 7C - Bet 7A 7B 7C = assumption
|HO : Bet 7A?B 7C, Hl : Bet T/B?7C 7D , H : 7B # ?7C | Bet 7A 7B 7D = apply

(outer_transitivity_between _ _ _ _ HO HI1 H)

|HO : Bet 7A?B ?7C, Hl : Bet 7B ?C 7D ,H :?B # ?C F Bet 7A 7C 7D = apply
(outer_transitivity_between2 _ _ _ _ HO H1 H)

|HO : Bet?A7?B "D, H1 : Bet 7B?7C 7D Bet?A 7B 7C = apply (between_inner_transitivity
____ Ho HI)

|HO : Bet 7TA?B ?C, HI : Bet 7TA?C 7D - Bet 7B 7C 7D = apply (between_exchange3
_ ___Ho HI)

|HO : Bet 7TA?B 7D, Hl : Bet 7B 7C ?D - Bet 7A 7C 7D = apply (between_exchange2
____ Ho HI)

|HO : Bet ?7A?B 7C, H1 : Bet 7A7C 7D - Bet 7A 7B 7D = apply (between_exchange4
____ Ho HI)

|HO : Bet 7TA?B 7C - Bet 7A 7B 7C = assumption
|HO : Bet 7A?B 7C, Hl : Bet T/B?7C 7D , H : 7B # 7C - Bet 7D 7B 7A = apply
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between_symmetry; apply (outer_transitivity_between _ _ _ _ HO HI H)
\HO : Bet 7A 7B ?7C, Hi : Bet 7B 7C ?D , H : ?B # 7C F Bet 7D 7C 7A = apply

(outer_transitivity_between2 _ _ _ _ HO HI H)

|HO : Bet 7A 7B 7D, H1 : Bet 7B 7C 7D F Bet 7C 7B 7A = apply between_symmetry;
apply (between_inner_transitivity - _ _ _ H0O H1)

|HO : Bet 7A?B 7C, Hl : Bet 7TA?7C 7D = Bet 7D 7C 7B = apply between_symmetry;
apply (between_exchange3 _ _ _ _ H(O HI1)

|HO : Bet 7A?B 7D, Hl : Bet 7B 7C 7D F Bet 7D 7C 7A = apply between_symmetry;
apply (between_exchange2 _ _ _ _ H0O H1)

|HO : Bet 7TA?B ?7C, H1 : Bet 7TA?7C 7D Bet 7D 7B ?7A = apply between_symmetry;
apply (between_exchanged _ _ _ _ H(O HI1)

|HO : Bet 7A 7B 7C F Bet 7C 7B 7A = apply (between_symmetry _ _ _ H0)

|HO : Bet 7A 7B 7C - Bet 7C 7B 7A = apply (between_symmetry _ _ _ H0)

|_: _F Bet 7A 7B 7B = apply between_trivial
|-: _F Bet 7A ?A 7B = apply between_trivial2
|- : - F _ = idtac

end.

Ltac cong :—=

match goal with
|-: Cong ?A?B ?7C 7BD I Cong 7A 7B 7C 7D = assumption
|-: _F Cong 7A 7B 7A 7B = apply cong_reflexivity
|-: _F Cong 7A ?A 7B 7B = apply cong_trivial__identity

|HO : Cong 7ATB ?7C 7D+ Cong ?7A 7B 7C 7C' = assumption

|HO : Cong ?7A 7B ?7C 7D+ Cong 7A 7B 7D 7C = apply (cong-_right_commutativity -
_ _ _ H0)

|HO : Cong TA?B 7C 7D Cong 7B 7A 7D ?7C = apply (cong_commutativity _ _ _ _
HO)

|HO : Cong 7A?B 7C 7D+ Cong 7B 7A 7C 7D = apply (cong_left_commutativity _ _
_ _ Ho)

|HO : Cong 7A B 7C 7D+ Cong 7C 7D 7A 7B = apply (cong_symmetry _ _ _ _ H0)

|HO : Cong ?7A 7B 7C 7D + Cong 7C' 7D 7B ?7A = apply (cong_symmetry _ _ _ _
(cong_left_commutativity - - _ _ H0))

|HO : Cong ?7A ?B ?7C 7D F Cong 7D ?7C 7B 7B = apply (cong_symmetry _ _ _ _

(cong_commutativity - _ _ _ H0))

|HO : Cong 7A 7B 7C 7D F Cong 7D 7C 7A 7B = apply (cong_symmetry _ _ _ _
(cong_right_commutativity - - _ _ H0))

|- : - F _ = idtac
end.

Section T11.
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Context ‘{MT:Tarski_2D}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition Conga:=fun A B C D E F =
A#+#BNC#BAND#ENF#EN

JA,3C, 3D, 3F,

Bet BAA  NCong A A" E D A

Bet BC C’NCong C C"E F N

Bet E D D’ NCong D D’B A A

Bet E F F” NCong F F' B C A

Cong A” C’ D’ F".

Lemma 111.3: VA B C D E F,

CongaABCDEF —

JA,3C, 3D, 4F,

out BA”ANoutB C C'"Nout ED”D Nout EF F’ N\
Cong .3 A" B C’" D’ E F".

Lemma cong_preserves_bet : V B A" A0 E D’ D0,

Bet BA” A0 — Cong BA"E D" — Cong B A0 E DO —out E D’ DO —
Bet £ D’ DO.

Lemma |11_aux: VB A A" A0 E D D’ DO,
ot BAA” woutE DD —Cong BA’ED —
Bet BA A0 — Bet E D DO — Cong A A0 E D
— Cong D DO B A — Cong B A0 E DO N Cong A” A0 D’ DO.

Lemma 111_3_bis: VA B C D E F,

(A, 3C,3D, 4F,

out BA”’ANoutB C”C ANoutED D ANoutEF'F A
Cong 3A’BC'D’"EF’)—CongaABCDEF.

Lemma out_cong_cong : VB A A0 E D D0,
out BAAO —out ED DO —

Cong BAE D — Cong B A0 E DO —
Cong A A0 D Do.

Lemma 111.4_.1: VA B C D E F,
CongaABCDEF — A#4#B N C#B N D#AE N F4E N
WA C"D F,out BA”ANoutB C’"C ANout ED”D Nout E F’ F N
Cong BA’E D" NCong B(C"E F — Cong A’ C" D’ F’).
Lemma [11.4.2: VAB C D E F,
(A#B N C#B N D#E N F#E N
WA C"D” F,out BA”ANoutB C”C Nout E D" D Nout EF’F A
Cong BA’E D NCong BC"E F— Cong A’ C’ D’ F’)) - CongaABCDEF.
Lemma conga_refl : VA B C, A+ B — C # B —CongaAB C ABC.
Lemma conga_sym: VA B C A’ B’ C’,Conga AB C A" B’ C’— Conga A’ B" C" A B C.
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Lemma out_conga :

VABCA B C" A0 C0 Al C1,
CongaABCA"B C"—

out BA A0 —

out B C C0O —

out B> A" Al —

out B> C’ C1 —

Conga A0 B C0 A1 B’ C1.

Lemma bet_ out : VA B C,B#4#A—-C+#A—BetABC —outABC.

Lemma cong3_conga: VA B C A’ B’ (',
A#+#B—C#B—
Cong.3ABCA B C"—

Conga A B C A’ B’ C".

Lemma cong3_conga2 : VA B C A’ B C" A” B” (7,
Cong3ABC A’B (" —
CongaABCA”B” ("’ —
Conga A’ B> C" A” B” C”.
Lemma diff_out : VA B, A+ B —out B A A.
Lemma conga_diffl : VA B C A’ B" C’,Conga AB C A" B C’"— A+#B.
Lemma conga_diff2: VA B C A’ B’ C’,Conga ABC A’ B C’— C +#+B.

Lemma conga_trans: VA B C A’ B> C" A” B” O,
CongaABCA B (" —Conga A’ B”C"A” B” C” —
Conga ABCA” B’ (.

Lemma conga_pseudo_refl : V A B C,
A#+#B— C+#B—CongaAB C C B A.

Lemma conga_trivial_1: VA B C D,
A#B — C#D — Conga A B AC D C.

Lemma [11.10: VA B CDEF A’ C" D" F’,
CongaABCDEF —-outBA’A—outB(C"C —outED D—outkF F—
Conga A’ B C' D’ E F".
Lemma [11.13: VAB CDE F A’ D’
CongaABCDEF —-BetABA"—>A'#4B—BetDED”— D'#FE — Conga A’ B
C D EF.

Lemma conga_right_.comm : VA B C D E F,CongaABCDEF —CongaABCFED.
Lemma conga_left_comm : VA B C D FE F,CongaABCDEFEVF —CongaCBADEF
Lemma conga_comm : VA B C D FEF F,CongaABCDZFEF —CongaCBAFED.
Definition Distincts := fun A B C : Tpoint = A#B N A#C N B#C.

Lemma conga_line: VA B C A’ B’ (',
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Distincts A B C — Distincts A’ B’ C’ - Bet A B (C - Bet A’ B’ " —
Conga A B C A’ B’ C".

Lemma [11_14: VA B C A’ C’,
Bet A B A" — Distincts A B A’ — Bet C B ¢’ — Distincts C B ¢’ —
Conga ABCA BUC(".

Lemma 11116 : VA B C A’ B’ (',
Per ABC —- A+#B — C #B —
Per A’ B’ C' — A’#B’ — C’#B’—
Conga ABC A’ B’ C".
Lemma 111_.17: VA B C A’ B’ C’,
Per ABC — CongaABCA B C"— Per A’ B” C".

Lemma 111_18_.1: VA B C D,
Bet C B D — Distincts B C D — A#B — Per A B C — Conga A B C A B D.

Lemma 111_18.2: VA B C D,
Bet C B D — Distincts B C D — A#B — Conga A B C AB D — Per AB C.

Lemma not_bet_out: VA B C,
A#+#B —-C+#B—ClABC— BetABC —
out B A C.

Lemma cong3_preserves_out: VA B C A’ B’ C’,
out ABC —Cong.3ABCA B (" —outA” B ("

Lemma 11121 a: VAB C A’ B C’,out BAC — Conga ABC A" B (" —out B A’
.

Lemma [11.21 . b: VA B C A’ B’ (,

ot BAC —outB"A”C’— Conga ABC A B ("

Lemma col_two_sides: VA B C P @,
Codl ABC— A+#C —two_sides A BP Q —
two_sides A C' P Q.

Lemma col_one_side : VA B C P @,
CodABC—A+#C —one_side ABP () — one_side A C P Q.

Lemma 111_22_aux: VA B C (",
CongaABCABC —outB C C’VitwosidesA B C (.

Lemma per_cong_mid : VA B C H,
B#C —-BetABC —-CongAHCH —PerHBC(C—
is_midpoint B A C.

Lemma cong2_conga_cong : VA B C A’ B’ (',
CongaABCA" B C"—-CongABA" B —Cong BCB C"—
Cong A C A’ C".

Lemma not_two_sides : V A B P, — two_sides A B P P.
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Lemma segment_construction 3: VA B X Y A#4#B - X #Y —34C,out AB C A Cong
ACXY.

Lemma ex_per_cong : VA B C D X Y,
A#+#B—-X#Y -ColABC — —Col ABD —
JP,PerP C ANCong P C X Y ANoneside AB P D.

Lemma not_out_bet : VA B C,Col AB C — ~out BAC — Bet A B C.

Lemma angle_construction_.1: VA B C A’ B’ P,
—ColAB C — —ColA”B"P —
3C’, CongaABCA B C’ None_side A’ B” C’ P.

Lemma angle_construction_.2: VA B C A’ B’ P,
Distincts A B C — A’ #+# B” — —Col A’ B’ P —
4C7, CongaABCA B C’" N (one_side A” B> C" P Vv Col A” B” C”).

Lemma 111_15: VA B C D FE P, -Col AB C — —Col D E P —
JF,CongaABCDEF  Nonesside EDF P A
(VF1 F2,((Conga AB CDEF1 Noneside ED F1
P) N
(Conga A B C D FE F2 N\ one_side F
D F2 P)) —out E F1 F2).

Lemma 111_19 : V A B P1 P2,
Per A B P! — Per A B P2 — one_side A B P1 P2 —
out B P1 P2.

Lemma [11_22_bet :

VABCPA B C P,
Bet A B C —
two_sides P" B” A’ C" —
CongaABPA"B P NCongaPBCP B (" —
Bet A’ B’ (.

Lemma not_bet_and_out :

VABC,

- (Bet AB C Nout BAC(C).

Lemma out_to_bet :
VABCA B (,
ColA” B’ C’ —
(out BAC < outB” A" (") —
Bet A B C —
Bet A” B’ C".
Lemma [11_22a:
VABCPA B C’P,
two_sides B P A C A two_sides B” P" A’ C’ )\
CongaABPA”B PPNCongaPBCP B (O —
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Conga A B C A’ B’ (.

Lemma [11_22b :

VABCPA B C P

one_side B P A C None_side BPP" A" C’ A
CongaABPA"B P NCongaPBCP B C —
Conga ABC A B C.

Lemma [11_22 :

VABCPA B C" P’

((two_sides B P A C A two_sides B” P* A’ C")\/
(one_side B P A C None_side BP A’ C’)) A
CongaABPAB PP NCongaPBCP B (C —

Conga A B C A’ B’ (.

Definition InAngle P A B C =
A4B AN C4BAPAB NI X,Bet AX C A (X=BVoutBX P).

Lemma 111_24 :

VP ABC,
InAngle P A B C —
InAngle P C' B A.

Lemma out_in_angle :
VABCP,
out BAC —
out BP A —
InAngle P A B C.

Lemma col_in_angle :
VABCP,
A#+#B—-(C#B—P+#B—
out BAPVoutBCP—
InAngle P A B C.

Lemma in_angle_two_sides :
VABCP,
—ColBAP—-Col BCP—
InAngle P A B C —
two_sides P B A C.

Lemma in_angle_out :
VABCP,
out BAC —
InAngle P A B C —
out B A P.

Lemma col_in_angle_out :
VABCP,
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ColBAP —

- Bet AB C —
InAngle P A B C —
out B A P.

Lemma 111_25_aux: VP AB C A7,
InAngle P A B C —

- BetAB(C —

out BA" A —

InAngle P A’ B C.

Lemma 111.25: VP AB C A’ C’ P/,

InAngle P A B C —

out BA’A—

out B ¢" C —

out BP' P —

InAngle P A” B C".
Definitionlea:=fun A BC D FE F =

4P, InAngle P D EF NConga ABCDEP.

Lemma segment_construction_.0: VA B A’, 4 B’, Cong A’ B’ A B.

Lemma angle_construction_3 :

VABCA B,
A#+#B—-C+#B—A"#B —
4C", Conga ABC A B ("

Lemma [11.28: VA B C D A’ B’ (',
Cong3ABCA'B C"—ColACD—
3D, Cong AD A’ D' ACong BD B D’ A Cong C D C° D,

Lemma bet_conga_bet :
VABCA B

Bet A B C —

CongaABC A B (" —

Bet A’ B’ C".
Lemma out_in_angle_out :
VABCP,

out BAC —

InAngle P A B C —

out B A P.

Lemma two_sides_not_col :
VABXY,
two_sides A B X YV —
- Col A B X.

Lemma one_side_not_col :
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VABX Y,
one_sidle A BX Y —
- Col A B X.

Lemma out_out_one_side :

VABXY Z
one_sile A BXY —
out AY 7 —
one_side A B X Z.

Lemma in_angle_one_side :
VABCP,
- ClABC—
- ColBAP—
InAngle P A B C —
one_side A B P C.

Lemma or_bet_out: VA B C,A# B — C # B — (Bet AB C VoutBACYV—-Col AB
C).

Lemma in_angle_trivial_.1: VA B C,A# B — C # B — InAngle A A B C.
Lemma in_angle_trivial 2: VA B C,A# B — C # B — InAngle C A B C.

Lemma col_out2_col : VA B C AA CC,Col AB C —out BAAA — out B C CC — Col
AA B CC.

Lemma col_conga_col : VA B C D E F,Col ABC —-CongaABCDEF —ColDEFEF.

Lemma ncol_conga_ncol : VA B C D E F, -ColAB C —CongaABCDEFEVF — —Col D
E F.

Lemma [11.29_ a: VAB CD E F leaABCDZEVF — 3@, InAngle C A B Q N Conga
ABQDEF

Lemma in_angle_line: VA B CP,P+#+#B > A+ B — C+#B — Bet AB C — InAngle P
A B C.

Lemma 11129 b: VAB C D E F,(3Q, InAngle C AB Q NCongaAB Q D E F) — lea
ABCDEF

Lemma bet_in_angle_bet : YV A B C P,Bet A B P — InAngle P A B C — Bet A B C.
Lemma lea_line: VA B C P,Bet ABP —-leaABPABC —BetABC(C.

Lemma bet2_ out_out: VAB C B C,B#+#A—-B #+#A—outACC —-BetABC —
Bet AB”C’ —out AB B’

Lemma eq_conga_out: VA B D FE F, CongaABADEF —outE DF.
Lemma out_conga_out: VA B CDFE F,outBAC —-CongaABCDEF —outFE DF.

Lemma out_one_side : VA B X Y, («Col ABX V - ColABY)—out AX Y — one_side
ABXY.
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Lemma conga_ex_cong3: VA B C A’ B (',
Conga ABC A B C'—dAA, 4CC, out BAAA —-out B C CC —
Cong.3 AA B CC A’ B’ C".

Lemma conga_preserves_in_angle : VA B C 1 A’ B’ C" I’
CongaABCA B C’—>CongaABI A" B I'—
InAngle I A B C' — one_side A’ B’ I’ " —

InAngle I’ A” B’ C".

Lemma [11.30: VABCDEF A’B C’ D’ E’ F,
lea ABCDEF —
CongaABCA"B C'—
Conga D EF D E F —
lea A” B” C" D’ E’ F’.

Lemma 111.31.1: VA B C D E F,
ot BAC—-D+#F—-F#F —
lea ABCDEF.

Lemma 111.31.2: VA B C D F F,
A#B—-C#B—-D+#FE—-F+#F—
Bet D E F —

lea AB CDEF

Lemma lea_refl : V A B C,
A#+#B—C+#B—leaABCABC.

Lemma in_angle_trans : VA B C D E,
InAngle C A B D — InAngle D A B E — InAngle C A B F.

Lemma lea_trans : VA B C A1 Bl C1 A2 B2 C2,
lea A B C A1 BI C1 —

lea A1 B1 C1 A2 B2 C2 —

lea A B C A2 B2 C2.

Lemma out2_out_1:V B C D X,
out BX C —-out BX D —outB (CD.

Lemma out2_out_ 2 : VB C D X,
out BC X —outBD X —outB CD.

Lemma out_bet_out_1: VA B C P,
out PAC —-Bet ABC —outP AB.

Lemma out_bet_out_2: VA B C P,
out PAC —-Bet ABC —outP BC.

Lemma in_angle_asym : V A B C D,
InAngle D A B C — InAngle C ABD — CongaAB CABD.

Lemma lea_asym : VA B C D FE F,
leaABCDEF —wleaDEFABC —CongaABCDEF
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Lemma two_sides_in_angle : VA B C P P’
B #P —

two_sides B P A C —

Bet P B P’ —

InAngle P A B C V InAngle P’ A B C.

Lemma col_one_side_out : VA B X Y,
ColAX Y —
one_side ABX Y —
out A X Y.

Lemma col_two_sides_bet :
VABX Y,
ColAX Y —
two_sides A B X Y —
Bet X A Y.

Lemma col_perp_perp_col :
VABX Y P,
P+#A—

ColABP —
Perp ABX P —
PerpPAY P —
Col Y X P.

Lemma out_two_sides_two_sides :
VABXY P PX,
A # PX —
Col A B PX —
out PX X P —
two_sides A BP Y —
two_sides A B X Y.

Lemma not_two_sides_one_side_aux :
VABX Y PX,

A#+#B— PX #+#A—

Perp A B X PX —

Col A B PX —

- Col X AB —

- Col Y AB —

- two_sides A BX Y —

one_side A B X Y.

Lemma not_two_sides_one_side :
VABXY,

A+ B —

- Col X AB —
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- Col Y AB —
—two_sides A B X Y —
one_side A B X Y.

Lemma [9_31 :
VAX Y Z
one_side A XY 7 —
one_side A 7Y X —
two_sides A Y X Z.

Lemma in_angle_reverse :

VABA CD,
A#+4B—-C+#B—-D+#B—A"#B—
Bet AB A" —

InAngle C A B D —
InAngle D A’ B C.

Lemma [11.36 : VA B CDEF A’ D/,
A#B—-A"#B—->D#F—D #FE—
Bet ABA’—->BetD ED —
(ltaABCDEF<«leaD EF A’ BC).

Definitionlta:=fun A BC DFE F =leaABCDEFN—-CongaAdBCDEF
Definitiongta:=fun ABCDFE F=Ilkta D FEF A B C.

Definition acute :=fun A B C = 3 A’, 3B, 3C", PerA’B " C’ NltaAB C A’ B’
C".

Definition obtuse := fun A B C = 4 A’, 3B, 3C’, Per A’ B (" NgtaAB C A’ B’
C".

Lemma 111_41_aux: VA B C D,

- ColABC —

Bet BAD —

A+ D —

lta A C B CAD.

Lemma 111_41: VA B C D,

- ColABC —

Bet BAD —

A+ D —
taACBCADANItaABC CAD.

Lemma not_conga: VA B C A’"B " C°" D EF ,
CongaABCA" B C’"—
- CongaABCDEF —
- Conga A’ B’C’ D E F.

Lemma not_conga_sym : VA B C D E F,
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- CongaABCDEF —
- Conga D EF ABC.

Lemma not_and_Ita: VAB CDEF "(WaABCDEFANttaDEFABCOC).

Lemma conga_preserves_lta: VA B C DEF A’ B C’ D’ E’ F’,
CongaABCA" B C’"—

Conga D EF D E F —

taABCDEF—

lta A’ B> C" D’ E’ F’.

Lemma conga_preserves_gta: VA B CDEF A’ B’ C’' D’ E’F’
CongaABCA" B C"—

Conga D EF D E F —

gtaABCDEF —

gta A’ B’ C’ D’ E’ F".

Lemma lta_trans : VA B C A1 B1 C1 A2 B2 C2,

lta AB C A1 Bl C1 —

lta A1 B1 C1 A2 B2 C2 —

lta A B C A2 B2 C2.

Lemma gta_trans: V A B C A1 Bl C1 A2 B2 (2,
gtaAB C Al Bl C1 —

gta A1 B1 C1 A2 B2 C2 —

gtaABC A2 B2 C2.

Lemma lea_left_comm : VA B C D FE F,leaABCDEVF —leaCBADFEF

Lemma lea_right_comm : VA B C D FE F,leaABCDFEVF —leaABCVFED.

Lemma lea_comm : VA B CDE F leaABCDEF —leaCBAFED.

Lemma lta_left_comm : VA B CDE F,taABCDUEVF —IltaCBADEF

Lemma lta_right_.comm : VABCDEF, taABCDEF —-1taABCVFED.

Lemma lta_comm : VAB CDEF, ltaABCDFEFF —ItaCBAFED.

Lemma 111_43_aux: VA B C, -Col AB C — (Per B A C V obtuse B A C) — acute A B C.
Lemma obtuse_sym : V A B C, obtuse A B C' — obtuse C B A.

Lemma acute_sym : V A B C, acute A B C' — acute C B A.

Lemma 111_43 : VA B C, ~Col A B C — (Per B A C V obtuse B A (C) — acute A B C A
acute A C' B.

Lemma acute_lea_acute : VA B C D E F,acute D EF —leaAB CDEF — acute A B
C.

Definitiongea:=fun ABC D E F=1leaDEF ABC.

Lemma obtuse_gea_obtuse : VA B C D E F,obtuse D E F —gea A B C D E F — obtuse
A B C.
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Lemma lea_acute_obtuse : VA B C D FE F,acute A B C — obtuse D E F —leaAB C D
E F.

Lemma 111.44_1.a: VA B C,-Col AB C —Cong BABC — CongaBACB C A
Lemma 11144 2. a: VA B C,ColABC —-ItBABC —>ltaBCABALC.

Lemma not_lta_and_cong : VA B C D FEF, " (ltaABCDEVF NCongaABCDEF).
Lemma not_gta_and_cong: VA B CDEF, " (gtaABCDEF NCongaABCDEL).
Lemma not_lta_and_gta: VAB CDFEF, “(taABCDFEFANgtaABCDEF).

Lemma conga_sym_equiv: VA B C A’ B’ (", CongaAB C A’ B’ (" +> Conga A’ B C" A
B C.

Lemma Conga_dec :
VABCDEF,
CongaABCDEFYV-CongaABCDEFEF

Lemma or_lt_cong_gt : VAB C D ItABCDVgtABCDVYVCongABC D.

Lemma lta_not_conga: VABCDEF, A4B—-C+#B—-D+FE—>F+F—IltaAB
CDEF — —~CongaABCDEF.

Lemma 11144 .1 b: VA B C,-ColABC —-CongaBACBCA— CongBABC.
Lemma 111 .44 2 b:VABC,CollABC —1taBACBCA—ItBCBA.
Lemma [11_44_1: VA B C, -Col AB C — (Conga BAC B C A <«> Cong BABUC).
Lemma 111.44.2: VA B C, ColABC - (taBACBCA<« ItBCBA).

Lemma between_symmetric: VA B X Y P, Bet APB —-Cong APXY — (3P, BetA
P"BANCong BP XY).

Lemma le_left_comm : VA B C D,le ABCD —leBAC D.
Lemma le_right_.comm : VA B C D,le ABCD —leABD C.
Lemma le_comm : VA B C D, leABCD —leBADC.
Lemma ge_left_comm:V A B C D,ge ABCD —geBACD.
Lemma ge_right_comm : VA B C D,ge ABCD —geABD C.
Lemma ge_.comm : VA B C D,ge ABCD —geB AD C.
Lemma lt_right_.comm : VA B C D, tABCD—ItABDC.
Lemma lt_left_comm : VA B C D, It ABCD —ItBACD.
Lemma It_comm : VA B CD,tABCD —1tBADC.

Lemma gt_left_comm : VA B C D,gt ABCD —gtBACD.
Lemma gt_right_.comm : VA B C D,gt ABCD —gtABDC.
Lemma gt_.comm : VA B C D,gt ABCD —gtBAD C.
Lemma acute_distinct : V A B C, acute A B C —acute ABCANA#+BNC+#B.
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Lemma lta_diff : VAB CDEF,taABCDEF -tABCDEFANA+BAC +
BAD+ENAF +E.

Lemma 15_12_.a: VA B C,Codl ABC -Bet ABC —>leABACANIleBCAC.
Lemma I5_.12.b: VA B C,Col ABC - (le ABACANleBCAC)—BetABC.

Lemma 111_46: VA B C, -Col AB C — (Per AB C Vobtuse ABC)—-1tBAACAIt
B CAC

Lemma 11147 : VA B C H ,Per AC B — Perp_.in H C H A B — Bet A H B A Distincts
A HB.

Lemma [11.49: VA B C A’ B’ C,

CongaABCA B C’"—-CongBAB"A”—Cong BC B C"—
CongACAC"N(A#C —-CongaBACB A’ C’NCongaBCAB (C"A).
Lemma 111.50_.1: VA B C A’ B’ (",

—ColABC —-CongaBACB A”C’—CongaABCA"BC"—CongABA’ B’
%

Cong A C A" C’"NCong BC B C"NConga ACBA C’'B.
Lemma 111.50.2: VA B C A’ B’ C,

—ColABC —-CongaBCAB C"A’”—CongadABCA"BC"—CongAB A’ B’
%

Cong AC A C"NCong BC B C"NCongaCABC" A’ B’
Lemma 111.51: VA B C A’ B’ C’,

Distincts A B C — Cong A B A’ B"— Cong A C A’ C’"—Cong BC B C"—

Conga BACB A" C°’NCongaABCA B (C"NCongaBCAB (" A"
Lemma conga_distinct : VA B C D FE F,CongaABCDEVF —CongaABCDEF AN
A#+#BNC#BND#ENANF #F.

Definition cong_preserves_le :— |5_6.
Lemma bet_le_.eq: VA B C,Bet ABC —1le ACBC — A=B.

Lemma 111.52: VA B C A’ B’ C’,
CongaABCA B ("—>CongACAC"—>CongBCB C’"—1leBCAC—
Cong BAB A’ NCongaBACB A”C"NCongaBCAB (" A"

Lemma 111.53: VA B C D,
Per D CB— C+# D — Distincts ABC —-BetABC(C —
taCADCBDANIKBDAD.

End T11.
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Chapter 15

Library Ch12_parallel

Require Export Chll_angles.
Section T12_1.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition coplanar := fun A B C D: Tpoint = True.

Definition Par_strict :==fun A B C' D =
A#+B N C#D A coplanar AB C D N—-3X, Col X AB AN ColX CD.

Definition Par :=fun A B C D =
Par_strict A B C DV (A#B N C#D N Col AC D NCol B C D).

Lemma par_reflexivity : V A B, A#B — Par A B A B.

Lemma par_strict_irreflexivity : V A B,
- Par_strict A B A B.

Lemma not_par_strict_id : V A B C,
— Par_strict A B A C.

Lemma par_id : V A B C,
Par ABAC — Col ABC.

Lemma par_strict_not_col_1:V A B C D,
Par_strict A B C D — - Col A B C.

Lemma par_strict_not_col_2:V A B C D,
Par_strict A B C D — — Col B C D.

Lemma par_strict_not_col_3:V A B C D,
Par_strict A B C' D — — Col C D A.

Lemma par_strict_not_col_4:V A B C D,
Par_strict A B C D — - Col AB D.

Lemma par_id_1:V A B C,
Par ABAC — Col BAC.
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Lemma par_id_2: VA B C,
Par ABAC — Col BC A.

Lemma par_id_3:V A B C,
Par ABAC — Col AC B

Lemma par_id_4: VA B C,
Par AB A C — Col C B A.

Lemma par_id_5:V A B C,
Par ABAC — Col C AB.

Lemma par_strict_symmetry ;Y A B C D,
Par_strict A B C D — Par_strict C D A B.

Lemma par_symmetry :V A B C' D,
ParABCD —ParC D AB.

Lemma par_left_comm : VA B C D,
Par ABCD —ParBACD.

Lemma par_right_.comm : VA B C D,
Par ABC D —ParABDC.

Lemma par_.comm : V A B C D,
ParABCD —ParBADC.

Lemma par_strict_left_comm : VA B C D,
Par_strict A B C' D — Par_strict B A C D.

Lemma par_strict_right_comm : V A B C D,
Par_strict A B C D — Par_strict A B D C.

Lemma par_strict_.comm : VA B C D,
Par_strict A B C D — Par_strict BA D C.

End T12_1.

Hint Resolve
par_reflexivity par_strict_irreflexivity
par_strict_symmetry par_strict_comm par_strict_right_comm par_strict_left_comm
par_symmetry par_comm par_right_comm par_left_comm : par.

Ltac Par := eauto with par.

Section T12_2.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma Par_cases :
VABC D,
ParABCDVParBACDVParABD CVvParBADCV
Par C D ABVParCDBAVParDCABVParDCBA-—
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Par A B C D.

Lemma Par_perm :
VABC D,
Par ABCD —
ParABCDANParBACDANPar ABD C ANParBADC AN
Par C D ABANParCDBAANParDCABAParD C B A.

Lemma Par_strict_cases :
VABC D,
Par_strict A B C D V Par_strict B A C D \V Par_strict A B D C V Par_strict BAD CV
Par_strict C D A B \V Par_strict C D B AV Par_strict D C A B VvV Par_strict D C B A
%
Par_strict A B C D.

Lemma Par_strict_perm :
VABCD,
Par_strict A B C D —
Par_strict A B C D N Par_strict BA C D N Par_strict A BD C NPar_strict BAD C A
Par_strict C' D A B N Par_strict C D B A N Par_strict D C' A B A Par_strict D C' B A.

Lemma 112.6 : VA B C D,
Par_strict A B C D — one_side A B C D.

Lemma perp_perp_col : VX Y Z A B,
Perp X Y AB —>PerpX ZAB—Col XY Z

Lemma Perp_dec: VA B C D,Perp AB C DV —~Perp AB C D.

Lemma perp_perp_col_col : V X1 X2 Y1 Y2 A B,
Perp X1 X2 AB — Perp Y1 Y2 AB — Col X1 Y1 Y2 — Col X2 Y1 Y2.

Lemma 112_9 : V A1 A2 B1 B2 C1 (2,
coplanar A1 A2 B1 B2 — Perp A1 A2 C1 C2 — Perp B1 B2 C1 C2 —
Par A1 A2 B1 B2

Lemma parallel_existence : VA B P, A+ B —3C, 3D, C#D NPar AB C D ANColPC
D.

Lemma par_col_par: VA B C D D’
C#D —-ParABCD —ColCDD —ParABCD".

Lemma parallel _existence_spec : V A B P : Tpoint,
A+ B —3C:Tpoint, C£P APar AB P C,

Lemma par_not_col : VA B C D X, Par_strict A B C D — Col X A B — —Col X C D.

Lemma not_strict_parl : VA B C D X, Par ABCD — ColABX — Col C DX — Col
A B C.

Lemma not_strict_par2 : VA B C D X,Par ABCD — ColABX — Col C DX — Col
A B D.
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Lemma not_strict_par : VA B C D X,ParAB C D —-ColABX — Col C DX — Col A
B C N Col ABD.

Lemma not_par_not_col : VA B C,A#4 B A+ C — ParABAC — —Col ABC.

Lemma not_par_inter_unicity : VA B C D X Y,

A4B—C+#D— - ParABCD—ClABX —ColCDX —ColABY — Col
CDY —

X =Y

Lemma inter_unicity_not_par: VA B C D P,
—ColABC —-ColABP —ColCDP— —ParABC D.

Lemma col_not_col_not_par :

VABCD,

(3P, Cll AB P ACol CDP)—

(3Q, ClCD QAN —-Col AB Q)— —Par AB C D.

Lemma par_distincts : V A B C D,
Par ABCD — (ParABCDAMNAF#BANC #D).

Lemma par_not_col_strict : VA B C D P,
ParABCD—ColCDP — —Col AB P — Par_strict A B C D.

Lemma all_one_side_par_strict : V A B C D,
C+#D— (YVP,Col CDP — oneside AB C P)—
Par_strict A B C' D.

Lemma par_col_par_.2: VA B C D P,
A#4#P—-ColABP—>ParABCD —Par AP C D.

Lemma par_col2_par: VA B C D E F,
E+F—>ParABCD—ClCDFE—ColCDF—ParABEF.

Lemma par_strict_col_par_strict : VA B C D E,
C+#F — Parstict ABCD —ColCDFE —
Par_strict A B C F.

Lemma par_strict_col2_par_strict : VA B C D E F,
E+#+F —Parsticc ABCD —CdlCDFE —ColCDF —
Par_strict A B E F.

Lemma line_dec : V B1 B2 C1 C2, (Col C1 B1 B2 N Col C2 Bf B2) VvV — (Col C1 B! B2
A Col C2 B1 B2).

Lemma par_distinct : VA B C D,Par ABCD — A+ BN C # D.

Definition inter A1 A2 Bl B2 X =
(4P, Col PB1 B2 N —Col P A1 A2) N
Col A1 A2 X N Col B1 B2 X.

Lemma inter_trivial : VA B X, "Col A B X —interA X BX X
Lemma inter.sym: VA B C D X, C #D —inter ABCDX —inter CDABX.
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Lemma inter_left_comm : VA B C D X,inter ABCD X —inter BACD X
Lemma inter_right_comm : VA B C D X, inter ABCD X —interABD C X.
Lemma inter.comm : VA B C D X, inter ABCD X —inter BAD C X.
Lemma other_point_exists : V A, 9 B : Tpoint, A # B.

Lemma |12_17: VA B C D P,
A # B — is_midpoint P A C — is_midpoint P B D — Par A B C D.

Lemma 112_18_a :
VABCDP,
CongABCD—-CongBCDA— —-ClABC —
B#D—ColAPC—ColBPD—
Par A B C D.

Lemma [12_18_b :
VABCDP,
CongABCD—CongBCDA— —-ClABC —
B#D —ClAPC—CdBPD—
Par B C' D A.

Lemma 112_18_c :

VABCDP,
CongABCD—-CongBCDA— —-ClABC—
B#D 5ClAPC—>ClBPD—
two_sides B D A C.

Lemma [12_18_d :

YVABCDP,
CongABCD—-CongBCDA— —ColABC —
B+#D—ColAPC—ClBPD—

two_sides A C B D.

Lemma [12_18 :

VABCDP,

CongABCD—CongBCDA— —-ClABC—
B#D—ClAPC—CdBPD—

Par ABC D ANParBC D A Atwo_sides BD A C Ntwo_sides A C B D.

Lemma par_two_sides_two_sides :
VABC D,
Par ABC D — two_sides BD A C —
two_sides A C' B D.

Lemma out_one_side_1 :

VABCD X,
A#B—-ClABC—-ClABX —outX CD —
one_side A B C D.
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Lemma midpoint_preserves_out :
VABCA B C’ M,
out AB C —
is_midpoint M A A’ —
is_midpoint M B B’ —
is_midpoint M C C" —
out A’ B’ C".
Lemma [12_.21_b: VA B C D,
two_sides A C B D —
(CongaBACD CA—ParABCD,).

Lemma 6_7_1: VA B C D,
outABC —soutABD—
out A C D.

Lemma [12_22_aux :

VABCDP,
Distincts P A C — Bet P A C — one_side P A B D —
Conga BAPDCP—
Par A B C D.

Lemma 112_22_b :

VABCDP,

out PAC —oneside PABD —CongaBAPDCP—
Par A B C D.

Lemma par_strict_par : VA B C D,
Par_strict AB C D — Par A B C D.

Lemma par_strict_distinct : V A B C D,
Par_strict A B C D — A#B N C#D.

Lemma col_par : VA B C,
A#B—B#(C—
Col ABC —Par ABBC.

End T12_2.
Hint Resolve col_par : par.
Section T12_3.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma perp_not_par: VA B X Y Perp ABX Y - -Par AB X Y.
End T12_3.
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Chapter 16

Library Ch12_parallel_inter_dec

Require Export Chl2_parallel.
Section T13.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma two_sides_dec :
VABC D,
two_sides A B C DV —two_sides A B C D.

Lemma not_par_inter_exists : V A1 B1 A2 B2,
—Par A1 B1 A2 B2 - 34X, Col X A1 B1 N Col X A2 B2.

Lemma not_par_two_sides : V A B C D,
A#B—-C#D— ParABCD—
4X,3Y,ClCDXANCol C DY Atwo_sidesAd B X Y.

Lemma not_par_other_side : V A B C D P,
A+#B—-C+#D— ParABCD — —ColABP —
3@, Col CD Q Ntwo_sides A B P Q.

Lemma parallel _unicity_aux : V A1 A2 B1 B2 C1 C2 P,
- Col P A1 A2 —

Par A1 A2 B1 B2 — Col P B1 B2 —

Par A1 A2 C1 C2 — Col P C1 C2 —

Col C1 B1 B2 A Col C2 Bl B2.

Lemma parallel _unicity :

VY A1 A2 B1 B2 C1 C2 P : Tpoint,
Par A1 A2 B1 B2 — Col P Bl B2 —
Par A1 A2 C1 C2 — Col P C1 C2 —
Col C1 B1 B2 A Col C2 B1 B2.

Lemma par_trans : V A1 A2 B1 B2 C1 C2,
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Par A1 A2 Bl B2 — Par B1 B2 C1 C2 — Par A1 A2 C1 C2.

Lemma 112_16 : V A1 A2 B1 B2 C1 C2 X,
Par A1 A2 B1 B2 — inter A1 A2 C1 C2 X — 3Y, inter Bl B2 C1 C2 Y.

Lemma not_one_side_two_sides :
VABXY,
A+ B —
- Col X AB —
- Col Y AB —
—one_sidle A BX Y —
two_sides A B X Y.

Lemma one_or_two_sides :
VABX Y,
- Col X AB —
- Col Y AB —
two_sides A B X Y Vone_side A B X Y.

Lemma one_side_dec: VA B C D,
one_sidle A B C DV —one_side A B C D.

Lemma lea_cases :
VABCDETF
A#B—-C#B—-D+#F—F+#FE—
lekaABCDFEFVleaDEFABC.
Lemma or_lta_conga_gta: VA B C D E F,
A#B—->C#B—-D+#F—>F#FE —
taABCDEFEFVgtaABCDEFVCongadBCDFEFF

Lemma not_lta_gea: VA B C D E F,
A+4B—-C+#B—-D+F—F+#F—
- taABCDEF —
gecaABCDEF

Lemma par_strict_one_side: VA B C D P,
Par_strict A B C D — Col C D P — one_side A B C P.

Lemma par_strict_all_one_side : VA B C D,
Par_strict A B C D — (¥ P, Col C D P — one_side A B C P).

Lemma Par_dec: VA B C D,Par AB C DV —ParAB C D.
Lemma par_not_par : VA B C D P Q,Par ABCD — —ParABP @ — —Par C DP Q.

Lemma par_inter : VA B C D P @ X,Par ABCD — ParABP (@ — Col P QX —
CoadABX —>4Y,CdP QY ANColCDY.

Lemma [112_19 :
VABCD,
—ColABC —sParABCD—-ParBCDA-—
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Cong ABCDANCongBCD ANtwo_sides BD A C Atwo_sides A C B D.

Lemma 112_20_bis :
VABCD,
Par ABCD — Cong ABCD —two_sides BD AC —
Par BC D ANCong BCDAAtwo_sides AC B D.

Lemma 112_20 :

VABCD,

Par ABCD —Cong AB CD —two_sides A C BD —
Par BC D ANCong BCD ANtwo_sides A C B D.

Lemma par_one_or_two_sides :
VABC D,
Par_strict A B C D —
two_sides A C B D N two_sides B D A C \V one_side A C B D N one_side B D A C.

Lemma 112_21_a:
VABC D,
two_sides A C B D —
(Par AB C D — CongaBACDC A).

Lemma 11221 : VA B C D,
two_sides A C B D —
(Conga BACD C A+« Par AB C D).

Lemma 112_.22_a: VA B C D P,
out PAC —onesidePABD —ParABCD —
Conga BAPDC P

Lemma [12_22 :
VABCDP,
out PAC —one_side PABD —
(Conga BAPDCP <« ParABCD,).

Lemma [12_23 :
VABC,
-Col A B C —
4B, 3C,
two_sides A C B B’ N two_sides A B C C’ A
Bet BPAC NCongaABCBAC NCongaACBCADB.

Lemma parallel_trans: VA B C D E F,ParABCD —ParCDEVF —ParABEF.

Lemma not_par_strict_inter_exists :
V Al B1 A2 B2,
—Par_strict A1 B1 A2 B2 —
34X, Col X A1 B1 N Col X A2 B2.

Lemma not_par_inter : VA B A’ B’ X Y, -Par ABA"B — (3P, ColPX Y A (Col P
A BV ColP A" B)).
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Lemma not_par_one_not_par: VA B A’ B’ X Y, ParABA’ B — —ParABX Y V —Par
A’B X Y.

Lemma col_par_par_col : VA B C A’ B’ ¢, CollABC —-ParABA" B —Par B (C B’
C’— Col A’ B’ C".

Lemma parallel_existencel : VA B P, A+ B — 3 Q, Par AB P (.

Lemma par_strict_not_col : VA B C D, Par_strict A B C D —-V X,Col A BX — —Col C
D X.

Lemma perp_inter_exists : VA B C D,Perp A B C D — 3P, ColABP ANCol CDP.

Lemma perp_inter_perp_in: VA B C D,Perp ABC D — 3P, ColABPANCol CDPA
Perp_in P A B C D.

Lemma cong_conga_perp : VA B C P, two_sides BP AC — Cong AB CB — Conga A B
PCBP —PerpACBP.

End T13.
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Chapter 17

Library Ch13_1

Require Export project.
Section L13.

Context ‘{ MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.
Pappus Desargues

Lemma triangle_mid_par: VA B C P @, -Col A B C' — is_midpoint P B C — is_midpoint
QQ AC — Par_strict A B @ P.

Lemma 113_.1: VA B C P Q R, -Col A B C — is_midpoint P B C — is_midpoint ) A C
— is_midpoint R A B

—dX,3dY,Perp.inRX Y AB N Perp X
Y P Q.

Lemma per It : VABC A+ B —C+#B—-PerABC—-ItABACANICBAC

Lemma cong_perp_conga: VA B C P,CongABC B —-PerpACBP —CongaABPC(C
B P N two_sides B P A C.

Lemma os_out_os: VA B C D C’P ,Col ABP —onessidle ABCD —outP CC —
one_side A B C" D.

Lemma ts_ts_os: VA B C D, two_sides A B C D — two_sides C D A B — one_side A C B
D.

Lemma ts_per_per_ts : VA B C D, two_sides A B C D — PerBC A—PerBD A —
two_sides C D A B.

Lemma lea_in_angle : VA B C A’ B’ C’ P,lea A’ B C"AB C —-CongaABP A’ B ('
— one_sidle A B C P
— InAngle P A B C.

Lemma 113.2_.1: VA B C D E,two_sides A B C D —PerBCA—PerBD A — Col C
DE
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—PerpAECD —CongaCABDAB
—Conga BACDAEANCongaBAD CAE N Bet
CED.

Lemma inangle_one_side : VA B C P @, Cod ABC ——-ColABP — —Col ABQ
— InAngle P A B C — InAngle Q A B C

— one_side A B P ().

Lemma inangle_one_side2 : VA B C P @, CollABC — - ColABP — —Col AB @
—ClCBP——-ColCBQ
— InAngle P A B C — InAngle Q A B C

— one_side A B P Q N\ one_side C B P
Q.
Lemma 113.2: VA B C D E,two_sidles A BC D —PerBCA—PerBD A— ColCD
E —Perp AECD
—Conga BACDAFEANCongaBAD CAE A Bet
CFED.

Lemma [13.8: VO P QU V,U#0 =V ##0 —=ClOPQ—ClOUYV
—PerPU O —PerQV O— (out O P @Q <> out O
U v).

Definition Perp2 :=fun ABCDP =3X,3dY,CdlPX Y ANPerp X Y A B A Perp
XY CD.

Lemma perp2_refl : VA B P, A+ B — Perp2 AB A B P.

Lemma perp2_sym : VA B C D P,Perp2 AB C D P — Perp2 C D AB P.

Lemma perp2_left_comm : VA B C D P,Perp2 AB C D P — Perp2 BAC D P.
Lemma perp2_right_.comm : VA B C D P,Perp2 AB C D P — Perp2 AB D C P.
Lemma perp2_comm : VA B C D P,Perp2 AB C D P — Perp2 BAD C P.

Lemma perp2_trans : VA B C D E F P,Perp2 AB C D P — Perp2 C D E F P — Perp2
ABEFP.

Lemma perp2_par : YA B C D O,Perp2 ABCD O —ParABC D.

Lemma perp2_preserves_bet : VO A B A’ B, Bet 0O AB — Col O A’ B”— —Col O A A’
%
Perp2 A A’ BB O —Bet O A’ B’

Lemma perp2_perp_in: VA B C D O,Perp2 ABC D O — —Col O ABAN—-ColOCD —
P, 3Q,CdABPANCICDQANClOP Q NPerpiinP OPAB A Perp_in Q O
Q CD.

Lemma perp_vectorl : VA B P, A+ B — 3@, Perp AB P Q.
Lemma par_perp2: VA B C D P,Par ABCD — Perp2ABC D P.
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End L13.
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Chapter 18

Library Ch13_2_length

Require Export Ch13_1.
Section Length_1.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Pappus Desargues
R o ot

Definition Ig (A : Tpoint — Tpoint — Prop) := Ja, 3b, V2 y Congabzy+« Az y.
Definition long A B := funz y = Cong A B = y.

Lemma lg_exists : VA B, 31, gl N[ A B.

Lemma lg_cong: VI AB CD,lgl -1 AB—-1CD— Cong ABC D.

Lemma lg_cong_lg: VI AB C D,lgl -1 AB —CongABCD—1CD.

Lemma Ilg_sym: VI A B lgl—1AB— 1B A.

Lemma ex_points_lg : V [, lgl — 3 A, 9B, [ A B.

End Length_1.

Ltac lg_instance | A B :=

assert(tempo_sg:= ex_points_lg [);

match goal with

|H: g | F _ = assert(tempo_H:=H); apply tempo_sg in tempo_H; elim tempo_H;

intros A ; intro tempo_HP; clear tempo_H; elim tempo_HP; intro B; intro; clear
tempo_HP

end;

clear tempo_sg.

Section Length_2.
Context ‘{ MT:Tarski_2D_euclidean}.
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Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.

Definitionis_len:=fun A Bl =Igl N[ A B.

Lemma is_len_cong : VA B C D [ is_len A Bl —is_len C D[ — Cong A B C D.

Lemma is_len_cong_is_len : VA B C D l,is_len A Bl — Cong A B C D —is_len C D I
Lemma not_cong_is_len: VA B C D1, (Cong A B C D) —is_len ABIl— ~( C D).
Lemma not_cong_is_lenl: VA B C D1l,—-Cong AB CD —is_len AB [ — —is_len C D I
Definition Ig_null :=funl=Igl ANdA, [ AA

Lemma Ig_null_instance : V[ A, lg_null | — [ A A.

Lemma Ig_null_trivial : V[ A, gl — 1 A A — Ig_null L.

Lemma Ig_null_dec : V [, Ig | — Ig_null [ v —lg_null /.

Lemma ex_point_lg: VI A, lgl — 3B, | A B.

Lemma ex_point_lg_out: VI AP, A4 P —lgl— —lgnulll -3 B, ABANoutABP.
Lemma ex_point_lg_bet : VI A M, lgl — 3 B : Tpoint, [ M B N Bet A M B.

End Length_2.

Ltac lg_instancel | A B :=
assert(tempo_sg:= ex_point_lg [);
match goal with
|H: Ilg | = _ = assert(tempo_H:—H); apply (tempo_sg A) in tempo_H; er_elim
tempo_H B; 4 B
end;
clear tempo_sg.

Tactic Notation "soit" ident(A) ident(B) "de" "longueur" ident(l) := lg_instancel | A B.

Ltac lg_instance2 | A P B :=
assert(tempo_sg:= ex_point_lg_out 1);
match goal with
H: A4 P+ _=
match goal with
|HP : gl F _ =
match goal with
|HQ : —lg_null [ - _ = assert(tempo_ HQ:=HQ);

apply
(tempo_sg A P H HP) in tempo_HQ);
ex_and
tempo_H(@) B
end
end
end;
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clear tempo_sg.
Tactic Notation "soit" ident(B) "sur" "la" "demie" "droite" ident(A) ident(P) " /" "longueur"
ident(A) ident(B) "=" ident(l) := lg_instance2 | A P B.
Section Length_3.
Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma ex_points_lg_not_col : VI P, Ilg!l — —lg-null l - 34 A, 9B, AB A —~Col AB P.
End Length_3.

Ltac lg_instance_not_col | P A B :=
assert(tempo_sg:= ex_points_lg_not_col | P);
match goal with
|HP :lg | F _ = match goal with
|HQ : —lg_null [ - _ = assert(tempo_ HQ:=HQ);
apply (tempo_sg HP)

in tempo_H(Q);
elim tempo_HQ);
intro A4;
intro tempo_HR;
elim tempo_HR;
intro B,
intro;
spliter;
clear tempo_HR tempo_HQ)
end
end;

clear tempo_sg.

Tactic Notation "soit" ident(B) "sur" "la" "demie" "droite" ident(A) ident(P) " /" "longueur"
ident(A) ident(B) "=" ident(l) := lg_instance2 | A P B.

Section Length_4.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Definition eqL :=fun 7 I2 = Igll Nlgl2 NN AB, Il AB <+ 12 AB.
Notation "Il =I= 12" := (eqL /1 [2) (at level 80, right associativity).
Lemma ex_eql : V(1 12, (J A, 3B, is_len A Bl Nis_len A B 12) — eqL 11 [2.
Lemma all_eql : V A B l1 12,is_len A Bl —is_len A B 12 — eqL I1 I2.

Lemma null_len : V A B la Ib,is_len A A la — is_len B B Ib — eqL la Ib.
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Lemma eql_refl : V [ Ig ] — eqL [ [

Lemma eql_sym : V [1 2, Ilg 1l — Ig 12 — eqL 11 12 — eqlL 12 (1.

Lemma eql_trans : V I1 12 13, Ig 1l — g2 — g 18 — eqL 11 12 — eqL 12 13 — eqL 11 3.
Lemma ex_lg: VA B 31, lgl Nl AB.

End Length_4.
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Chapter 19

Library Ch13_3_angles

Require Export Ch13_2_length.

Section Angles_1.

Context ‘{ MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Definition ang (A4 : Tpoint — Tpoint — Tpoint — Prop) :=Ja, 3b, d ¢, a #bAc#b
A

Vayz Congaabdcuz
yz<srAzxyz

Definitionangle A B C :=funz y 2z = Conga A B C z y z

Lemma ang_exists : VA B C,A# B - C #B — da,anga Na AB C.
Lemma ex_points_ang : Va ,anga — 31 A, 3B, 3C, a ABC.

End Angles_1.

Ltac ang_instance a A B C =
assert(tempo_ang:= ex_points_ang a);
match goal with
|H: ang a - _ = assert(tempo_H:=H); apply tempo_ang in tempo_H;
elim tempo_H; intros A ; intro tempo_HP; clear tempo_H;
elim tempo_HP; intro B; intro tempo_HQ) ; clear tempo_HP

elim tempo_HQ; intro C; intro; clear tempo_HQ)
end;
clear tempo_ang.

Section Angles_2.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
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Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma ang_conga: Va AB C A" B’ (C’yanga —-aABC —aA B (C"— Conga AB
C A’ B C"

Definitionis_ang :=fun A B C a = anga N a A B C.

Lemma is_ang_conga: VA B C A’ B’ C’ a,is_.ang A B C a — is_.ang A" B’ (" a — Conga
ABCA B C.

Lemma is_ang_conga_is_ang : VA B C A’ B’ (" a,is_.ang A B C a - Conga A B C A’ B’
C’ —is_ang A” B’ C7 a.

Lemma not_conga_not_ang : VA B C A’ B’ C’ a ,ang a — "(Conga A B C A’ B’ (") —
aABC— "(a A”B ().

Lemma not_conga_is_ang: VA B C A’ B’ C’a, (Conga A B C A’ B’ C’) —is_.ang A B
Ca— "(a A’ B ().

Lemma not_cong_is_angl : VA B C A’ B’ (" a, (Conga A B C A’ B’ (") —is_ang A B
C a— “(iscang A’ B” C7 a).

Definition eqA’ := fun af a2 = angal —anga2 -V ABC, al ABC <« a2 ABC.
Definition eqA := fun al a2 = ang al Nang a2 NV AB C,al ABC < a2 AB C.

Lemma ex_eqa : V al a2, (F A, 3B, 3C,iscang A B C al Nis_cang A B C a2) — eqA
al a2.

Lemma all_eqa: VA B C al a2,is_.ang A B C al — is_ang A B C a2 — eqA al a2
Lemma is_ang_distinct : VA B C a ,iscang A B Ca— A+ BN C # B.
Lemma null_ang : VA B C D al a2, is_.ang A B A al —is_.ang C D C a2 — eqA al a2.

Lemma flat_ang : VA B C A’ B’ C’ al a2, Bet AB C — Bet A’ B" ¢’ — is_.ang A B C
al —is_ang A’ B’ C’ a2 — eqA al a2.

Lemma ang_distinct: Va A B Cianga - a AB C — A+ BN C # B.

Lemmaex_ang: VAB C,B#A—B#C —3da,anga/NaABC

Definition anga (A : Tpoint — Tpoint — Tpoint — Prop) := Ja, 3b, ¢, acutea b ¢ A
Vayz Congaabdcuz

yz<<rAzxyz
Definition anglea A B C :=funz y 2z = Conga A B C zy 2

Lemma anga_exists : VA B C,A# B - C # B —acute ABC — Ja,angaa Na ABC.
Lemma anga_is_ang : V a, anga ¢ — ang a.

Lemma ex_points_anga: YV a ,angaa — 31 A, 3B, 3C, a AB C.

End Angles_2.

Ltac anga_instance a A B C' =
assert(tempo_anga:= ex_points_anga a);
match goal with
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|H: anga a b _ = assert(tempo_H:=H); apply tempo_anga in tempo_H;
elim tempo_H; intros A ; intro tempo_HP; clear tempo_H;
elim tempo_HP; intro B; intro tempo_-H() ; clear tempo_HP

elim tempo_HQ); intro C; intro; clear tempo_HQ)
end;
clear tempo_anga.

Section Angles_3.

Context ‘{MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma anga_conga: Va A B C A’B’ C’angaa +»a AB C —a A’ B (" — Conga A
B CA B (C.

Definitionis_anga:=fun A B C'a = angaa Na A B C.

Lemma is_anga_to_is_ang : VA B C a,is_anga A B C' ¢ — is_ang A B C .

Lemma is_anga_conga: VA B C A’ B’ C’ a,is_anga A B C a — is_anga A’ B’ (" a —
Conga AB C A’ B ("

Lemma is_anga_conga_is_anga: VA B C A’ B’ (" a,is_.anga A B C a — Conga A B C A’
B’ " —is_anga A’ B’ C’ a.

Lemma not_conga_is_anga: VA B C A’B’ (" a, - Conga A B C A’ B’ (" —is_anga A
BCa—"(aA”B ().

Lemma not_cong_is_angal : VA B C A’ B’ (" a, ~Conga A B C A’ B’ (" —is_anga A B
C a— —is_anga A’ B’ (" a.

Lemma ex_eqaa : V al a2, (3 A, 3B, 3C,iscanga A B C al Nis_anga A B C a2) —
eqA al a2

Lemma all_eqaa : VA B C al a2, is_anga A B C al — is_anga A B C a2 — eqA al a2.
Lemma is_anga_distinct : VA B C a ,isc.anga A B Ca — A# BN C # B.

Lemma null_anga: VA B C' D al a2, is_anga A B A al —is_anga C D C a2 — eqA al a?.
Lemma anga_distinct: Va A B C,angaa -a ABC —- A# BN C # B.

Lemma out_is_len_.eq: VA B C Lout AB C —is_len ABl—is_len ACI!l— B=2C.
Lemma out_len_eq: VA B Cllgl >outABC —>1AB—1AC—B=C.

Lemma ex_anga : VA B C,acute A B (C - Ja,angaa Na ABC.

Definition not_null_ang := fun e = anga A\VA B C,a A B C — —out B AC.
Definition not_flat_ang := fun a = anga A\VA B C,a AB C — —Bet AB C.

Definition not_null_ang’ := funa =anga ANJdA, 3B, 3C, a ABCA-outB AC.
Definition not_flat_ang’ := funa = anga A3 A, 3B,3C, a ABCAN-Bet ABC.

Definition is_null_ang :— funa =anga A\VA B C,a AB C —out B AC.
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Definition is_flat_ang := funa = anga A\VA B C,a A B C — Bet A B C.

Definition is_null_ang’ := funa = anga AN J A, 3B, 3C,a ABC ANoutBAC.
Definition is_flat_ang’ := funa = anga A3 A, 9B, 3C, a AB C NBet A B C.

Lemma not_null_ang_ang : V a, not_null_ang ¢ — ang «.
Lemma not_null_ang_def_equiv : V a, not_null_ang a <> not_null_ang’ a.
Lemma not_flat_ang_def_equiv : V a, not_flat_ang a <> not_flat_ang’ a.

Definition is_null_anga := fun ¢ = angaa ANVA B C,a A B C —outB A C.
Definition is_null_anga’ := funa = angaa A3 A, 3B, 3C, a ABCANoutBAC.

Definition not_null_anga := fun e = angaa AVA B C,a AB C — —out B AC.
Lemma ang_const: Va A Banga - A# B —-3C, a AB C.
End Angles_3.

Ltac ang_instancel a A B C =
assert(tempo_ang:= ang_const a A B);
match goal with
|H:ang a - _ = assert(tempo_H:= H );apply tempo_ang in tempo_H; ex_elim
tempo_H C
end;
clear tempo_ang.

Section Angles_4.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma ang_sym: Va A B Cianga —-a AB C —a C B A.

Lemma ang_not_null_lg:Val AB C,anga —Ilgl—-aABC—1AB — —lg_null [.
Lemma ang_distincts : Va A B Cianga —-a AB C —- A+ BANC+#B.

Lemma anga_sym : VYV a A B Ciangaa +a AB C — a C B A.

Lemma anga_not_null_lg:Val AB C,angaa —Ilgl—>aABC—1AB — —lg_null l.
Lemma anga_distincts : Va A B C,angaa - a ABC — A+ BANC+#B.

Lemma ang_const_o: YV a A B P, —=Col A B P — ang a — not_null_ang a — not_flat_ang a
—~3C,aABC None_side AB C P.

Lemma anga_const : Va A B,angaa - A# B —-3C, a AB C.
End Angles_4.

Ltac anga_instancel a A B C =
assert(tempo_anga:= anga_const a A B);
match goal with
|H: anga a - _ = assert(tempo_H:= H); apply tempo_anga in tempo_H;
ex_elim tempo_H C
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end;
clear tempo_anga.

Section Angles_5.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma null_anga_null_anga’ : V a, is_null_anga a <> is_null_anga’ a.

Lemma is_null_anga_out : Va A B C,angaa - a A B C — is_null_anga ¢ — out B A C.
Lemma acute_not_bet : VA B C,acute A B C — —Bet A B C.

Lemma anga_acute : Va A B C ,angaa —a A B C — acute A B C.

Lemma acute_col_out : VA B C,acute A B C — Col AB C —outB A C.

Lemma not_null_not_col : V a A B C, anga a — —is_null_angaa - a A B C — -Col A B C.
Lemma ang_cong_ang:Va A B C A’ B  C’,anga -a ABC(C —CongaAB C A" B (C’
—a A’ B C".

Lemma is_null_ang_out : Va A B C,anga - a A B C — is_null_ang a — out B A C.
Lemma out_null_ang : Va A B C,anga — a A B C — out B A C' — is_null_ang a.

Lemma bet_flat_ang: Va A B C,anga — a A B C — Bet A B C — is_flat_ang a.

Lemma out_null_anga: Va A B C,angaa —a A B C — out B A C — is_null_anga a.
Lemma anga_not_flat : V a, anga a — not_flat_ang a.

Lemma anga_const_o: Va A B P, -Col AB P — —is_null_anga ¢ —+angaa — 3 C, a A
B C None_side AB C P.

End Angles_5.
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Chapter 20

Library Ch13_4_cos

Require Export Ch13_3_angles.

Ltac anga_instance_o a A B P C =
assert(tempo_anga:— anga_const_o a A B P);
match goal with
|H: anga a - _ = assert(tempo_H:= H); apply tempo_anga in tempo_H;
ex_elim tempo_H C
end;
clear tempo_anga.

Section Cosinus.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Definition lcos := fun b lc a = Ig Ib A lg lc A anga a A
(A, 3dB,3C, (PerCBAANIABNMNIcACNA
a BAQO)).

Lemma 113_6 : V a lc ld [, Icos lc | a — lcos ld | a — eql lc ld.

Lemma null_lcos_eql : ¥V Ip [ a, Icos Ip I a — is_null_anga a — eqlL [ Ip.

Lemma eql_lcos_null : V [ Ip a, lcos | Ip a — eqL [ Ip — is_null_anga a.

Lemma lcos_lg_not_null: ¥ [ Ip a, lcos | Ip a — —lg_null [ A —lg_null Ip.

Lemma anga_col_out: Va A B C,angaa —a AB C —ClABC—outBAC.

Lemma perp_acute_out: VA B C C’,acute AB C — PerpAB C C’"— Col AB (" — out
B A C"

Lemma perp_out_acute : VA B C C’,out BA C’—PerpAB C C’"— Col A B (’ — acute
ABC.

Lemma perp_out__acute : YV A B C C’,Perp A B C C’ — Col A B C’ — (acute A B C +»
out B A C").
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Lemma obtuse_not_acute : V A B C, obtuse A B ' — — acute A B C.
Lemma acute_not_obtuse : V A B C, acute A B ' — — obtuse A B C.

Lemma perp_obtuse_bet : VA B C C’,Perp AB C C’ — Col AB C’ — obtuse A B C —
Bet A B C".

Lemma perp_bet_obtuse : VA B C C',B #+ C’ — Perp AB C C’ — Col AB C”— Bet A
B C’ — obtuse A B C.

Lemma anga_conga_anga: Va A B C A’B’ C’,angaa —+>a AB C — Conga AB C A’
B C"—aA B (.

Lemma anga_out_anga: Va AB C A’ C’,angaa +>a ABC —-out BAA —outBC
C’—aA BC.

Lemma out_out_anga: Va A B C A’ B"’ C’,angaa -out BAC —-outB A’ (C" —a A
BC—aA B C.

Lemma is_null_all : Va A B, A# B —is_null_anga a — a A B A.

Lemma lcos_constO : V [ Ip a, lcos Ip | a — is_null_anga a —
JA,9B,3C,IABNlpBCNaABC.

Lemma lcos_constl : ¥V [ Ip a P, lcos Ip [ a — — is_null_anga a —
JA,dB,3C, ~ColAB P None_side ABCPANIABANIpBCANaABUC.

Lemma lIcos_const : VIp [ a,lcos Ip | a —
4A4,4B,3C, pABANIBCANaABC.

Lemma lcos_lg_distincts : Vipla AB C,lcoslpla—1AB—lpBC—-aABC—A
#+ B N C # B.

Lemma lcos_const_a : Vipla B, lcoslpla—3dA, 3C,|ABANIlpBCANaABC.
Lemma lcos_const_ab: Vipla B A,lcoslpla—1AB—3C,lpBCANaABC.

Lemma lcos_const_cb : ViIpla B C,lcoslpla—IlpBC —3dA, lABANaABC.

Lemma lcos_lg_anga : V[ Ip a,lcoslp [l a — lcoslp [ a Nlg 1 A lg lp A anga a.

Lemma eql_lg : V {1 2, eqlL 11 12 — Ig 1 N lg I2.

Lemma lcos_eql_lcos : V Ip1 1 Ip2 12 a, eql Ip! Ip2 — eql 11 12 — lcos Ip1 11 a — lcos Ip2
2 a.

Lemma ang_not_lg_null : Y alalc A B C,lgla — lglc — ang a —
la AB—=1lcCB—aABC-— —lg_nullla N —lg_null lc.

Lemma anga_not_lg_null : Valalc A B C,lgla —Iglc —
angaa > laAB—IlcCB—aABC-— —lg_nullla A —Ilg_null lc.

Lemma lcos_not_lg_null : Y Ip [ a, lcos Ip | a — — Ig_null Ip.

Lemma lcos_const_o: Vipla AB P, - Col ABP — —is_null_angaa — Igl — g lp —
angaa - [ AB —lcosilpl a—
4 C,onesidke ABCPANaABCANIpBC.
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Lemma anga_col_null : Va A B C,angaa —a AB C — C ABC —outB ACA
is_null_anga a.

Lemma flat_not_acute : VA B C,Bet A B C — —acute A B C.
Lemma acute_comp_not_acute: VA B C D,Bet A B C' — acute A B D — —acute C B D.

Lemma lcos_per: VA B Clpla,angaa —Igl —lgilp —
lcoslpla—1AC —-IlpAB—-aBAC—PerABC.

Lemma is_null_anga_dec : V a, anga a — is_null_anga a VV —is_null_anga a.

Lemma lcos_lg: Valpl AB C,lcoslpla—PerpABBC —>aBAC—>I1AC—1IpA
B.

Lemma 113_7 : YV a b [ la b lab lba, Icos la [ a — lcos Ib | b —
lcos lab la b — lcos lba Ib a — eql lab lba.

Lemma out_acute : VA B C,out B A C — acute A B C.
Lemma perp_acute : VA B C P,Col AC P — Perp_.in P B P AC — acute A B P.
Lemma null_lcos : V [ alg | — —lg_null [ — is_null_anga ¢ — lcos [ | a.

Lemma perp2_preserves_betl : VO A B A’ B, Bet AO B — Col O A’ B’ — —Col O A A’
%
Perp2 AA” BB O —Bet A" O B’

Lemma eqA_preserves_anga : V a b, anga a — ang b — eqA a b — anga b.

End Cosinus.
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Chapter 21

Library Ch13_5_Pappus_Pascal

Require Export Ch13_4_cos.
Section Pappus_Pascal.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma 113_10_aux1 : VO A B P Q la lb lp lg,

CadOAB —-ClOPQ—>PerpOPPA—PerpOQQB—

lgla = lglb —lglp —>lglg —1la OA—=1WOB—=IlpOP—Ilg0Q—
Ja, anga a Alcos Ip la a A lcos lg Ib a.

Lemma acute_trivial : V A B, A ## B — acute A B A.
Lemma lcos_eqa_lcos : VIp [ a b, lcoslp | a — eqA a b — lcos Ip [ b.

Lemma 113_10_aux2 : V O A B la lla Ib b,

Col OAB —lgla—lglla—Ilglb—Ilgllb—1la OA—llaOA—1IbOB—IbOB
%

A+ 0O — B+#+0 — da, anga a A lcos lla la a N lcos b Ib a.

Lemma acute_not_per: VA B C,acute AB C — —Per A B C.

Lemma lcos_exists : V [ a, anga a — Ig | — —lg_null [ — FIp, lcos Ip [ «a.
Definition lcos_eq := fun la a [b b = J Ip, lcos Ip la a N lcos Ip [b b.
Lemma lcos_eq_refl : V la a, Ig la — —lg_null la — anga a — lcos_eq la a la a.
Lemma lcos_eq_sym : V la a Ib b, lcos_eq la a Ib b — lcos_eq Ib b la a.

Lemma lcos_eq_trans : V la a Ib b lc ¢, Icos_eq la a Ib b — lcos_eq Ib b lc ¢ — lcos_eq la a lc
c.

Definition lcos?2 := funlp [ a b = Jla, lcos la [ a A lcos Ip la b.
Lemma lcos2_comm : YV Ip [ a b, lcos2 Ip | a b — lcos2 Ip [ b a.
Lemma lcos2_exists : V[ a b, lg ! — —lg_null | — anga a — anga b — Jlp, lcos2 Ip [ a b.
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Lemma lcos2_exists' : V[ a b, lg | — —lg_null [ —anga ¢ — anga b —
Jla, 3 lab, lcos la | a A lcos lab la b.

Definition lcos2_eq:=funlf a b 12 ¢ d = dlp, lcos2 Ip 11 a b A lcos2 Ip 12 ¢ d.
Lemma lcos2_eq_refl : V1 a b, Ilg !l — —lg_null [ — anga a — anga b — lcos2_eql a bl a b.
Lemma lIcos2_eq_sym : V1 a b 12 ¢ d,lcos2_eq 1 a b 12 ¢ d — lcos2_eq 12 ¢ d Il a b.
Lemma lcos2_unicity: V [ 11 12 a b,lcos2 11 l a b —lcos2 121 ab — eql 11 12

Lemma lcos2_eql_lcos2 : V lla llb la Ib a b, lcos2 la lla a b — eqL lla IIb — eql la Ib — lcos2
Ib 1lb a b.

Lemma lcos?2_lg_anga : Y Ip [ a b, lcos2 Ip l a b — lcos2 Ip l a b ANlgilp Nlgl A anga a A
anga b.

Lemma lcos2_eq_trans: V11 a b2 cd 13 e f lcos2_eqll a b2 ¢ d —lcos2_eql2 cd I3 ef
— lcos2_eq I1 a b 13 e f.

Lemma lcos_eq_lcos2_eq : V la lb a b ¢, anga ¢ — lcos_eq la a Ib b — lcos2_eq la a c b b c.

Lemma lcos2_lg_not_null: V Ip [ a b,1cos2 Ip | a b — —lg_null [ A =lg_null Ip.

Definition lcos3 :=funlpla b c = Jla, J1lab, Icosla | a N lcos lab la b N lcos Ip lab c.

Lemma lcos3_lcos_1_2: Viplab e lcos3iplabec<+ Ila,lcoslal a Alcos2 Ip la b c.

Lemma lcos3_lcos_2_1:Viplabeclcos3ilplabc<>lab, lcos2 labl a b A lcos Ip lab c.

Lemma lcos3_permut3 : Vipla b e lcos3lplabec—lcos3Ilplbac

Lemma lcos3_permutl : Vip l a b ¢, lcos3lplabec—lcos3iplach

Lemma lcos3_permut2 : Vipla b e lcos3Ilplabec—lcos3iplcha.

Lemma lcos3_exists : V1 a b ¢, Ilg !l — —lg_null [ — anga ¢« — anga b — anga ¢ —
Jlp,lcos3iplabdec

Definition lcos3_eq:=funll abcl2def = dlp,lcos3Ilpll abc Nlcos3ilpi2 def

Lemma lcos3_eq_refl : V1 a b ¢, lgl — —lg_null I — anga a — anga b — anga ¢ — lcos3_eq
labclabde

Lemma lcos3_eq_sym : VIl a b cl2 d e f lcos3_eqll abcl2 def — lcos3_eql2 def Il
ab c.

Lemma lcos3_unicity: V1 11 12 a b ¢, lcos311 1l abc—lcos3121abc— eqlll 2

Lemma lcos3_eql_lcos3 : V lla Ilb la Ib a b ¢, lcos3 la lla a b ¢ — eql lla IIb — eqlL la b —
lcos3 b b a b c.

Lemma lcos3_lg_anga: Viplabec lcos3lplabec—lcos3lplabenlglp ANlgl A angaa
A anga b A anga c.

Lemma lcos3_lg_not_null: Vip [ a b ¢, lcos3 lp 1 abc— —lg_null I A —=lg_null ip.

Lemma lcos3_eq_trans : V11 abcl2 de f 13 ghi,
lcos3_eq !l abcl2def —lcos3_eql2defl3 ghi—lcos3_eqll abcld ghi
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Lemma lcos_eq_lcos3_eq : V la Ib a b ¢ d, anga ¢ — anga d — lcos_eq la a b b — lcos3_eq
la acdlbbdecd.

Lemma lcos2_eq_lcos3_eq : Vila lb a b c d e, anga e — lcos2_eq la a b lb ¢ d — lcos3_eq la
abelbcde

Lemma |13_6_bis : V Ip {1 12 a, lcos Ip [1 a — lcos Ip 12 a — eql 11 [2.
Lemma lcos3_lcos2 : V11 [2 a b cdn,lcos3_eqll abnl2cdn—lcos2_eqll abl2 cd.
Lemma lcos2_lcos : V11 12 a b ¢, lcos2_eq Il a ¢ 12 b ¢ — lcos_eq I1 a [2 b.

Lemma lcos_per_anga : V O A Plalp a,lcoslpla a = la OA—1Ilp OP —PerAP O —
aAOP.

Lemma lcos_lcos_col : Via lblp a b O A B P,
lcos Ip la a = lcos lplbb—1la OA—IWbOB—-lpOP—aAOP—bBO0OP— Col
ABP.

Lemma 113_10_aux3: VA B C A’ B’ ¢’ O,
- ColOAA —
B#+#0—C+#0—-ClOAB—ColOBC—
B #0—C+#0—
Col O A”B”— Col O B" C" = Perp2 B(C’ C B O — Perp2 CA”AC’ O —
Bet A OB —Bet A’ O B’

Lemma 113_10_aux4 : VA B C A’ B’ C’ O,

—ClOAA"-B+#0—-C#0—-ClOAB—-ClOBC—>B#0—CC+#20
%

ColOA”"B”—-Col OB C" —Perp2 B(C"CB O —Perp2CA"AC" O —BetO A
B —

out O A’ B’

Lemma 113_10_aux5: VA B C A’ B’ C’ O,
“ColOAA"—->B#+#0—-C+#0—>ClOAB—CdlOBC —
B #+#0—-C+#0—=Cl0OA"B —Cl OB C'—

Perp2 B C’ C B O — Perp2 C A”AC’” O —out O AB —
out O A’ B’

Lemma per_per_perp: VA B X Y,
A#+4#B—>X#+Y —
(BA#XVB#Y)—>PerABX -PerABY —
Perp A B X Y.

Lemma 113_.10: VA B C A’ B’ C’ O,
- ClOAA"—-B+0—CH#0—
ColOAB—ColOBC —
B #0—C+#0—
Col O A” B> — Col O B’ C" —
Perp2 B C'C B O — Perp2 C A”AC" O —
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Perp2 A B’ B A’ O.

Lemma 113_11: VA B C A’ B’ C’ O,
- Col 0O A A —
B+0—C#0—
ColOAB —ColOBC —
B #0—C+#0—
ColOA’B"—-Col OB " —wParB(C’CB —ParC A AC —
Par AB’B A"

Lemma 113_14: VO AB C O’ A’ B’ (',
Par_strict O A O’ A’ - Col O AB - Col OB C —-ColOAC —
Col O A" B” = Col O B”C’ = Col O A" C" —
Par A C’ A" C —wParBC'’B"C —-ParAB A’ B.

End Pappus_Pascal.
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Chapter 22

Library
Ch13_6_Desargues_Hessenberg

Require Export Ch13_5_Pappus_Pascal.
Section Desargues_Hessenberg.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma 113_.15_.1: VA B C A’ B’ C’ O,
- ClABC— —-ParOBAC—
Par_strict A B A’ B> — Par_strict A C A’ C'—
ColOAA" —-ColOBB —ColOCC —
Par B C B’ C".

Lemma 113_15_2_aux: VA B C A’B’ C’ O, -Col AB C

— —Par O A B C

—ParO BAC

— Par_strict A B A’ B’

— Par_strict A C' A’ C"

— Col O AA” — Col O BB — Col OC
o

— Par B C B’ C".
Lemma 113_.15.2: VAB C A’ B C° O, -Col AB C

—ParO BAC

— Par_strict A B A’ B’

— Par_strict A C' A’ "

— Col O AA” — Col O BB — Col OC
o

— Par B C B’ C".
Lemma 113_.15: VA B C A’ B’ C° O, —-Col AB C
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— Par_strict A B A’ B’

— Par_strict A C A7 C”

— Col O AA” - Col O BB — Col OC
07

—Par B C B’ C".
Lemma 113_15_par: VA B C A’ B’ C’, -Col A B C

— Par_strict A B A’ B’

— Par_strict A C A’ C"

—ParA A’ B B’

—Par A A’ C C’

— Par B C B’ C".

Lemma 11318 2: VA B C A’ B’ C" O, -Col A B C

— Par_strict A B A’ B’

— Par_strict A C A’ C”

— (Par_strict B C B” C" AN Col O A A’ AN Col O B B’
— Col O C ).

Lemma 113_.18.3: VA B C A’ B’ C’, -Col A B C
— Par_strict A B A’ B’
— Par_strict A C A’ C’
— (Par_strict B C B” C’ N Par A A’ B B’)
— (Par C C° A A’ NPar C C' B B’).

Lemma [13_.18: VA B C A’ B” C” O, -Col A B C A Par_strict A B A’ B’ A Par_strict A
C A C’
—(Par_strict B C B> C” N Col O A A’ N Col

O BB — ColOCC

A ((Par_strict B C B’ C’ NPar A A’ B B’)
— (Par C C" A A’ NPar C C" B B))

AN (ParAA”B B NParA A" C C” — Par
B CB (C).
Lemma 13.19_aux: YA B C D A’ B’ ¢" D’ 0,~Cll OAB - A+ A" = A+ C

- O0#4#A—> 044" —50+#C—0#C

- 0#B—-0#B -0#D—0#D’

—+ClOAC —-ClOAA —-ColO A

07

— Col O BD — Col O BB — Col OB
D’

— —ParABCD

—ParABA"B —wParAD A’ D’ — Par
B C B

—Par C D C’ D’
Lemma 113_.19: VA B C D A’ B’ C°" D’ O, -Col O A B
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07

D7

B CB C’

S O0+4A—>0+4A"—=>0+#C—0+#C
- 0#B—>0#B -0+#D—0#D’
—Col OAC —=-ColOAA” =-ColO A
—Col OBD —=ClOBB =-Cdl OB
—~ParABA’B —-ParAD A’ D’ — Par

—Par C D C" D"

Lemma 113_19_par_aux : VA B C D A’ B’ C" D’ X Y,

07

D7

C}

D7

B CB C’

X##A->XF#A - X #C = X #
Y #4B—>Y #B =Y #D-—>Y +#
—Col X AC - Col X AA” - Col X A
—Col Y BD —>Col Y BB —ColY B
—A#+C—=B#D—=AFA
— Par_strict X A Y B
— —Par ABCD
—ParABA’B"—>ParAD A’ D’ — Par

—Par C D C’ D’

Lemma 113_19_ par: VA B C D A’ B C°’ D’ X Y,
XA#A—-X#A 5 X#C—-X#C—>Y #B—=Y 4B Y #D—>Y #D —
Codl X AC—-ClXAA"—-ClXAC"—>CdlYBD—-ClY BB —ColYBD —

Par_strict X A Y B -Par A B A’ B” — Par
Par C D C’ D’

End Desargues_Hessenberg.
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Chapter 23

Library quadrilaterals

Require Export Ch12_parallel.
Section Quadrilateral.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma cong_identity_inv :
VABC A# B — —~Cong AB C C.

Lemma midpoint_midpoint_col : VA B A" B’ M,
A+ B —

is_midpoint M A A’ — is_midpoint M B B’ —
Col A BB —

A"+ B NColAA” B NCol BA” B’
Lemma midpoint_par :

VABA B M,

A+ B —

is_midpoint M A A’ —

is_midpoint M B B’ —

Par AB A’ B’
Lemma midpoint_par_strict :

VABA B M,

A+ B —

- Col AB B —

is_midpoint M A A’ —

is_midpoint M B B’ —

Par_strict A B A’ B".

Lemma le_left_comm : VA B C D,le ABCD —leBAC D.
Lemma le_right_comm : VA B C D,leABCD —leABDC.

Lemma le_comm :
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VABCDIleABCD—1leBADC.

Lemma le_cong_le :
VABCA B ()
Bet A B C —

Bet A’ B” ¢ —
le ABA B —

Cong BC B’ (" —
e A C A" C"

Lemma cong_le_le :
VABCA B ()
Bet A B C —

Bet A’ B’ (" —
le BC B’ C’ —

Cong ABA" B —
le A C A" C"

Lemma bet3_cong3_bet : VAB CDD A#4#B—>A+#+C —>A+#D —BetD AC — Bet
ACB —-BetDCD —CongABCD —-CongADBC—CongD CCD’
— Bet C B D"

Lemma bet_le_le :
VABCA B C,
Bet A B C —
Bet A’ B’ C’" —
le A BA B —
le BC B O —
le A C A C.

Lemma bet_double_bet :
VABCB C,
is_midpoint B A B —
is_midpoint C’ A C —
Bet A B C" —

Bet A B C.

Lemma bet_half_bet :
VABCB C,

Bet AB C —
is_midpoint B* A B —
is_midpoint C’ A C —
Bet A B’ C".

Lemma midpoint_preserves_bet :
VABCB C,

is_midpoint B’ A B —
is_midpoint ¢’ A C —
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(Bet A B C <> Bet A B’ ().

Lemma symmetry_preseves_bet1 :
VABMA B’
is_midpoint M A A’ —
is_midpoint M B B’ —
Bet M A B —
Bet M A’ B

Lemma symmetry_preseves_bet?2 :
VABMA B’
is_midpoint M A A’ —
is_midpoint M B B’ —
Bet M A’ B’ —
Bet M A B.

Lemma symmetry_preserves_bet :
VABMA B’
is_midpoint M A A’ —
is_midpoint M B B’ —
(Bet M A’ B’ <> Bet M A B).

Lemma bet_cong_bet :
VABCD,
A+ B —
Bet AB C —
Bet ABD —
Cong ADBC —
Bet B D C.

Lemma col_cong_mid :
VABA B
Par AB A" B’ —
— Par_strict AB A’ B’ —
Cong ABA" B —
4 M, is_midpoint M A A’ A is_midpoint M B B’ Vv
is_midpoint M A B’ A is_midpoint M B A".

Lemma mid_par_congl :
VABA B M,
A+ B —
is_midpoint M A A’ —
is_midpoint M B B’ —
Cong ABA” B ANPar AB A’ B’

Lemma mid_par_cong?2 :
VABA B M,
A+ B —
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is_midpoint M A A’ —
is_midpoint M B B’ —
Cong AB"A’BANPar AB A’ B.

Lemma mid_par_cong :
VABA B M,
A#+#B—A+B —
is_midpoint M A A” —
is_midpoint M B B’ —
Cong ABA” B NCong AB"A’”BNParABA’B"\NPar A B A’ B.

Parallelogram

Definition Parallelogram_strict := fun A B A’ B’ = two_sides A A’ B B’ N Par A B A’
B’ NCong AB A’ B’

Definition Parallelogram_flat := fun A B A’ B’ = Col AB A’ N Col A B B’

N Cong AB A’ B” N Cong A B’
A’ B

AN (A# A"V B+#B).
Definition Parallelogram := fun A B A’ B’ = Parallelogram_strict A B A’ B’ V Parallelo-
gram_flat A B A’ B’".

Lemma Parallelogram_strict_Parallelogram :
VABCD,
Parallelogram_strict A B C' D — Parallelogram A B C D.

Lemma plgf_permut :

VABCD,
Parallelogram_flat A B C D —
Parallelogram_flat B C' D A.

Lemma plgf_sym :

VABCD,

Parallelogram_flat A B C D —
Parallelogram_flat C D A B.

Lemma plgf_irreflexive :
vV A B,
— Parallelogram_flat A B A B.

Lemma plgs_irreflexive :
vV A B,
— Parallelogram_strict A B A B.

Lemma plg_irreflexive :
vV A B,
- Parallelogram A B A B.

Lemma plgf_mid :
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VABCD,
Parallelogram_flat A B C D —
4 M, is_midpoint M A C A is_midpoint M B D.

Lemma mid_plgs :

VABCDM,
- ClABC—
is_midpoint M A C — is_midpoint M B D —
Parallelogram_strict A B C' D.

Lemma mid_plgf_aux :
YVABCDM
A+ C—
Col AB C —
is_midpoint M A C — is_midpoint M B D —
Parallelogram_flat A B C' D.

Lemma mid_plgf :
YVABCDM
(A#+#CVB#D)—
Col AB C —
is_midpoint M A C — is_midpoint M B D —
Parallelogram_flat A B C' D.

Lemma mid_plg :

YABCDM,

(A£CVB+#D)—

is_midpoint M A C — is_midpoint M B D —
Parallelogram A B C D.

Lemma mid_plg_1 :

VABCDM,

A+ C—

is_midpoint M A C — is_midpoint M B D —
Parallelogram A B C D.

Lemma mid_plg_2 :

VABCDM,

B#D—

is_midpoint M A C — is_midpoint M B D —
Parallelogram A B C D.

Lemma midpoint_cong_unicity :

VABCDM,
Col AB C —
is_midpoint M A B A is_midpoint M C D —
CongABCD—
A=CNB=DVA=DANB=C.
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Lemma plgf_not_comm :
VABCD A+#B —
Parallelogram_flat A B C D —
— Parallelogram_flat A B D C A — Parallelogram_flat B A C D.

Lemma plgf_cong :
VABCD,
Parallelogram_flat A B C D —
Cong ABCDANCong AD B C.
DefinitionPlgA B C D:=(A# CV B+# D) N3 M, is_midpoint M A C N is_midpoint
M B D.

Lemma plg_to_parallelogram : VA B C D,Plg A B C' D — Parallelogram A B C D.

Lemma plgs_one_side :

VABCD,

Parallelogram_strict A B C D —
one_side A B C' D N one_side C D A B.

Lemma parallelogram_strict_not_col : V A B C' D,
Parallelogram_strict A B C D —
- Col A B C.

Rhombus

Definition Rhombus := fun A B C D = PlgA B C D N Cong A B B C.

Lemma Rhombus_Plg: VA B C D, Rhombus A B C D —PlgA B C D.

Lemma ex_col3: VA B C,Cod ABC —-3D,ClABDANA#DANB#DANC # D.
Rectangle

Definition Rectangle := fun A B C D = PlgA B C D AN Cong A C B D.

Lemma Rectangle_Plg: V' A B C D,
Rectangle A B C D —
Plg AB C D.

Lemma Rectangle_Parallelogram : V A B C D,
Rectangle A B C D —
Parallelogram A B C D.

Lemma plg_cong_rectangle :

VABCD,
PlgABCD —
CongACBD—
Rectangle A B C' D.

Lemma plg_trivial : V A B, A # B — Parallelogram A B B A.
Lemma plg_triviall : V A B, A # B — Parallelogram A A B B.
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Lemma col_not_plgs: VA B C D, Col A B C — —Parallelogram_strict A B C' D.

Lemma plg_col_plgf : VA B C D, Col A B C — Parallelogram A B C D — Parallelogram_flat
ABC D.

Lemma col_cong_bet: VA B C D,Col ABD —-CongABCD —BetACB —Bet(C A
D Vv Bet C B D.

Lemma col_cong2_betl : VA B C D, Col ABD — Bet AC B — Cong AB C D — Cong
ACBD — Bet CBD.

Lemma col_cong2_bet2: VA B C D,Codl ABD —Bet AC B — Cong AB C D — Cong
ADBC —Bet C AD.

Lemma col_cong2_bet3: VA B C D,Cod ABD —Bet AB C — Cong AB C D — Cong
ACBD —BetB C D.

Lemma col_cong2_bet4d : VA B C D,Col ABC —Bet ABD — Cong AB C D — Cong
ADBC —BetBDC

Lemma col_bet2_congl : VA B C D,Col ABD —BetACB—Cong ABC D — Bet C
BD — Cong ACDB.

Lemma col_bet2_cong2 : VA B C D,Col ABD —BetAC B —Cong ABC D — Bet C
AD — Cong D ABC.

Lemma plg_betl : V A B C' D, Parallelogram A B C D — Bet AC B —Bet D A C.
Lemma plgf_triviall : V A B, A # B — Parallelogram_flat A B B A.

Lemma plgf_trivial2 : V A B, A #* B — Parallelogram_flat A A B B.

Lemma plgf_not_point : V A B, Parallelogram_flat A A B B — A # B.

Lemma plgf_trivial_neq : V A C' D, Parallelogram_flat AA C D — C =D N A # C.

Lemma plgf_trivial_trans : V A B C, Parallelogram_flat A A B B — Parallelogram_flat B B C
C
— Parallelogram_flat A A C C Vv A = C.

Lemma plgf_trivial : V A B, A # B — Parallelogram_flat A B B A.

Lemma plgf3_mid : V A B C, Parallelogram_flat A B A C — is_midpoint A B C.

Lemma cong3_id: VA B CD, A#4#B —-Col ABC —-ClABD—-CongABCD —
CongADBC—CongACBD
—+A=DANB=CVA=CAB-=D.

Lemma col_cong_-midl : VA B C D, A# D — CollABC —-ColABD —CongABCD
—Cong ACBD
— 3 M, is_midpoint M A D A is_midpoint M B C.

Lemma col_cong-mid2 : VA B C D, A#C —-CollABC —ColABD —CongABCD
—Cong AD B C
— 4 M, is_midpoint M A C A is_midpoint M B D.
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Lemma plgs_not_col : V A B C D, Parallelogram_strict A B C' D — —Col A B C N —Col A
B D.

Lemma not_col_sym_not_col : VA B B’ ', =Col A B C' — is_midpoint A B B’ — —Col A
B’ C.
Lemma plg_existence : VA B C, A # B — 4 D, Parallelogram A B C D.

Lemma plgs_diff : V A B C D, Parallelogram_strict A B C D — Parallelogram_strict A B C
DNA#BANB#CANC#DAND#ANAFCANB+#D.

Lemma sym_par : VA B M, A+ B -V A’ B’ is_midpoint M A A’ — is_midpoint M B B’
— Par AB A’ B’

Lemma symmetry_preserves_two_sides: VA B X Y M A’ B’, Col X Y M — two_sides X YV
A B — is_midpoint M A A’ — is_midpoint M B B’
— two_sides X Y A’ B".

Lemma symmetry_preserves_one_side : VA B X Y M A’ B, Col X Y M — one_side X YV
A B — is_midpoint M A A’ — is_midpoint M B B’
— one_side X Y A’ B’

Lemma plgf_bet : V A B A’ B’, Parallelogram_flat A B B” A’
—~ Bet A’ B’ A ANBet B> A B
vV Bet A”A B NBet AB’' B
VBetAA”BANBet A’ B B’
VBet AB A" NBet B A’ B’

Lemma bet2_cong_bet: VAB CD A+ B —+Bet ABC —-Bet ABD — Cong ACBD
— Bet B C' D.

Lemma not_col_exists : VA B, A+ B — 3P, =Col A B P.
Lemma plgs_existence : V A B, A #+# B — 4 C, 9 D, Parallelogram_strict A B C' D.

Lemma Rectangle_not_triv : V A,
— Rectangle A A A A.

Lemma Rectangle_triv : V A B,
A#B —
Rectangle A A B B.

Lemma Rectangle_not_triv_2 : V A B,
— Rectangle A B A B.

Square
Definition Square A B C' D :— Rectangle A B C D N Cong A B B C.

Lemma Square_not_triv : V A,
- Square A A A A.

Lemma Square_not_triv_2 : V A B,
- Square A A B B.
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Lemma Square_not_triv_3: V A B,
- Square A B A B.

Lemma Square_Rectangle : V A B C D,
Square A B C D — Rectangle A B C' D.

Lemma Square_Parallelogram : VA B C D,
Square A B C D — Parallelogram A B C D.

Lemma Rhombus_Rectangle_Square : VA B C D,
Rhombus A B C D —
Rectangle A B C D —
Square A B C D.

Lemma rhombus_cong_square : V A B C D,
Rhombus A B C D —
CongACBD —
Square A B C D.

Kite

Definition Kite A B C D :—
Cong BC CDANCongD AAB.

Lemma Kite_.comm : V A B C D,
Kite ABCD — Kite CDAB.

End Quadrilateral.
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Chapter 24

Library quadrilaterals_inter_dec

Require Export Chl2_parallel_inter_dec.
Require Export quadrilaterals.
Require Export Tagged_predicates.

Ltac midpoint M A B :=
let T:= fresh in assert (7:= midpoint_existence 4 B);
ex—and T M.

Tactic Notation "Name" ident(M) "the" "midpoint" "of" ident(A) "and" ident(B) :=
midpoint M A B.

Ltac image-6 A B P° H P:=
let T:= fresh in assert (7:= |10_6_existence A B P’ H);
ex_and T P.

Ltac image A B P P’:=
let T:= fresh in assert (7:= |10_2_existence A B P);
ex_and T P’.

Ltac perp A B C X =

match goal with
| H(—=Col AB C)F _ =
let T:= fresh in assert (71:= I8_18_existence A B C H);
ex_and T X

end.

Ltac parallel A B C D P :=
match goal with
| H(A # B)F _ =
let T := fresh in assert(7:= parallel_existence A B P H);
ex_and T C
end.

Ltac par_strict :—
repeat
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match goal with

| H: Par_strict 7A 7B 7C 7D+ _ =

let T :=fresh in not_exist_hyp (Par_strict B A D C); assert (T := par_strict_comm
AB C D H)

| H: Par_strict TA?B?C D+ _ =

let T := fresh in not_exist_hyp (Par_strict C D A B); assert (1" := par_strict_symmetry
ABCDH)

| H: Par_strict TA?’B?7C 7D+ _ =

let T :=fresh in not_exist_hyp (Par_strict B A C' D); assert (T := par_strict_left_comm
AB CDH)

| H: Par_strict TA?B?C D+ _ =

let T := fresh in not_exist_hyp (Par_strict A B D C'); assert (T := par_strict_right_comm
AB C D H)

end.

Ltac clean_trivial_hyps =
repeat
match goal with
| H:(Cong 7X1 7X1 7X2 ?7X2)F _ = clear H
| H:(Cong 7X1 7X2 7X2 ?X1)F _ = clear H
| H:(Cong 7X1 7X2 7X1 ?7X2)F _ = clear H
| H:(Bet 7X1 7X1 ?7X2) F _ = clear H
(Bet 7X2 7X1 ?7X1)F _ = clear H
(Col 7X1 7X1 ?X2)F _ = clear H
(Col 7X2 7X1 ?X1)F _ = clear H
(Col 7X1 7X2 ?X1)F _ = clear H
(
(
(
(
(

(NN NN

| H:
| H:
| H:
| H:
| H:(Par 7X1 7X2 7X1 7X2) F _ = clear H

| H:(Par 7X1 7X2 ?X2 7X1)F _ = clear H

| H:(Per 7X1 7X2 7X2) - _ = clear H

| H:(Per 7X1 7X1 7X2) F _ = clear H

| H:(is—.midpoint 7X1 ?X1 7X1)F _ = clear H

end
Ltac show_distinct2 := unfold not;intro;treat_equalities; try (solve [intuition]).

Ltac symmetric A B A’ .=
let T := fresh in assert(7:= symmetric_point_construction A B);
ez_and T A’

Tactic Notation "Name" ident(X) "the" "symmetric" "of" ident(A) "wrt" ident(C) :—
symmetric A C X.

Ltac finish := repeat match goal with
| - Bet 7A 7B 7C = Between
| = Col 7A?B ?7C = Col
| = Col 7A?B 7C = Col
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| - Par?7A 7B 7C 7D = Par
| - Par_strict 7A 7B 7C 7D = Par
| = Perp 7A?B 7C 7D = Perp
| = Perp_in 7A 7B ?C 7D 7E = Perp
| - Per?A 7B 7C = Perp
| = Cong 7A?B 7C 7D = Cong
| - is_midpoint 7A ?B 7C = Midpoint
| - ?7A<>?B = apply swap-_diff;assumption
| - = try assumption
end.

Ltac sfinish := repeat match goal with
| = Bet 7A 7B ?7C = Between; eBetween
| - Col 7A?B ?7C = Col;ColR
| = Col 7A?B 7C = Col
| == Col 7A ?B 7C = intro;search_contradiction
| - Par?A?B 7C 7D = Par
| = Par_strict 7A 7B ?7C 7D = Par
| = Perp 7A?B 7C 7D = Perp
| = Perp_in 7A 7B ?C 7D 7E = Perp
| = Per 7TA?B 7C = Perp
| = Cong 7A 7B ?7C 7D = Cong;eCong
| = is_midpoint 74 7B 7C = Midpoint
| H ?A<>?B = apply swap_diff;assumption

| b ?A<>?B = intro;treat_equalities; solve |search_contradiction]

| - ?7G1 N 7G2 = split
| F - = try assumption
end.

Ltac clean_reap_hyps :=
repeat
match goal with

| H:(Parallelogram ?A 7B 7C 7D), H2 : Parallelogram
: Parallelogram
: Parallelogram
: Parallelogram
: Parallelogram
Parallelogram 7A 7B 7C 7D), H,? : Parallelogram
: Parallelogram
Parallelogram 74 7B 7C 7D), H2 Parallelogram
Par 7A 7B 7C D), H,? Par?7ATB D 7C - _

)
| H:(Parallelogram 7A 7B 7C 7D),
| H:(Parallelogram ?7A ?B 7C 7D),
| H:(Parallelogram 7A ?B 7C 7D),
)
)
). H

SEIS

Parallelogram 74 ?B 7C 7D

J

(

(

(

E

:(Parallelogram ?A 7B ?7C 7D
E

:(Par 74 7B 7C 7D),

(

:(
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), H2 : Par 7A 7B 7C 7D - _
Par 74 7B 7C 7D), HQ : Par 7C ?D ?A 7B F _
Par 7A 7B 7C 7D), H2 : Par 7C 7D 7B 7A + _

TATB?D 7C - _
TATB?C D _
tCTDTATB I _
PCTDTMB AR _
!D?C?TBTAE
tD?C7ATB I _
TBTATC D _
TBTATD 7C - _

= clear H?
= clear H?
= clear H2
= clear H?

R R

clear H?
clear H?
clear H?
clear H?
clear H?
clear H?2
clear H?
clear H?
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Par 7A 7B ?7C ?D), H2
Par 7A 7B ?7C ?D), H2
Par 74 7B ?7C ?D), H

), H

Par 7A?B 7C 7D

Par_strict 7TA 7B 7C 7D

Par_strict 7A 7B ?7C 7D
Par_strict 7A 7B ?7C 7D

Perp 74 7B ?7C 7D),
Perp 74 7B 7C D), H

Perp 7A?B ?7C 7D), H

Perp 7A 7B ?7C ?D), H2
Perp 7A 7B 7C D), H

Perp 7A 7B 7C 7D), H

Perp 7A 7B ?7C ?D), H2 :

Par_strict 7A 7B 7C 7D ,
Par_strict 7A 7B 7C' 7D),
Par_strict 7A 7B 7C' 7D),

). H
)
)
)
Par_strict 7TA 7B 7C 7D)
Par_strict 7TA ?B ?C 7D),
), H
), H

Perp 74 ?B 7C 7D), H2 :

:Par?D ?7C ?B 7A+ _ = clear H2
:Par?D ?7C ?7A 7B+ _ = clear H2
:Par7B?7A7C 7D+ _ = clear H?

Par TB?A7?D ?7C F _ = clear H2

: Par_strict 7ZA 7B 7D 7C + _
: Par_strict 7A 7B 7C 7D + _
. Par_strict 7C 7D 7TA 7B + _
: Par_strict 7C 7D "B 7A - _
. Par_strict 7D 7C B 7AF _
. Par_strict 7D 7C 7TA 7B + _
: Par_strict 7B 7A?7C 7D + _
: Par_strict 7B 7A 7D 7C + _

TED I IEm

Perp ?A?B 7D 7C F _

2:Perp?A?B7C 7D+ _
2:Perp?C ?'D?7A7BF _
2: Perp?C DB 7AF _
: Perp?D 7C 7B 7AF _
Q:Perp?D?C?A?BI—_

2:Perp?B?7A7C 7D+ _

Perp ?B 247D ?7C F _

=
=
=
=
=
=
=

=

=
EN
=
=
=
=
=

ll

clear H?
clear H?
clear H?2
clear H?
clear H?
clear H?
clear H?
clear H?

Per 74 7B 2C), H
Per 74 7B 7C), H
Per TA 7B 7C), H
Per TA?B ?(C), H2
Per 7A?B ?C), H2
Per 74 7B 7C), H2
-Col 7A?B 7C), H.
—Col 7A 7B 70C),
~Col 74 7B 70,

E NS TSI NSNS TIT S SN TSI EEISSSESISSEEIISEEEIIER

1
a
:(
:(
:(
:(
1
:(
:(
g
:(
1
:(
:(
:(
1
1
:(
:(
:(
(Perp in
:(
:(
:(
:(
:(
:(
1
:(
:(
:(
:(
1
:(
a(
a(
:(
1
:(
:(
:(
:(

"X ?A?B?C D), H
"X A?B?C D), H
"X ?ATB?C D), H2
"X ?ATBTC D), H2
"X ?ATB?C D), H2
"X A7TB?C D), H
"X ?A?B?C D), H

X 7A 7B 70 ?D), HQ
: Per?7A?B 7C + _ = clear H?2
: Per?7A?7C 7B+ _ = clear H?
: Per?7B 74 7C + _ = clear H2
: Per?7B?7C 7A - _ = clear H2
: Per7C 7B 7AF _ = clear H2

is_midpoint 74 7B 70)
is_midpoint 74 7B 70)

~Col 24 7B 2C), H2 :

), H
), H
~Col 74 7B 70), H,Q :
)
~Col 74 7B 7C), H2

X TATBTDC
X TATBTC D\ _
PXTCTDTATBE
PXTCTDTTBTAE
PXTMD?CTBTAE _
XD CTATB - _
tXTBTATC D\ _
"X TBTATD?CF _

: Perp_in
: Perp_in
: Perp_in
: Perp_in
: Perp_in
: Perp_in
: Perp_in

Perp_in

)

)

. Per 70 7A?BF _ = clear H?

(—|Co| "BTA?C)F _ = clear H2
: (=Col 7B 7C 7A) F - = clear H2
: (—Col 7C 7B 7A) F _ = clear H2
(-Col 7C 7A 7B) I— = clear H2
(—Col 7A?C 7B) - _ = clear H2
(—Col PA?B ?C) - _ = clear H2

114

clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2

iiillilillililll

clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2
clear H2

: is_midpoint 7A 7C 7B + _ = clear H2
: is_midpoint 7A 7B 7C + _ = clear H2
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Col ?7A?B ?C
Col ?7A 7B ?C
Col 7A?B ?C

( ), H2 : Col 7A?B ?7C + _ = clear H2

:( ), H2 : Col 7A?7C 7B+ _ = clear H2

:( ), H2 : Col T/B?A7C \+ _ = clear H2

((Col 7A?B ?7C), H2 : Col 7B ?C 7TAF _ = clear H2

(Col ?A?B ?7C), H2 : Col 7C' 7B ?TA _ = clear H2

(Col A 7B 70), H : Col ?C ?7A?B F _ = clear H2

:(Bet ?7A 7B 7C), H2 : Bet 7C B ?A+ _ = clear H2

:(Bet 7A?B 7C), H Bet TA?B?7CF _ = clear H2

:(Cong 7TA B 7C ‘7D), : Cong 7TA?B?D ?7C F _ = clear H2
:(Cong TA B ?7C D), H : Cong ?7A 7B ?C 7D+ _ = clear H2
:(Cong 7A?B ?7C ?D), H2 : Cong 7C' 7D ?A ?B -~ _ = clear H2
:(Cong 7A?B ?7C ?D), H2 : Cong 7C' 7D ?B ?A + _ = clear H2
:(Cong 7TA?B 7C D), H : Cong ?D 7C' ?B 7AF _ = clear H?
:(Cong TA?B 7C D), H2 : Cong 7D 7C ?TA 7B F _ = clear H2
:(Cong TA?B 7C D), H2 : Cong 7B 7A 7C 7D F _ = clear H2
:(Cong 7A B ?7C D), HQ : Cong 7B ?A?D ?7C + _ = clear H2
:(7A<>?B), H2 : (7B<>?A) b _ = clear H2

((7A<>?B), H2 : (TA<>?B) F _ = clear H2

EEEEEEEEEEEEEEEEEE

end.

Ltac tag_hyps :=

repeat

match goal with

| H:?A # 7B+ _ = apply Diff_Diff_tagged in H

: Cong 7A?’B?7C 7D + _ = apply Cong_Cong_tagged in H
:Bet 7A 7B 7C + _ = apply Bet_Bet_tagged in H
:Col 7A?B 7C F _ = apply Col_Col_tagged in H
: = Col 7A 7B 7C + _ = apply NCol_NCol_tagged in H
:is_midpoint 7A 7B 7C F _ = apply Mid_Mid_tagged in H
:Per 7A 7B ?C + _ = apply Per_Per_tagged in H
: Perp_in 7X ?7A?B ?7C 7D + _ = apply Perp_in_Perp_in_tagged in H
: Perp?A 7B 7C 7D + _ = apply Perp_Perp_tagged in H
: Par_strict 7TA 7B 7C 7D = _ = apply Par_strict_Par_strict_tagged in H
:Par?A 7B 7C 7D F _ = apply Par_Par_tagged in H
: Parallelogram 7A 7B 7C 7D F _ = apply Plg_Plg_tagged in H

SeISSISSISORS SISO SISO SRS ISS

g ——————— — ———

]
=]

Ltac permutation_intro_in_goal =
match goal with
| = Par 7A 7B 7C 7D = apply Par_cases
| = Par_strict 7A 7B 7C 7D = apply Par_strict_cases
| = Perp 7A 7B 7C 7D = apply Perp_cases
| = Perp_in 7X 7A 7B 7C 7D = apply Perp_in_cases
| = Per 7A 7B 7C = apply Per_cases
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F is_midpoint 7A 7B 7C = apply Mid_cases
ppLy
| == Col 7A ?B 7C = apply NCol_cases
| = Col 7A 7B ?7C = apply Col_cases
| - Bet 7A 7B 7C = apply Bet_cases
F Cong 7TA 7B 7C 7D = apply Cong_cases
| g pply Cong
end.

Ltac perm_apply t :—
permutation_intro_in_goal,
try_or ltac:(apply t;solve |finish|).

Section Quadrilateral_inter_dec_1.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma par_cong_mid_ts :
VABA B’
Par_strict A B A’ B’ —
Cong ABA" B —
two_sides A A’ B B’ —
4 M, is_midpoint M A A’ A is_midpoint M B B’.

Lemma par_cong_mid_os :
VABA B,
Par_strict A B A’ B” —
Cong ABA" B —
one_sidle A A’ B B’ —
3 M, is_midpoint M A B’ A is_midpoint M B A".

Lemma par_strict_cong_mid :
VABA B’
Par_strict A B A’ B’ —
Cong AB A" B —
4 M, is_midpoint M A A’ A is_midpoint M B B’ V
is_midpoint M A B’ A is_midpoint M B A’

Lemma par_strict_cong_midl :
VABA B
Par_strict A B A’ B’ —
Cong ABA" B —
(two_sides A A B B’ A 94 M, is_midpoint M A A’ A is_midpoint M B B’) V
(one_side A A” B B’ A 4 M, is_midpoint M A B’ A is_midpoint M B A’).

Lemma par_cong_mid :
VABA B
Par AB A" B —

116


file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Cong ABA" B —
34 M, is_midpoint M A A’ N\ is_midpoint M B B’ V
is_midpoint M A B’ A is_midpoint M B A".

Lemma ts_cong_par_cong_par :
VABA B

two_sides A A’ B B’ —

Cong ABA' B —

Par AB A" B —

Cong AB”A”BNParAB A’ B.

Lemma plgs_cong :

VABCD,

Parallelogram_strict A B C D —
Cong ABCDANCong AD B C.

Lemma plg_cong :
VABCD,
Parallelogram A B C' D —
Cong ABCDANCong AD B C.

Lemma rmb_cong :
VABCD,
Rhombus A B C D —
Cong ABBCANCongABCDANCong ABD A.

Lemma rmb_per:

VABCDM,
is_midpoint M A C —
Rhombus A B C D —
Per A M D.

Lemma per_rmb :

VABCDM,
PgeABCD—
is_midpoint M A C —
Per AM B —
Rhombus A B C D.

Lemma perp_rmb :

VABC D,
PlgABCD —
Perp ACBD —
Rhombus A B C D.

Lemma plg_congal : VAB CD,A+4B > A+ C —-PlgABCD —CongaBACDC
A.

Lemma os_cong_par_cong_par :
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VABA B’

one_side A A’ B B’ —

Cong AB A" B —

Par AB A" B’ —

Cong AA” BB NPar A A’B B

Lemma plgs_permut :

VABCD,
Parallelogram_strict A B C' D —
Parallelogram_strict B C' D A.

Lemma plg_permut :
VABCD,
Parallelogram A B C D —
Parallelogram B C D A.

Lemma plgs_sym :

VABCD,
Parallelogram_strict A B C D —
Parallelogram_strict C D A B.

Lemma plg_sym :
VABCD,
Parallelogram A B C D —
Parallelogram C D A B.

Lemma plgs_mid :
VABCD,
Parallelogram_strict A B C D —
4 M, is_midpoint M A C A is_midpoint M B D.

Lemma plg_mid :
VABCD,
Parallelogram A B C D —
4 M, is_midpoint M A C A is_midpoint M B D.

Lemma plgs_not_comm :
VABCD,
Parallelogram_strict A B C' D —
— Parallelogram_strict A B D C N — Parallelogram_strict B A C D.

Lemma plg_not_comm :

VABCD,

A+ B —

Parallelogram A B C D —

— Parallelogram A B D C' A — Parallelogram B A C D.
Lemma parallelogram_to_plg : V A B C' D, Parallelogram A B C D — Plg A B C' D.

Lemma parallelogram_equiv_plg : V A B C' D, Parallelogram A B C D +» Plg A B C D.
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Lemma plg_conga: V A B C D, Distincts A B C' — Parallelogram A B C' D — Conga A B C
CDANCongaBCDDAB.

Lemma half_plgs :
VABCDPQM,
Parallelogram_strict A B C D —
is_midpoint P A B —
is_midpoint Q@ C D —
is_midpoint M A C —
Par P ) A D A is_midpoint M P @ N Cong A D P Q.

Lemma plgs_two_sides :

VABCD,

Parallelogram_strict A B C D —
two_sides A C B D A two_sides B D A C.

Lemma plgs_par_strict :
VABC D,
Parallelogram_strict A B C' D —
Par_strict A B C D A Par_strict AD B C.

Lemma plgs_half_plgs_aux :

VABCDPQ,
Parallelogram_strict A B C D —
is_midpoint P A B —
is_midpoint Q C D —
Parallelogram_strict A P @ D.

Lemma plgs_comm?2 :

VABC D,
Parallelogram_strict A B C D —
Parallelogram_strict B A D C.

Lemma plgf_comm? :

VABCD,
Parallelogram_flat A B C D —
Parallelogram_flat B A D C.

Lemma plg_comm? :
VABCD,
Parallelogram A B C D —
Parallelogram B A D C.

Lemma par_preserves_conga_ts :
VABCD , ,ParABCD — twosidesBD AC —CongaABD CD B.

Lemma par_preserves_conga_os :
VABCDP PrABCD —BetADP — D +#P —oneside AD B C — Conga B
AP CDP.
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Lemma cong3_par2_par :

VABCA' B C,A#+#C —-Cong3BACB A’C’—ParBAB A’ — ParB(C DB’
C’ —

Par A C A’ C”V — Par_strict B B> A A’ VvV —Par_strict B B C (".
Lemma square_perp_rectangle : V A B C D,

Rectangle A B C D —

Perp A CBD —

Square A B C D.

Lemma plgs_half_plgs :

VABCDPQ,
Parallelogram_strict A B C' D —
is_midpoint P A B — is_midpoint @ C D —
Parallelogram_strict A P D A Parallelogram_strict B P @ C.

Lemma parallel_2_plg :
VABCD,
- Col AB C —
Par ABC D —
Par ADB C —
Parallelogram_strict A B C' D.

Lemma par_2_plg :
VABCD,
—ColAB C —
Par ABC D —
Par AD B C —
Parallelogram A B C' D.

Lemma parallelogram_strict_not_col_2: V A B C D,
Parallelogram_strict A B C D —
- Col B C' D.

Lemma parallelogram_strict_not_col_-3: V A B C D,
Parallelogram_strict A B C D —
- Col C D A.

Lemma parallelogram_strict_not_col_4 : VA B C D,
Parallelogram_strict A B C D —
- Col A B D.

Lemma plg_cong_1: V A B C D, Parallelogram A B C D — Cong A B C D.
Lemma plg_cong_2: V A B C D, Parallelogram A B C D — Cong A D B C.
Lemma plgs_cong_1:V A B C D, Parallelogram_strict A B C D — Cong A B C D.
Lemma plgs_cong_2: YV A B C D, Parallelogram_strict A B C D — Cong A D B C.

Lemma Plg_perm :
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VABCD,

Parallelogram A B C D —

Parallelogram A B C' D A Parallelogram B C D A A Parallelogram C' D A B AParallelogram
DABCA

Parallelogram A D C' B A Parallelogram D C B A A Parallelogram C' B A D A Parallelogram
B ADC.

Lemma plg_not_comm_1 :
VAB C D: Tpoint,
A+ B —
Parallelogram A B C' D — — Parallelogram A B D C.

Lemma plg_not_comm_2 :
VAB C D: Tpoint,
A+ B —
Parallelogram A B C' D — — Parallelogram B A C' D.

End Quadrilateral_inter_dec_1.

Ltac permutation_intro_in_hyps_aux =

repeat

match goal with

| H : Plg_tagged 74 7B 7C 7D + _ = apply Plg_tagged_Plg in H; apply Plg_perm in H;
spliter

| H : Par_tagged 7A 7B 7C 7D  _ = apply Par_tagged_Par in H; apply Par_perm in H;
spliter

| H : Par_strict_tagged TA 7B 7C 7D + _ = apply Par_strict_tagged_Par_strict in H; apply
Par_strict_perm in H; spliter

| H : Perp_tagged 7A 7B 7C 7D + _ = apply Perp_tagged_Perp in H; apply Perp_perm
in H; spliter

| H : Perp_in_tagged ?7X 7A 7B 7C 7D + _ = apply Perp_in_tagged_Perp_in in H; apply
Perp_in_perm in H; spliter

| H : Per_tagged 74 7B 7C  _ = apply Per_tagged_Per in H; apply Per_perm in H;
spliter

| H : Mid_tagged ?7A 7B 7C  _ = apply Mid_tagged_Mid in H; apply Mid_perm in H;
spliter

| H : NCol_tagged 7A 7B 7C + _ = apply NCol_tagged_NCol in H; apply NCol_perm in
H; spliter

| H : Col_tagged 74 7B 7C + _ = apply Col_tagged_Col in H; apply Col_perm in H;
spliter

| H : Bet_tagged 7A 7B 7C  _ = apply Bet_tagged_Bet in H; apply Bet_perm in H;
spliter

| H : Cong_tagged 7A 7B 7C 7D F _ = apply Cong_tagged_Cong in H; apply Cong_perm
in H; spliter

| H : Diff_tagged 7A 7B - _ = apply Diff_tagged_Diff in H; apply Diff_perm in H; spliter
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end.

Ltac permutation_intro_in_hyps = clean_reap_hyps; clean_trivial_hyps; tag_hyps; permu-
tation_intro_in_hyps_aux.

Ltac assert_cols_auz :=
repeat
match goal with
| H:Bet 7X1 7X2 7X3 I _ =
not_ezist_hyp (Col X1 X2 X38);assert (Col X1 X2 X3) by (apply bet_col;apply H)

| H:is_midpoint 7X1 7X2 7X3 + _ =
not_exist_hyp (Col X1 X2 X8);let N := fresh in assert (N := midpoint_col X2 X1
X3 H)

| H:out 7X1 7X2 7X3 F _ =
not_ezist_hyp (Col X1 X2 X3);let N :— fresh in assert (N :— out_col X1 X2 X3

H)
| H:Par 7X1 7X2 7X1 ?7X3 F _ =
not_exist_hyp (Col X1 X2 X38);let N := fresh in assert (N := par_id X1 X2 X3
H)
| H:Par 7X1 7X2 7X1 7X3 b _ =
not_exist_hyp (Col X1 X2 X3);let N := fresh in assert (N := par_id_1 X1 X2 X3
H)
| H:Par 7X1 ?7X2 7X1 7X3 F _ =
not_ezist_hyp (Col X1 X2 X3);1et N := fresh in assert (N := par_id_2 X1 X2 X3
H)
| H:Par 7X1 7X2 7X1 7X3 b _ =
not_exist_hyp (Col X1 X2 X3);let N := fresh in assert (N := par_id_3 X1 X2 X3
H)
| H:Par 7X1 7X2 7X1 7X3 I _ =
not_exist_hyp (Col X1 X2 X3);let N :— fresh in assert (N :— par_id_4 X1 X2 X3
H)
| H:Par 7X1 7X2 7X1 7X3 b _ =
not_exist_hyp (Col X1 X2 X3);1et N := fresh in assert (N := par_id_5 X1 X2 X3
H)

| H:Par 7X1 7X2 7X3 7X/, H2:Col 7X1 7X2 7X5, H3:Col 7X3 7X4 7X5 - _ =
not_exist_hyp (Col X1 X2 X3);let N := fresh in assert (N := not_strict_parl X1
X2 X3 X4 X5 H H2 H3)
end.

Ltac assert_cols := permutation_intro_in_hyps; assert_cols_aux; clean_reap_hyps.
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Ltac not_exist_hyp_perm_cong A B C D := not_exist_hyp (Cong A B C D); not_exist_hyp
(Cong A B D C);

not_ezist_hyp (Cong B A C D); not_ezist_hyp
(Cong B AD (),

not_ezist_hyp (Cong C D A B); not_ezist_hyp
(Cong C' D B A);

not_ezist_hyp (Cong D C' A B); not_exist_hyp
(Cong D C' B A).

Ltac assert_congs_1 :—=

repeat

match goal with
| H:is_midpoint ?7X1 ?7X2 7X3 F _ =
let h := fresh in
not_exist_hyp_perm_cong X1 X2 X1 X3;
assert (h := midpoint_cong X2 X1 X3 H)

| H1:is_midpoint 7M1 7A1 7B1, H2:is_midpoint 7M2 ?A2 ?B2, H3:Cong 7A1 7B1
TA2 B2 - _ =

let h := fresh in

not_ezist_hyp_perm_cong A1 M1 A2 M2;

assert (h := cong_cong_half_1 A1 M1 B1 A2 M2 B2 Hi1 H2 H3)

| H:Parallelogram ?X1 ?7X2 ?7X3 7X} + _ =
let h := fresh in
not_exist_hyp_perm_cong X1 X2 X3 X ;
assert (h := plg_cong_1 X1 X2 X3 X} H)

| H:Parallelogram_strict 7X1 7X2 7X3 77X/ + _ =
let h := fresh in
not_exist_hyp_perm_cong X1 X2 X3 X ;
assert (h := plgs_cong_1 X1 X2 X3 X4 H)
end.

Ltac assert_congs_2 =
repeat
match goal with
| H1:is_midpoint 7M1 7A1 7B1, H2:is_midpoint 7M2 ?A2 ?B2, H3:Cong 7A1 7Bl
TA2 B2 - _ =
let h := fresh in
not_exist_hyp_perm_cong A1 M1 A2 M2;
assert (h := cong_cong_half_2 A1 M1 Bl A2 M2 B2 H1 H2 HS)

| H:Parallelogram ?X1 ?7X2 ?7X3 7X} + _ =
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let h := fresh in
not_exist_hyp_perm_cong X1 X} X2 X3;
assert (h := plg_cong_2 X1 X2 X3 X4 H);clean_reap_hyps

| H:Parallelogram_strict 7X1 ?X2 7X3 X4 F _ =

let h := fresh in

not_exist_hyp_perm_cong X1 X} X2 X3;

assert (h := plgs_cong_2 X1 X2 X3 X4 H);clean_reap_hyps
end.

Ltac assert_congs := permutation_intro_in_hyps; assert_congs_1; assert_congs_2; clean_reap_hyps.

Ltac not_exist_hyp_perm_para A B C D = not_exist_hyp (Parallelogram A B C' D); not_exist_hyp
(Parallelogram B C' D A);

not_ezist_hyp (Parallelogram C D A B); not_exist_hyp
(Parallelogram D A B C);

not_ezist_hyp (Parallelogram A D C' B); not_exist_hyp
(Parallelogram D C B A);

not_exist_hyp (Parallelogram C B A D); not_exist_hyp
(Parallelogram B A D C).

Ltac not_exist_hyp_perm_para_s A B C D := not_exist_hyp (Parallelogram_strict A B C

not_exist_hyp (Parallelogram_strict B C D

A);

not_exist_hyp (Parallelogram_strict C D A
B);

not_exist_hyp (Parallelogram_strict D A B
C);

not_ezist_hyp (Parallelogram_strict A D C
B);

not_ezist_hyp (Parallelogram_strict D C B
A);

not_exist_hyp (Parallelogram_strict C B A
D);

not_ezist_hyp (Parallelogram_strict B A D
C).
Ltac assert_paras_auz =
repeat

match goal with
| H:Parallelogram_strict X1 ?7X2 7X3 7X4 + _ =
let h := fresh in
not_exist_hyp_perm_para X1 X2 X3 X/;
assert (h := Parallelogram_strict_Parallelogram X1 X2 X8 X/ H)
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| H:Plg 7X1 7X27X3 X} + _ =

let h := fresh in

not_exist_hyp_perm_para X1 X2 X3 X/;

assert (h := plg_to_parallelogram X1 X2 X3 X/ H)

| H:(~ Col 7X1 7X2 7X8), H2:Par ?X1 ?X2 7X3 ?X{, H3:Par 7X1 ?X{ 7X2 7X3 I-

let h := fresh in

not_exist_hyp_perm_para_s X1 X2 X3 X4;

assert (h := parallel_2_plg X1 X2 X3 X/ H H2 HS)
end.

Ltac assert_paras := permutation_intro_in_hyps; assert_paras_aux; clean_reap_hyps.

Ltac not_ezist_hyp_perm_npara A B C D := not_exist_hyp (—Parallelogram A B C D);
not_ezist_hyp (—Parallelogram B C' D A);

not_exist_hyp (—Parallelogram C D A B); not_exist_hyp
(—Parallelogram D A B C);

not_exist_hyp (—Parallelogram A D C B); not_exist_hyp
(—Parallelogram D C' B A);

not_exist_hyp (—Parallelogram C' B A D); not_ezist_hyp
(—Parallelogram B A D C).

Ltac assert_nparas_1 :=

repeat

match goal with
| H:(?X1<>7X2), H2:Parallelogram ?X1 7X2 7X3 7X4 F _ =
let h := fresh in
not_exist_hyp_perm_npara X1 X2 X/ X3;
assert (h := plg_not_comm_1 X1 X2 X8 X/ H H2)

end.

Ltac assert_nparas_2 :=

repeat

match goal with
| H:(?X1<>7X2), H2:Parallelogram 7X1 7X2 ?X38 7X4 + _ =
let h := fresh in
not_exist_hyp_perm_npara X2 X1 X3 X4;
assert (h :— plg_not_comm_2 X1 X2 X3 X, H H2)

end.

Ltac assert_nparas :— permutation_intro_in_hyps; assert_nparas_1; assert_nparas_2; clean_reap_hyps.

Ltac diag_plg_intersection M A B C D H :=
let T := fresh in assert(7T:= plg_mid A B C D H);
ex_and T M.
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Tactic Notation "Name" ident(M) "the" "intersection" "of" "the" "diagonals" "(" ident(A)
ident(C) ")" "and" "(" ident(B) ident(D) ")" "of" "the" "parallelogram" ident(H) :=
diag_plg_intersection M A B C D H.

Ltac assert_diffs :=
repeat
match goal with
| H:(—Col 7X1 7X2 ?X3)F _ =
let h := fresh in
not_exist_hyp3 X1 X2 X1 X3 X2 X3;
assert (h := not_col_distincts X1 X2 X3 H );decompose |and| h;clear h;clean_reap_hyps

| H:Cong TA?B 7C 7D, H2 : TA # 7B F_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (T:= cong_diff A B C D H2 H);clean_reap_hyps
| H:Cong A 7B 7C 7D, H2 : 7B # 7A F_ =
let T:= fresh in (not_exist_hyp_comm C D);
assert (7:= cong_diff_2 A B C D H2 H);clean_reap_hyps
| H:Cong 7A 7B 7C 7D, H2 : 7C # 7D b_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (T:= cong_diff_.3 A B C D H2 H);clean_reap_hyps
| H:Cong 7A 7B 7C 7D, H2 : 7D # 2C F_ =
let T:= fresh in (not_exist_hyp_comm A B);
assert (7:= cong_diff_4 A B C D H2 H);clean_reap_hyps

| H:(Parallelogram_strict ?X1 ?7X2 7X3 7X}) F _ =

let AN := fresh in

not_ezist_hyp (—Col X1 X2 X3);

assert (HN := parallelogram_strict_not_col X1 X2 X3 X4 H)

| H:(Parallelogram_strict ?7X1 ?7X2 7X3 7X}) F - =

let AN := fresh in

not_ezist_hyp (—Col X2 X3 X});

assert (AN := parallelogram_strict_not_col_2 X1 X2 X3 X/ H)
| H:(Parallelogram_strict ?7X1 7X2 7X3 7X}) F _ =

let HN := fresh in

not_exist_hyp (—Col X3 X4 X1);

assert (HN := parallelogram_strict_not_col_3 X1 X2 X3 X/ H)
| H:(Parallelogram_strict ?7X1 7X2 7X3 7X}) F _ =

let HN := fresh in

not_ezist_hyp (—Col X1 X2 X});

assert (HN := parallelogram_strict_not_col_4 X1 X2 X3 X/ H)
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| H:is_midpoint 7/ 7A 7B, H2 : TA<>?B F _ =
let T:= fresh in (not_exist_hyp2 I B I A);

assert (7T:= midpoint_distinct_.1 7 A B H2 H);

decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 7A 7B, H2 : 7B<>7AF _ =
let T:= fresh in (not_ezist_hyp2 I B I A);

assert (7:= midpoint_distinct_-1 I A B (swap_diff B A H2) H);
decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 7A 7B, H2 : 7I<>7AF _ =
let T:= fresh in (not_ezist_hyp2 I B A B);

assert (7T:= midpoint_distinct_-2 I A B H2 H);

decompose |and| T;clear T;clean_reap_hyps

| H:is_midpoint 71 74 7B, H2 : 7A<>?T F _ =
let T:= fresh in (not_exist_hyp2 I B A B);

assert (71:= midpoint_distinct_2 I A B (swap_diff A I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| Hiis_midpoint 21 24 7B, H2 : 7<>?B - _ =
let T:= fresh in (not_exist_hyp2 I A A B);

assert (7:= midpoint_distinct_.3 1 A B H2 H);

decompose |and| T;clear T;clean_reap_hyps

| Hiis_midpoint 71 7A 7B, H2 : 7B<>7]  _ =
let T:= fresh in (not_exist_hyp2 I A A B);

assert (7T:= midpoint_distinct_3 I A B (swap_diff B I H2) H);
decompose |and| T;clear T;clean_reap_hyps

| H:(Par_strict 7X1 7X2 7X3 7X/) F _ =

let AN := fresh in

not_exist_hyp (—Col X1 X2 X38);

assert (HN := par_strict_not_col_1 X1 X2 X3 X4 H)
| H:(Par_strict 7 X1 7X2 7X3 X)) F _ =

let AN := fresh in

not_ezist_hyp (—Col X2 X3 X});

assert (HN := par_strict_not_col_2 X1 X2 X3 X4 H)
| H:(Par_strict 7X1 7X2 7X3 X)) F - =

let HN := fresh in

not_ezist_hyp (—Col X3 X4 X1);

assert (AN := par_strict_not_col_3 X1 X2 X3 X4 H)
| H:(Par_strict 7X1 7X2 7X3 7X}) F _ =

let HN := fresh in
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not_ezist_hyp (—Col X1 X2 X});
assert (HN := par_strict_not_col_4 X1 X2 X3 X/ H)

| H:Par_strict A 7B 7C D\ _ =
let T:= fresh in (not_exist_hyp2 A B C D);
assert (T:= par_strict_distinct A B C D H);
decompose |and| T;clear T;clean_reap_hyps
| H:Par 7A 2B 70 7D F _ =
let T:— fresh in (not_exist_hyp2 A B C D);
assert (T:= par_distincts A B C' D H);decompose |and| T;clear T;clean_reap_hyps
| H:Perp TA?B?C 7D+ _ =
let T:= fresh in (not_exist_hyp2 A B C D);
assert (T:= perp_distinct A B C D H);
decompose |and| T;clear T;clean_reap_hyps
| H:Perp_in 7 X 7A?B?C D F _ =
let T:= fresh in (not_exist_hyp2 A B C D);
assert (7:= perp_in_distinct X A B C D H);
decompose |and| T;clear T;clean_reap_hyps
| Hout TA?B7C + _ =
let T:= fresh in (not_exist_hyp2 A B A C);
assert (7= out_distinct A B C' H);
decompose |and| T;clear T;clean_reap_hyps
end.

Hint Resolve parallelogram_strict_not_col
parallelogram _strict_not_col_2
parallelogram _strict_not_col_3
parallelogram _strict_not_col_4 : Col.

Section Quadrilateral_inter_dec_2.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.
Lemma parallelogram_strict_midpoint : VA B C D I,
Parallelogram_strict A B C D —
ColT AC —

Coll BD —
is_midpoint I A C' A is_midpoint I B D.

Lemma rmb_perp :

VABC D,
A#+#C—>B+#D—
Rhombus A B C D —
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Perp A C B D.
Lemma par_perp_perp: VA B CD P Q. ParABCD — PerpABP () — PerpCDP Q.
Lemma rect_permut : V A B C D, Rectangle A B C' D — Rectangle B C D A.
Lemma rect_comm?2 : ¥V A B C D, Rectangle A B C D — Rectangle B A D C.
Lemma rect_perl : V A B C D, Rectangle A B C D — Per B A D.
Lemma rect_per2 : YV A B C D, Rectangle A B C' D — Per A B C.
Lemma rect_per3: V A B C D, Rectangle A B C D — Per B C D.
Lemma rect_perd : VA B C D, Rectangle A B C D — Per A D C.
Lemma plg_per_rectl : VA B C D,PlgAB C D — Per D A B — Rectangle A B C D.
Lemma plg_per_rect2: VA B C D,Plg A B C D — Per C B A — Rectangle A B C D.
Lemma plg_per_rect3: VA B C D,PlgA B C D — Per AD C — Rectangle A B C D.
Lemma plg_per_rectd : VA B C D, PlgAB C D — Per BC D — Rectangle A B C D.

Lemma plg_per_rect : VA B C D,PlgA B C D — (Per D AB\ Per C BAV PerAD C
V Per B C' D) — Rectangle A B C' D.

Lemma rect_per : VA B C D, Rectangle AB C D —Per BAD ANPerAB C NPerBC
D NPerADC.

Lemma plgf_rect_id : V A B C D, Parallelogram_flat A B C D — Rectangle A B C D — A =
DANB=CVA=BAND-=C.

Lemma perp_3_perp :
VABCD,
Perp A BB C —
Perp BC C D —
Perp C DDA —
Perp D A A B.

Lemma perp_3_rect :
VABC D,
- Col AB C —
Perp ABBC —
Perp BC C D —
Perp C DD A —
Rectangle A B C D.

Lemma conga_to_par_ts: VA B C D ,two_sides B D A C — CongaABD C D B — Par
A B C D.

Lemma conga_to_par.os: VA B C D P ,Bet ADP — D +#P —onessidke AD B C —
CongaBAPCDP
— Par A B C D.

Lemma plg_par: VA B C D,A+# B — B # C — Parallelogram A B C D —-Par AB C D
N Par AD B C.
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Lemma plg_par_.1: VA B C D, A+ B — B #+ C — Parallelogram A B C D — Par A B C
D.

Lemma plg_par.2: VA B C D, A+ B — B # C — Parallelogram A B C D — Par A D B
C.

Lemma plgs_pars_1: V A B C' D : Tpoint, Parallelogram_strict A B C' D — Par_strict A B C
D.

Lemma plgs_pars_2: V A B C' D : Tpoint, Parallelogram_strict A B C' D — Par_strict A D B
C.

End Quadrilateral_inter_dec_2.

Ltac not_exist_hyp_perm_par A B C D := not_exist_hyp (Par A B C D); not_exist_hyp

(Par A B D C);
not_exist_hyp (Par B A C D); not_ezist_hyp

(Par B A D C);

not_ezist_hyp (Par C' D A B); not_exist_hyp
(Par C D B A);

not_exist_hyp (Par D C A B); not_exist_hyp
(Par D C B A).

Ltac not_exist_hyp_perm_pars A B C D := not_exist_hyp (Par_strict A B C D); not_ezist_hyp
(Par_strict A B D C);

not_ezist_hyp (Par_strict B A C D); not_ezist_hyp
(Par_strict B A D C);

not_exist_hyp (Par_strict C D A B); not_exist_hyp
(Par_strict C' D B A);

not_ezist_hyp (Par_strict D C' A B); not_ezist_hyp
(Par_strict D C B A).

Ltac assert_pars_1 :=
repeat
match goal with
| H:Par_strict 7X1 7X2 ?7X3 X4 F _ =
let h := fresh in
not_exist_hyp_perm_par X1 X2 X3 X4;
assert (h := par_strict_par X1 X2 X3 X/ H)

| H:Par 7X1 ?7X2 7X3 71X}, H2:Col ?X1 7X2 7X5, H3:(—Col 7X3 ?7X/ 7X5) - _ =
let h := fresh in

not_exist_hyp_perm_pars X1 X2 X3 X4;

assert (h := par_not_col_strict X1 X2 X3 X/ X5 H H2 H3)

| H: 7X1 + 7X2, H2:7X2 + 7X3, H3:Parallelogram 7X1 ?7X2 7X3 7X) b _ =

let h := fresh in
not_exist_hyp_perm_par X1 X2 X3 X4,
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assert (h := plg_par_1 X1 X2 X3 X/ H H2 H3)

| H:Parallelogram_strict 7X1 ?X2 ?7X3 ?X} - _ =
let h := fresh in
not_exist_hyp_perm_pars X1 X2 X3 X4;
assert (h := plgs_pars_1 X1 X2 X3 X/ H)
end.

Ltac assert_pars_2 :—
repeat
match goal with
| H: 7X1 # 7X2, H2:?X2 #+ 7X3 H3:Parallelogram 7X1 7X2 ?7X3 X} - _ =
let h := fresh in
not_exist_hyp_perm_par X1 X4 X2 X3,
assert (h := plg_par_2 X1 X2 X3 X/ H H2 H3)

| H:Parallelogram_strict 7X1 ?X2 7X38 X4 F _ =
let h := fresh in
not_exist_hyp_perm_pars X1 X4 X2 X3;
assert (h := plgs_pars_2 X1 X2 X3 X4 H)
end.

Ltac assert_pars := permutation_intro_in_hyps; assert_pars_1; assert_pars_2; clean_reap_hyps.
Section Quadrilateral_inter_dec_3.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma par_cong_cong: VA B C D,Par ABCD —-CongABCD —CongACBDV
Cong AD B C.

Lemma col_cong_cong: VA B C D,Col AB C — Col ABD — Cong AB C D — Cong
ACBDVCong ADBC.

Lemma par_cong_plg: VA B C D,Par ABC D —CongABCD —PlgABCDVPIg
ABDC.

Lemma par_cong_plg.2: VA B C D,Par AB C D — Cong A B C D — Parallelogram A B
C D V Parallelogram A B D C.

Lemma par_cong3_rect : VAB C D, A#CVB#D —-ParABCD —CongABCD
—Cong AD B C — Cong AC BD — Rectangle A B C D V Rectangle A B D C.

Lemma pars_par_pars : VA B C D, Par_strict A B C D — Par AD B C — Par_strict A D
B C.

Lemma pars_par_plg: VA B C D, Par_strict ABCD —ParADBC —PlgABCD.

Lemma not_par_pars_not_cong : VO A B A’ B’ out O A B — out O A’ B’ — Par_strict A
A’B B — —Cong A A’ B B
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Lemma plg_unicity : V A B C D D’ Parallelogram A B C D — Parallelogram A B C D’ —
D=0D"
Lemma plgs_trans_trivial : VA B C D B’, Parallelogram_strict A B C D — Parallelogram _strict

CDAPB
— Parallelogram A B B’ A.

Lemma par_strict_trans: VA B C D E F, Par_strict AB C D — Par_strict C D E ' — Par
ABEF.

Lemma plgs_pseudo_trans : V A B C D E F, Parallelogram_strict A B C D — Parallelo-
gram_strict C D E F — Parallelogram A B F E.

Lemma plgf_plgs_trans: VA B C D E F, A #+ B — Parallelogram_flat A B C D — Parallel-
ogram_strict C' D E F' — Parallelogram _strict A B F' F.

Lemma plgf_plgf_plgf: VA B C D E F, A #+ B — Parallelogram_flat A B C D — Parallelo-
gram_flat C D E F
— Parallelogram_flat A B F' E.

Lemma plg_pseudo_trans : VA B C D E F, Parallelogram A B C D — Parallelogram C D FE
F — Parallelogram A B F EV (A=BANC=DNE=FNA=E).

Lemma Square_Rhombus : V A B C D,
Square A B C D — Rhombus A B C D.

Lemma plgs_in_angle : V A B C' D, Parallelogram_strict A B C D — InAngle D A B C.
End Quadrilateral_inter_dec_3.

132


file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Chapter 25

Library triangles

Require Import Chl2_parallel.
Section Triangles.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.
Section ABC.

Variable A B C : Tpoint.

Definition isosceles 4 B C =
Cong A B B C.

Lemma isosceles_sym :
isosceles A B C' —
isosceles C B A.

Lemma isosceles_conga :
A#C - A# B —
isosceles A B C —
Conga C ABAC B

Definition equilateral A B C :=
Cong A BB CANCong BC C A.

Definition equilateral_strict A B C' :=
equilateral A B C N A # B.

Lemma equilateral_strict_equilateral :
equilateral_strict A B C —
equilateral A B C.

Lemma equilateral _cong:
equilateral A B C —
Cong ABBCANCong BCCANCongCAAB.

Lemma equilateral_rot :
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equilateral A B C —
equilateral B C' A.

Lemma equilateral_swap :
equilateral A B C —
equilateral B A C.

Lemma equilateral_rot_2 :
equilateral A B C —
equilateral C' B A.

Lemma equilateral_swap_2 :
equilateral A B C —
equilateral A C B.

Lemma equilateral_swap_rot :
equilateral A B C —
equilateral C' A B.

Hint Resolve equilateral_swap equilateral_swap_2
equilateral_swap_rot equilateral_rot equilateral _rot_2 : equilateral.

Lemma equilateral_isosceles_1 :
equilateral A B C —
isosceles A B C.

Lemma equilateral_isosceles_2 :
equilateral A B C —
isosceles B C' A.

Lemma equilateral_isosceles_3 :
equilateral A B C —
isosceles C' A B.

Hint Resolve equilateral_isosceles_1 equilateral_isosceles_2 equilateral _isosceles_3 : equilateral.

Lemma equilateral_strict_neq :
equilateral_strict A B C —
A+#BANB#CANA#C.

Hint Resolve equilateral_strict_neq : equilateral.

Lemma equilateral_strict_swap_1 :
equilateral_strict A B C —
equilateral_strict A C' B.

Lemma equilateral_strict_swap_2 :
equilateral_strict A B C —
equilateral_strict B A C.

Lemma equilateral _strict_swap_3 :
equilateral_strict A B C —
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equilateral_strict B C' A.

Lemma equilateral_strict_swap_4 :
equilateral_strict A B C —
equilateral_strict C' A B.

Lemma equilateral _strict_swap_5 :
equilateral_strict A B C —
equilateral_strict C' B A.

Hint Resolve equilateral_strict_swap_1 equilateral_strict_swap_2
equilateral_strict_swap_3 equilateral_strict_swap_4 equilateral__strict_swap_5 : equilateral.

Lemma equilateral_strict_conga_1 :
equilateral_strict A B C —
Conga C AB A C B

End ABC.

Lemma equilateral _strict_conga_2 :
VABC,
equilateral_strict A B C —
Conga BACABC.

Lemma equilateral _strict_conga_3 :
VABC,
equilateral_strict A B C —
Conga C B AB C A

End Triangles.
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Chapter 26

Library perp_bisect

Require Export Chl2_parallel.
Section PerpBisect_1.

Context ‘{MT:Tarski_2D}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

PQ is the perpendicular bisector of segment AB

Definition perp_bisect P Q A B :—
41, Perp_inI P Q A B Ais_midpoint I A B.

Lemma perp_bisect_sym_1 :
VP QAB,
perp_bisect P Q) A B —
perp_bisect ) P A B.

Lemma perp_bisect_sym_2 :
VP Q@AB,
perp_bisect P ) A B —
perp_bisect P () B A.

Lemma perp_bisect_sym_3:V A B C D,
perp_bisect A B C D —
perp_bisect B A D C.

Lemma perp_in_per_1 :
VABCDX,
Perp.n X ABC D —
Per A X C.

Lemma perp_in_per_2 :
VABCDX,
Perp_-n X ABC D —
Per A X D.

Lemma perp_in_per_3 :
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VABCD X,
Perp_in X AB C D —
Per B X C.

Lemma perp_in_per_4 :
VABCDX,
Perp.n X ABC D —
Per B X D.

Lemma perp_bisect_perp :
VP QAB,
perp_bisect P Q) A B —
Perp P () A B.

End PerpBisect_1.
Hint Resolve perp_in_per_1 perp_in_per_2 perp_in_per_3 perp_in_per_4 : perp.
Hint Resolve perp_bisect_perp : perp_bisect.
Section PerpBisect_2.
Context ‘{MT:Tarski_2D}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Lemma perp_bisect_cong_1 :

VPQ@AB,

perp_bisect P ) A B —

Cong AP B P.
Lemma perp_bisect_cong_2 :

VP QAB,

perp_bisect P Q A B —

Cong A @ B Q.
End PerpBisect_2.
Hint Resolve perp_bisect_cong_1 perp_bisect_cong_2 : perp_bisect.
Section PerpBisect_3.
Context ‘{MT:Tarski_2D}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Lemma perp_bisect_cong :

VPQAB,

perp_bisect P Q A B —

Cong APBPANCong AQ B Q.

Lemma perp_bisect_conc :

VAAI B B1 C C1 O: Tpoint,

- ColABC —

perp_bisect O A1 B C — perp_bisect O B1 A C' — perp_bisect O C1 A B —
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Cong AOBO—CongBOCO—
Cong A O C 0.

Lemma cong_perp_bisect :

VP Q@AB,

P+#Q—A+B—

CongAPBP—

Cong A @B Q@ —

perp_bisect P () A B.
Definition is_on_perp_bisect P A B := Cong A P P B.

Lemma perp_bisect_is_on_perp_bisect :
VABCP,
is_on_perp_bisect P A B —
is_on_perp_bisect P B C —
is_on_perp_bisect P A C.

Lemma perp_mid_perp_bisect : VA B C D,
is_midpoint C A B —Perp C D AB —
perp_bisect C D A B.

End PerpBisect_3.
Section Euclid.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Lemma triangle_circumscription_implies_inter_dec :
(WABC —-CdABC—3CC, Cong ACCBCCANCong ACCC CC)—
VABCD, (I, CllI ABANColI CD)V—-HI,ClI ABANColI CD).
End Euclid.
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Chapter 27

Library aux

We circumvent a limitation of type class definition by defining a polymorphic type for a
triple of elements which will be used to define an angle by instantiating A with Point

Record Triple {A:Type} : Type := build_triple {V1: A;V:A;V2: A;Pred: VI #V A
V2 £ VY.
Record Couple {A:Type} : Type := build_couple {P1: A ; P2: A ; Cond: P1 # P2}.
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Chapter 28

Library general_tactics

Ltac ex_elim H z := elim H; intros z ; intro; clear H.
Ltac DecompFEx H P := elim H;intro P;intro;clear H.
Ltac DecompFExAnd H P :=

elim H;intro P;let id:=fresh in
(intro id;decompose |and| id;clear id;clear H).
Ltac exist_hyp t := match goal with

| H1:t - _ = idtac
end.

Ltac hyp_of-type t := match goal with
| H1:t + _ = HI
end.

Ltac clean_duplicated_hyps =
repeat match goal with

| H:?X1 + _ = clear H; exist_hyp X1
end.

Ltac suppose H := cut H;|intro|idtac].

Ltac not_exist_hyp t := match goal with
| H1:t + _ = fail 2
end || idtac.

Ltac DecompAndAll :—
repeat
match goal with
| H:(?X1 N 7X2) F _ = decompose |and| H;clear H
end.

Ltac assert_if_not_exist H :=
not_exist_hyp H;assert H.

Ltac absurde :—
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match goal with
|H : (?X # ?X) F _ = apply False_ind; apply H; reflexivity
end.

Ltac spliter := repeat
match goal with

| H:(?X1 N 7X2) F _ = induction H
end.

Ltac ex_and H z :— elim H; intro x; intros; clear Hspliter.
Ltac use H := decompose |and| H;clear H.

Ltac try_or T =
match goal with
|F?AV 7B =
(Left; try_or T) || (right;try_or T)
|F_=T
end.

Tactic Notation "generalizes" hyp(X) :=
generalize X; clear X.

Ltac sort_tactic :—=
try match goal with H: 7T F _ =
match type of T with Prop =
generalizes H; (try sort_tactic); intro
end end.

Tactic Notation "sort" :—
sort_tactic.

Definition Itac_something (P:Type) (e:P) := e.

Notation ""Something™ :=

(Qltac_something _ _).

Lemma |tac_something_eq : V (e:Type),
e = (Q@ltac_something _ ¢).

Lemma ltac_something_hide : V (e:Type),
e — (@ltac_something _ e).

Lemma ltac_something_show : V (e:Type),
(Qltac_something _ ) — e.

Tactic Notation "hide_def" hyp(z) :=
let ¢’ := constr:(z) in
let T :— eval unfold z in z” in
change T with (@ltac_something _ 7T') in z.

Tactic Notation "show_def" hyp(z) :=
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let z’ := constr:(z) in

let U := eval unfold z in 2’ in

match U with Qltac_something - 77T =
change U with T in z end.

Tactic Notation "show_def" :—
unfold ltac_something.

Tactic Notation "show_def" "in" "*" .=

unfold Itac_something in *.

Tactic Notation "hide_defs" :=
repeat match goal with H := 7T - _ =
match T with
| @ltac_something _ _ = fail 1
| - = change T with (Q@ltac_something - T) in H
end
end.

Tactic Notation "show_defs" :=
repeat match goal with H := (Qltac_something _ ?7T) I _ =
change (@ltac_something - T') with T in H end.

Tactic Notation "show_hyp" hyp(H) :=
apply ltac_something_show in H.

Tactic Notation "hide_hyp" hyp(H) :=
apply ltac_something_hide in H.

Tactic Notation "show_hyps" :=
repeat match goal with
H: @ltac_something _ _ F _ = show_hyp H end.

Tactic Notation "hide_hyps" :=
repeat match goal with H: 7T - _ =
match type of T with
| Prop =
match 7 with
| @ltac_something - _ = fail 2
| - = hide_hyp H
end
| - = faill
end
end.

Tactic Notation "hide" hyp(H) :=
first |hide_def H | hide_hyp H]|.

Tactic Notation "show" hyp(H) :=
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first [show_def H | show_hyp H].

Tactic Notation "hide_all" :—
hide_hyps; hide_defs.

Tactic Notation "show_all" :=

unfold ltac_something in *.

Tactic Notation "hide_term" constr(F) :=
change F with (Qltac_something _ F).
Tactic Notation "show_term" constr(E) :=
change (Qltac_something _ F) with F.
Tactic Notation "show_term" :=
unfold ltac_something.

Tactic Notation "hide_term" constr(E) "in" hyp(H) :=
change F with (Qltac_something _ F) in H.

Tactic Notation "show_term" constr(E) "in" hyp(H) :=
change (@ltac_something _ F) with F in H.

Tactic Notation "show_term" "in" hyp(H) :=
unfold ltac_something in H.
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Chapter 29

Library circumcenter

Require Export perp_bisect.
Section Circumcenter.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

Definition is_circumcenter G A B C :=Cong A G B G N Cong B G C G.

Lemma circumcenter_cong : V G A B C,
is_circumcenter G A B C —
CongAGBGANCongBG CGANCong CGAG.

Lemma circumcenter_perp: VA B C A’ B’ O’ G,
A#B — B#C — A#C - G#A - G# B — G#(C —
is_circumcenter G A B C —
is_midpoint A’ B C —
is_midpoint B A C —
is_midpoint C’ A B —
perp_bisect G A’ B C A perp_bisect G B’ A C N perp_bisect G C" A B.

Lemma circumcenter_intersect : VA B C A’ B’ (' G,
A#B — B#C — A#0C - G#A - G#B - G#(C —
is_midpoint A” B C —
is_midpoint B’ A C —
is_midpoint C’ A B —
perp_bisect G A° B C —
perp_bisect G B’ A C —
Perp G C’ A B.

End Circumcenter.
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Chapter 30

Library orientation

Require Import Chl2_parallel_inter_dec.
Require Import quadrilaterals.

Section Chl12.

Context ‘{ MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.

Definition proj:=fun TAB P = A4 B AN (~Col AB T NPerp ABT P N Col AB
PVvCIlABTAP=T).

Lemma proj_exists : VA B T, A# B — 3P, projT A B P.

Lemma proj_per : VA B T P, A#+ B —projTABP —-PerTPANPerTP BACol A
B P.

Lemma proj_unicity : VA B T P P, projT ABP —projT ABP — P=P.
Lemma proj_col : VT P A B,projT AB P — Col P A B.

Lemma proj_col_proj: VA B C T P,profj T ABP - A+ C —ColABC —projT AC
P.

Lemma per_proj: VAB T P,A# B —-PerTPA—PerTPB—ColABP —projT
A B P.

Definitioneqo:=fun A B P A1 Bl Pl = —Col AB P N —-Col A1 B1 P1 A
vVCCl B2MB (K,

Perp A B C A — PerP C A— Perp A1 Bf C1 Al —
Per P1 C1 A1 —

out Al BI B2 — Cong A B Al B2 —

is_midpoint M A A1 — is_midpoint M B2 B’ — is_midpoint
M C1 C’ — is_midpoint K B B’ —

Bet C A C’ Vone_side A K C C.

Definitioneq.o:=fun A B P A1 B1 Pl = —-Col AB P N —Col A1 Bl P1 A
VCCil B2MB’ CK,
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Perp ABCA—projPAC C — Perp Al B1 C1 Al —
proj P1 A1 C1 C1 —

out A1 Bl B2 — Cong A B Al B2 —

is_midpoint M A A1 — is_midpoint M B2 B’ — is_midpoint
M C1 C’ — is_midpoint K B B’ —

Bet C A C’ Vone_side A K C C'.

Lemma eqo_eq_o: VA B P Al Bl Pl,eqg AB P Al Bl Pl - eq.o AB P Al Bl PI.
Lemma eq_o_eqo: VA B P Al Bl Pl,eqqo A B P A1 Bl Pl —-eqo A B P Al Bl PI.
Lemma eq_o_one_side : VA B X Y,eqoABX AB Y —one_side AB X Y.

Lemma eqo_one_side: VA B X Y,eqo ABX AB Y —oneside AB X Y.

Lemma eq_o_refl : VA B P, -Col A BP —+eqoABPABP.

Lemma eqo_refl : VA B P, -Col ABP —+eq AB P AB P.

Lemma per.id: VABB CCA#+#B—-B#+C —-B #C >PerABC —>PerAB C —
ColC BB — B=D0B"

Lemma proj_one_side : VA B A’ B’ P Q, A+ A" - projAP QA —projBP QB —
Col BA A’ Voneside AA” BB’

Lemma proj_eq_col : VA B P @ C,prof AP Q C —projBP @ C — Col ABC.

Lemma proj_par : VA B A’ B P QA+ A’ - B 4B —profAP QA" — projB P (@
B —ParAA’ BB’

Lemma proj_not_col : VA A" P Q, A+ A" —projAP QA" — —Col P Q A.

Lemma proj_.comm : VA B P Q,proj AP Q B — proj A @ P B.

Lemma proj_not_.eq: VA B A B P QA"+ B —projAP QA" —proyBP () B — A
#+ B.

Lemma proj_not_eq_not_col : VA B A" B P Q, A’ #B — A+#A" —projAP QA —
proj B P () B — —Col A A" B’

Lemma proj_par_strict : VA B A’ B'P QA+ A"—>B+B — A"+ B —projAP @A’
— proj B P () B> — Par_strict A A’ B B’.

Lemma col_proj_col : VA B A" B’ P Q, A+ A" — Col ABA” — projAP (Q A" — proj B
P QB — Col AB B

Lemma col_proj_proj: VA B A’ P QA+ A" —Col AB A —projAP Q A’ —projB P
QA

Lemma proj_id : VA B A’ B"P QA+ A" —-ColABA —profAP QA —projB P Q
B — A= B’

Lemma proj_diff : VAP Q A’ ,projAP Q A" — P # Q.

Lemma proj3_col : VA B C A’ B C’P Q ,prof AP QA —projBP (B — projC P
Q C"— Col A” B” C".
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Lemma proj3_id : VA B C C'P Q,A# B —ColABC —projAP QA —projBP Q
B —proCPQC —C=C0C.
Lemma proj_inv_exists : VP Q A, P # @Q —Col P QA" — dA, A+ A" NprojAP @ A"
Lemma proj_perp_id: VA B C A" B P Q, A+ C — Col AB C —
projAP QA" — proj B P
QQ B —projC PQA —
A’ =D’
Lemma proj_diff_not_col : VA B A" B P Q, A+ A" —projAP QA —projBP Q B’
— (A’ # B’ <> =Col A B A”).
Lemma proj_diff_not_col_inv : VA B A" B"P Q, A+ A" —projAP Q A’ — proj BP @
B"— (A’=DB" <+ Col AB A’).
Lemma proj_preserves_betl : VA B C B’ C" P (),Bet A B C —
proAP QA — projB P
QQ B —proCPQC —
Bet A B’ C".
Lemma proj_preserves_bet : VA B C A’ B’ C’ P (),Bet AB C —
projAP QA —projB P
QQ B —projC P QC"—
Bet A” B’ ("
Lemma one_side_eq_.o: VA B C D, A+ B — one_side ABC D —eqo0ABCABD.

Lemma out_preserves_eq_o: VA B B P, -Col ABP —outABB —eq0oABPADB’
P.

Lemma cong_identity_inv: VA B C, A # B — —-Cong A B C C.

Lemma midpoint_col : VA B A’ B’ M, A +# B — is_midpoint M A A’ — is_midpoint M B
B —ClABB — A" 4B NColAA” B NCol BA B’

Lemma midpoint_par : YV A B A’ B’ M, A # B — is_midpoint M A A’ — is_midpoint M B
B’ —Par AB A’ B’

Lemma midpoint_par_strict : VA B A’ B’ M, A+ B — —Col A B B’ — is_midpoint M A A’
— is_midpoint M B B’ — Par_strict A B A’ B’.

Lemma le_left_comm : VA B C D,le ABCD —leBAC D.

Lemma le_right_.comm : VA B C D,le ABCD —1leABDC.

Lemma le_comm : VA B C D,le ABCD —leBADC.

Lemma le_cong_le: VA B C A’ B " C',Bet ABC - Bet A”’B"C”" —-leAB A B —
CongBC B C"—leAC A C.

Lemma cong_le_le: VA B C A’ B’ C",Bet ABC —-Bet A”’B"C’ —leBCB (" —
CongABA B —leACA C.

Lemma bet_le_le: VA B C A’B" C’,Bet ABC —-Bet A’B"C’ —le ABA B —leB
CB C —leACA C.
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Lemma bet_double_bet : V A B C B’ C’, is_midpoint B’ A B — is_midpoint ¢ A C — Bet
AB C"— Bet ABC.

Lemma bet_half_bet : VA B C B’ C’,Bet A B C — is_midpoint B’ A B — is_midpoint C’
AC —Bet AB (.

Lemma midpoint_preserves_bet : V A B C B’ (", is_midpoint B A B — is_midpoint C’ A C
— (Bet A B C +» Bet A B’ (V).

Lemma symmetry_preseves_betl : VA B M A’ B’ is_midpoint M A A’ — is_midpoint M B
B —Bet M AB—BetM A’ B’

Lemma symmetry_preseves_bet2 : V A B M A’ B’, is_midpoint M A A’ — is_midpoint M B
B —Bet M A’B”— Bet M A B.

Lemma symmetry_preserves_bet : VA B M A’ B’ is_midpoint M A A’ — is_midpoint M B
B’ — (Bet M A’ B’ <> Bet M A B).

Lemma par_cong_mid: VA B A’ B Par ABA" B”— Cong AB A’ B”— 3 M, is_midpoint
M A A’ Ais_midpoint M B B’V is_midpoint M A B’ A is_midpoint M B A".

Lemma per_preserves_bet_auxl : VP Q AB C B C',P # Q) —Bet AB C —
Col P Q A —
Per BB'P — Col P Q B’ —
Per C C"P —Col P QC —
P#+#A—P+#B —P+#CC —
Bet A B’ C".

Lemma perp_not_eq_.3: VA B C,Perp ABB C — A # C.

Lemma per_preserves_bet_aux2 : VP Q AB C A’ C’, P+ @Q —Bet AB C —
Per AA”P — ColP Q A" —
ColP Q B —
Per C C"P —ColP Q C —
P#+#A'-P+#B—-P+#C(C —
Bet A’ B C".

Lemma par_col : VA B C,Par ABAC — Col AB C.

Lemma per_diff : VA B A" B'P,A#+ B — - Col AB A’ —
Per AA”P — Per BB P —
A+ P —B #+#P— A"+ B’
Lemma per_preserves_bet : VP Q AB C A" B’ C,P # (@ —-Bet AB C —
Per AA”P — Col P Q A" —
Per BB P — Col P Q B —
Per C (" P —Col P QC —
P#+#A'-P+#B —-P#(C —
Bet A” B’ (.
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Lemma ex_col : VA B C, Distincts ABC —-ColABC —3D,ClABDNA#DANB
+ D AN C # D.

Lemma out_preserves_eqol : VA B P B, -Col ABP —outABB —eq ABP AB P.

Lemma out_preserves_eqo : VA B P B” P, -Col ABP —outABB —outAPP —
eqo ABP AB P’

Lemma per_one_sidle: VABP Q C C,A+#P —C"#P— ColABC —ColPQ A
— Col P Q C° —PerpABP @ — Per C C’"P —one_side AB C (.

Lemma one_side_eqo : VA B X Y,oneside ABX Y —eqoABX ABY.

Lemma ex_coll : VAB C,A# B —-Co ABC —3dD,ClABDANA#+DANB+#DA
C # D.

End Ch12.
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Chapter 31

Library project

Require Export quadrilaterals_inter_dec.
Require Export vectors.

Section Projections.

Context ‘{ MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Projections

Definition project P PP AB X Y =
A4#BNX#4#Y N-ParABX Y ANColABP N(ParPP X YVP=P).

Lemma project_id: VA B X Y P P’ project PP " ABX Y —Codl ABP — P =P
Lemma project_not_id: VA B X Y P P’ project PP’ ABX Y — ~Col ABP — P # P
Lemma project_col : VA B X Y P ,project PP AB X Y — Col AB P.

Lemma project_not_col : VA B X Y P P’,project PP°"ABX Y - P +#P — —-Col AB
P.

Lemma project_par : VA B X Y P Q P’ (), project PP ABX Y — project Q Q" A B X
Y >ParP QXY — P =qQ"
Lemma ker_col : VP QQ PP AB X Y, project PP AB X Y — project Q PP ABX Y —
Col P Q P
Lemma ker_par: VP Q PP AB X Y, P+ @ — project PP AB X Y — project Q P’ A
BXY —>ParP QXY
Lemma project_unicity : VP P* Q" A B X Y, project PP A B X Y — project P ) A B
XY P =qQ.
Lemma project_existence : VP A B X Y,

X#Y — A#B —

- Par XY AB—

Jt P’, project P PP AB X Y.
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Lemma project_col_eq: VP Q P Q" AB X Y,
P#P —
Col P QP —
project PPPAB X Y —
project ) Q" AB X Y —
P =qQ"
Lemma par_col_project :
VPP ABX Y,
A+ B —
—ParABX Y —
Par PP X Y —
Col AB P —
project P PP AB X Y.

Lemma project_preserves_bet :
VABXYPQRP @Q R’
Bet P Q) R —
proect PP ABX Y —
project Q QA B X Y —
proecct RRABX Y —
Bet P’ Q' R".
Lemma symmetry_preserves_conga :
VABCA'"BC M,A#+#B—C+#B—
is_midpoint M A A’ —
is_midpoint M B B’ —
is_midpoint M C C" —
Conga A B C A’ B’ ("

Lemma triangle_par :
VABCA B (,
- Col ABC —
Par AB A" B —
Par BC B (" —
Par A C A" C’ —
Conga AB C A’ B’ (.

Definition Conga_3:=fun A B C A’ B’ ("= CongaAB C A" B”C’NCongaB C(C A
B C" A" NConga C AB C" A’ B

Lemma par3_conga3 :

VABCA B ('

- ClAB C —

Par AB A’ B —

Par B C B’ " —

Par AC A’ C" —
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Conga 3ABC A B ("

Lemma cong_conga3_cong3 :
VABCA B ('
- ClABC —
Cong ABA" B —
Conga3ABC A" B (" —
Cong 3ABC A’ B’ ("

Lemma project_par_eqv :
VPP QQ ABXY,
project PPPAB X Y —
project Q Q" AB X Y —
Par P Q A B —
eqV P QQ P’ Q).

Lemma eqv_project_eq_eq :
VPQRSP Q SSABXY,
eqVPQRS —
project PPPAB X Y —
project ) QA B X Y —
project RPPABX Y —
project S S"ABX Y —
Q=9
Lemma eqv_eq_project :
VPQRSP Q ABXY,
eqV PQRS —
project PPPAB X Y —
project ) QA B X Y —
project RPPABX Y —
project S Q" A B X Y.

Lemma project_par_dir: VP P " AB X Y, P# P —project PP ABX Y —ParP P’ X
Y.

Lemma project_idem : V P P" A B X Y, project PP AB X Y — project PP PPABX Y.
Lemma eqv_cong : VA B C D,eqV AB C D — Cong A B C D.

Lemma project_preserves_eqv :
VPQRSP QRS ABX Y, eqVPQRS —
project PPPAB X Y —
project ) QA B X Y —
project RR"AB X Y —
project S S"AB X Y —
eqV PP Q" R S’
Lemma perp_vector : VA B, A# B — (3 X, 3Y,PerpAB X Y).
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Definition projp:=fun P PP AB = A+ B N ((Col AB P  NPerp AB P P’) Vv (Col
ABPNP=P)).

Lemma perp_projp : V P P° A B, Perp_in P’ A B P P’ — projp P P” A B.
Lemma proj_distinct : V P P” A B,projp P PP AB — P #+# AV P+ B.
Lemma projp_is_project :
VPP AB,

projp P PP A B —

JX,3dY, project PP"ABX Y.

Lemma projp_is_project_perp :

VPP AB,

projp P PP A B —

4X,3dY, project PP°ABX Y NPerpAB X Y.

Lemma projp_to_project :
VPP ABXY,
Perp ABX Y —
projp PP A B —
project P PP A B X Y.

Lemma project_to_projp :
VPP ABXY,
project PPPAB X Y —
Perp ABX Y —
projp P P’ A B.

Lemma projp_project_to_perp :
VPP ABXY,
P#P —
projp P PP A B —
project PPPAB X Y —
Perp AB X Y.

Lemma project_par_project :
VPP ABXY XY/
project PP ABX Y —
Par X VY X7V’ —
project P PP A B X’ Y
Lemma project_project_par :
VPP ABXY XY/
P+£P —
project PPPAB X Y —
project PP AB XY —
Par X YV X" V"

Lemma projp_id : VP P" Q" A B,projp PP"AB —projp P Q”AB — P’ = Q"

153


file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Lemma projp_preserves_bet :

VABCA B (C"XY,
Bet AB C —
propAA’ XY —
prop BB X Y —
prop C C" X Y —

Bet A’ B’ (".

Lemma projp_preserves_eqv :
VABCA"B C"DD XY,
eqV ABCD —
propAA’ XY —
projp BB’ X Y —
projp C C" X Y —
projp DD X Y —
eqV A’ B’ C’ D"

Lemma projp_idem : V P P’ A B,
projp PP A B —
projp P P* A B.

End Projections.
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Chapter 32

Library vectors

Require Import quadrilaterals_inter_dec.
Section Vectors.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Vertor
Definition eqV := fun A B C D = Parallelogram A B D C VvV A=B AN C = D.
Lemma eqv_refl : V A B,eqV A B A B.
Lemma eqv_sym : VA B C D,eqV AB C D —eqV C D A B.
Lemma eqv_trans : VA B C D FEF F,eqV ABCD —eqVCDFEF —eqVABEF
Lemma eqv_comm : VA B C D,eqV AB C D —eqV B AD C.
Lemma vector_construction : VA B C, 3D, eqV A B C D.

Lemma vector_construction_unicity :

VABCDD,

eqV ABCD —

eqV ABCD —

D =D
Lemma null_vector : VA B C,eqV AAB C — B = C.
Lemma vector_unicity : VA B C,eqV AB A C — B = C.
Lemma eqv_trivial : V A B ,eqV A A B B.

Lemma eqv_permut :
VABC D,
eqV ABC D —
eqV A C B D.

Lemma eqv_par :
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VABCD,
A+ B —

eqV ABCD —
Par A B C D.

Lemma eqv_opp-_null :
V A B,
eqV ABB A —
A= B.

Lemma eqv_sum :
VABCA B C,
eqV AB A’ B —
eqV BC B’ C’' —
eqV A C A’ C".
Definitionis.sum:=fun A BCD FE F =V D’,eqV C D BD’ —eqVAD EFL.

Lemma null_sum :
VABC,
iscsum A BB AC C.

Lemma chasles :
VABC,
iscsum A B B C AC.

Lemma eqv_mid :

vV ABC,
eqV ABBC(C —
is_midpoint B A C.

Lemma mid_eqv :
VA B C, is_midpoint A B C —
eqV B A AC.

Lemma sum_sym :
VABCDEF,
iscsum ABCDEF —
is.sum ¢ D ABE F.

Lemma opposite_sum :
VABCDEF,
iscsumABCDEF —
is.sum BAD C F E.

Lemma null_sum_eq :
VAB C D,
iscssum ABBCDD —
A=C.

Definition is_sum_exists :—fun A B C D E F = 4D, eqV BD"C D NeqV AD’ E F.
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Lemma is_to_ise :
VABCDEF,
iscsumABCDEF —
is_sum_exists A B C D E F.

Lemma ise_to_is :
VABCDFEF,
is_sum_exists A B C D FEF —
is.sum A B CDFEF.

Lemma sum_exists :
VABCD,3E,dF,iscssmABCDEF.

Lemma sum_unicity :
VABCDETFE F
iscsumABCDEF —
iscsum A B CDE F —
eqV E F E’ F".

Definition same_dir:=fun A B C D =A=BANC=DVvV 3D ,outCDD NeqV A
B CD.

Lemma same_dir_refl : V A B, same_dir A B A B.

Lemma same_dir_ts :
VABC D,
same_dir A B C D —
4M,Bet AM D ANBet BM C.

Lemma one_side_col_out :
VABX Y,
ColAX Y —
one_side ABX Y —
out A X Y.

Lemma par_ts_same_dir :

VABC D, Par_strict ABCD —
(IM,Bet AM D ABet BM C) —
same_dir A B C D.

Lemma same_dir_out : VA B C,same_dr A BAC -out ABCVA=BANA=C.
Lemma same_dir_outl : VA B C,same_.dir ABB C —outABCVA=BNA=C.
Lemma same_dir_null : VA B C, same_dir AAB C — B=C.

Lemma plgs_out_plgs :
VABCDB (),
Parallelogram_strict A B C D —
out AB B —
out D C C" —
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Cong AB"D (C" —
Parallelogram_strict A B” C’ D.

Lemma plgs_plgs_bet :
YVABCDB C,
Parallelogram_strict A B C D —
Bet A B B —
Parallelogram_strict A B C' D —
Bet D C ("

Lemma plgf_plgf_bet :
YVABCDB C
Parallelogram_flat A B C' D —
Bet A B B —
Parallelogram_flat A B’ ¢" D —
Bet D C ("

Lemma plg_plg_bet :
YVABCDB ¢
Parallelogram A B C D —
Bet A B B —
Parallelogram A B’ ¢’ D —
Bet D C ("

Lemma plgf_out_plgf :
YVABCDB C
Parallelogram_flat A B C' D —
out AB B —
out D C ¢’ —

Cong AB’D (C" —
Parallelogram_flat A B’ C’ D.

Lemma plg_out_plg :
VABCDB (
Parallelogram A B C D —
out AB B —
out D C C" —

Cong AB’D C’" —
Parallelogram A B” C” D.

Lemma same_dir_sym : VA B C' D, same_dir A B C D — same_dir C D A B.

Lemma same_dir_trans : YV A B C D E F, same_dir A B C D — same_dir C D F F —
same_dir A B F F.

Lemma same_dir_comm : V A B C D, same_dir A B C D — same_dir B A D C.
Lemma bet_same_dirl: VA B C,A# B —- B #+ C — Bet AB C — same_dir A B A C.
Lemma bet_same_dir2: VA B C, A# B —- B+ (C — Bet AB C — same_dir A B B C.
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Definition opp_dir:= fun A B C' D = same_dir A B D C.
Lemma plg_opp_dir : V A B C D, Parallelogram A B C D — same_dir A B D C.

Lemma same_dir_dec: V A B C D,
same_dir A B C DV —same_dir A B C D.

Lemma same_or_opp-dir : VA B C D, Par AB C D — same_dir A B C D V opp_dir A B
C D.

Lemma same_dir_id : V A B, same_dir A B B A— A=B.
Lemma opp_dir_id : V A B, opp_dir ABAB — A=B.

Lemma same_dir_to_null : VA B C D, same_dir A B C D — same_.dr ABD C —- A=DB
A C = D.

Lemma opp_dir_to_null : VA B C D, opp_dir A B C D — opp_dir ABD C —-A=BAC
=D.

Lemma same_not_opp_dir: VA B C D, A # B — same_dir A B C D — —opp-dir A B C D.
Lemma opp_not_same_dir: VA B C D, A+ B — opp_dir A B C D — —same_dir A B C D.

Lemma vector_same_dir_cong : VA B C D, A+ B —- C #D — 3 X, 3Y, same_dir A B
X Y ANCong X Y CD.

End Vectors.
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Chapter 33

Library orthocenter

Require Import circumcenter.
Require Import quadrilaterals_inter_dec.

Section Orthocenter.

Context ‘{MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.
Orthocenter

Definition is_orthocenter H A B C =
- ColABCA
9 A1, 3B1,Perp AAl BC APerp BBl ACACol HAALANCol HB BL

Lemma construct_intersection : V A B C X1 X2 X3,

- Col AB C —

Par AC B X1 -ParABC X2 —ParB (C AX3 —
JE, Col FEAX3NCol EBXI.

Lemma not_col_par_col2_diff : VA B C D E F,
- ClABC—-ParABCD —-ClCDE—-ClAEF — A+#E.

Lemma construct_triangle : V A B C,
- CllABC—dD,3E, dF,
ColBDFANColAEFANCol CDEN
Par ABCDANParACBDANParBCAEN
ParABCFEANPar ACBFANParBCAFA
DAEANDAFAE+4F

Lemma diff_not_col_col_pard_mid: VA B C D E,
D#+#FE——-ClABC—-ClCDFE—ParABCD—
ParABCFE —ParAEBC —ParAC B D — is_midpoint C D E.

Lemma altitude_is_perp_bisect : VA B C O Al E F,
A+4#0—>FE+#F —>PerpAAl BC —-Col O A1 A—-ColAEFF —-ParBCAFE —
is_midpoint A F F —
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perp_bisect A O E F.

Lemma altitude_intersect:

VAAI B Bl C C1 O: Tpoint,
- ColABC —

Perp A A1 BC — Perp BBl AC —PerpC Cl AB —
Col 0O A A1 — Col O B Bl —
Col O C C1.

End Orthocenter.
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Chapter 34

Library gravityCenter

Require Import triangle_midpoints_theorems.
Require Export perp_bisect.

Section GravityCenter.

Context ‘{MT:Tarski_2D_euclidean}.

Context ‘{ EqDec:EqDecidability Tpoint}.

Context ‘{InterDec:InterDecidability Tpoint Col}.
Center of gravity

Lemma intersection_two_medians_exist :
VABCIJ,
-Col A B C —
is_midpoint I B C' — is_midpoint J A C —
3G, ColGAINCol G B J.

Lemma intersection_two_medians_exist_unique :
VABCIJ,
-Col A B C —
is_midpoint I B C' — is_midpoint J A C —
41 G, Col G AI N Col G B J.

Definition is_gravity_center G A B C :=
- Col AB C A
31,3 J, iscmidpoint I B C A is_midpoint J A C N Col G AT N Col G B J.

Lemma is_gravity_center_exist_unique : V A B C,
- Col AB C —
J1 G, is_gravity_center G A B C.

Ltac intersection-medians G A B C I J Hl H2 H3 =
let T := fresh in assert(7:= intersection_two_medians_exist A B C I J H1 H2 H3);
ex—and T G.

Tactic Notation "Name" ident(G) "the" "intersection" "of" "the" "medians" "(" ident(A)
ident(I) ")" "which" "is" "a" "median" "since" ident(H2) "and" "(" ident(B) ident(J) ")"
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"which" "is" "a" "median" "since" ident(H3) "of" "the" "non-flat" "triangle" ident(A)
ident(B) ident(C') ident(H1) :=

intersection_medians G A B C' I J HI H2 HS3.
Lemma three_medians_intersect:

VABCIJK,

-Col A B C —

is_midpoint I B C' —

is_midpoint J A C —

is_midpoint K A B —

3G, Cd GAINCol GBJANCol GC K.

End GravityCenter.
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Chapter 35

Library construction_functions

Require Import Epsilon.
Require Import gravityCenter.

Section T.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma symmetric_point_ex_unicity :
V1A, 3" B, is_midpoint I A B.

Definition symmetric_point [ A := select_the (symmetric_point_ex_unicity [ A).

Definition gravity_center A B C (H:—Col A B C) := select_the (is_gravity_center_exist_unique
AB C H).

End T.
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Chapter 36

Library Epsilon

Require Import ClassicalEpsilon.

Set Implicit Arguments.

Lemma ex_unique_introduction :
V (A:Type)(P:A—Prop),
(Jz, Pz)—
Vab Pa—Pb—a=0b)->
Jt z, Pz
Ltac ex_unique_intro :—
match goal with | F ex (unique 7P) | =
apply ex_unique_introduction end.

Theorem epsilon_ind :
V (A:Type)(: : inhabited A)(P:A—Prop)
(Q:A—Prop), (Fz, P z)->
Vz:A Pz — Qz)—
@ (epsilon i P).
Theorem epsilon_equiv : V (A:Type)(i : inhabited A)(P:A—Prop),
(dz, P x)<-> P (epsilon i P).

Definition tau (A:Type)(i:inhabited A)(P:A—Prop) :=
epsilon i (fun y = = (P y)).

Lemma forall_def : (V P, PV = P) —
V (A:Type)(i:inhabited A)(P:A—Prop),
Vy, Py < P (taui P).

Definition iota (A:Type)(i : inhabited A)(P: A— Prop) : A :=
epsilon i (unique P).

Lemma iota_e : V (A:Type) (i: inhabited A) (P : A — Prop),

165


file:.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Logic.ClassicalEpsilon
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '=' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' '!' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' '!' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' '!' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:ex.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:unique.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:epsilon.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Logic.ClassicalEpsilon
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<->' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'exists' x '..' x ',' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<->' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:epsilon.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Logic.ClassicalEpsilon
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:epsilon.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Logic.ClassicalEpsilon
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x 'x5C/' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<->' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<->' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<->' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:epsilon.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Logic.ClassicalEpsilon
file:unique.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file:inhabited.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

ex (unique P) —
unique P (iota i P).

Lemma iota_e_weak : V (A:Type) (i: inhabited A) (P : A — Prop),
ex (unique P) —

P (iota i P).

Theorem iota_ind :

V (A:Type)(i: inhabited A)(P:A—Prop)
(Q:A—Prop),

(Vb: A unique Pb— Q b) —
ex (unique P) —
Q (iota i P).

Theorem iota_ind_weak : V (A:Type)(i: inhabited A)(P:A—Prop)
(@Q:A—Prop),
Vb: A, Pb— Qb)) —
ex (unique P) —
Q (iota i P).

Ltac epsilon_elim_auzr =
match goal with [ F (7P (epsilon (A:=7X) 7a 7Q))| =
apply epsilon_ind; auto
end.

Ltac epsilon_elim := epsilon_elim_auz ||
match goal with
[F (7P (?k 7d))| =
(let v := eval cbv zeta beta delta [k] in (k d) in
(match v with (epsilon 7w 7d) = change (P v); epsilon_elim_auz end))
|| F (PP (?k Targ Targl))] =
(let v := eval cbv zeta beta delta |k]| in (k arg argl) in
(match v with (epsilon ?w ?d) = change (P v); epsilon_elim_auz end))
|[F (7P 7k)| =
(let v := eval cbv zeta beta delta |k] in £ in
(match v with (epsilon 7w ?7d) = change (P v); epsilon_elim_auz end))
end.

Ltac tota_elim_aux =
match goal with [ F (7P (iota (4:=7X) 71 7Q))| =
apply iota_ind; auto
end.

Ltac iota_elim = iota_elim_auz ||
match goal with
| = (PP (?k ?arg))| =
(let v := eval cbv zeta beta delta [k] in (k arg) in
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(match v with (iota 7w ?d) = change (P v); iota_elim_auz end))
| [F (?P (?k ?arg Targl))| =
(let v := eval cbv zeta beta delta |k]| in (k arg argl) in
(match v with (iota 7w 7d) = change (P v); iota_elim_auz end))
| [F (PP ?k)] =
(let v := eval cbv zeta beta delta |k]| in £ in
(match v with (iota 7w ?d) = change (P v); iota_elim_auz end))
end.

Lemma iota_parameter_rw : V (A:Type)(a b:inhabited A)(P:A— Prop),
(ex (unique P)) —
iota ¢ P =iota b P.
Structures for descriptions and specifications

The operators “some” and “the” correspond to epsilon and iota applied to the proof they
expect

Definition select(A:Type)(P:A—Prop)(pi:d z, P z)

: A

:= projl_sig (constructive_indefinite_description P pi).
Implicit Arguments select |4 P|.

Definition select_the (A:Type)(P:A—Prop)
(pi:3' =, P )

: A

:= projl_sig (constructive_indefinite_description (unique P) pi).
Implicit Arguments select_the |4 P|.
Lemma select_e : V (A:Type)(P:A—Prop)(pi:d z, P z),

P (select pi).

Implicit Arguments select_e [A P|.

Theorem select_ind :V (A:Type)(P @Q:A—Prop)
(pi:d z, P x),
(Va, Pa— Q a)— Q (select pi).

Theorem select_the_e : V (A:Type)(P:A—Prop)
(pi:3' =, P z),
unique P (select_the pi).

Implicit Arguments select_the_e [A P|.

Theorem select_the_ind : V (A:Type)(P @Q:A—Prop)
(pi:ex (unique P)),
(V b, unique P b — @ b) — @ (select_the pi).

Implicit Arguments select_the_ind [A P|.
Theorem select_the_rw : V (A:Type)(P:A—Prop)
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(pi:3t =, P z) b,
P b — b= select_the pi.

Implicit Arguments select_the_rw [A P|.

Ltac select_the_elim_aux =
match goal with [ F (7Q (select_the 7d))| =
apply select_the_ind
end.

Ltac select_the_elim = select_the_elim_auz ||
match goal with [+ (7P k)| =
(let v := eval cbv beta zeta delta |k]| in k£ in
(match v with (select_the 7d) = change (P v); select_the_elim_auz end))
end.

Ltac select_elim_auzr =
match goal with [ F (7P (select 7d))| =
generalize (select d) (select_e d); simpl
end.

Ltac select_elim := select_elim_auz ||
match goal with [+ (7P ?k)| =
(let v := eval cbv beta zeta delta |k]| in £ in
(match v with (select 7d) = change (P v); select_elim_auz end))
end.

Ltac hilbert_e :=
select_the_elim || select_elim || iota_elim || epsilon_elim. .

Tactic Notation "epsilon_e" constr(T) "at" integer(n) :=
pattern T at n; hilbert_e.

Tactic Notation "epsilon_e" constr(T) :=
pattern T ; hilbert_e.
Ltac select_i P :—=
refine (select (P:=P) _).

Ltac select_the_i P =
refine (select_the (P:=P) _).

Building partial functions

Definition functional(A B : Type) (R: A — B — Prop ) :—
Vey, Rry—>Vz,Rrxz—>y=2z

Implicit Arguments functional [A B].

Section AB_fixed.
Variables A B: Type.

description of some partial function by a Domain and a binary relation
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Definition choice_fun (i : inhabited B)(DA : A—Prop)(R:A—B—Prop)(a:A):=
(epsilon ¢ (fun (b:B) = DA a A R a b’)).

Definition iota_fun (b : inhabited B)(DA : A—Prop)(R:A—B—Prop)(a:A):=
(iota b (fun (b:B) = DA a AN R a b’)).

Lemma choice_fun_e : V i : inhabited B,
V (DA : A—Prop)(R:A— B—Prop)(a:A),
(3d: B, Rad)—
DA o — R a (choice_fun i DA R a).

Lemma choice_fun_ind : V i : inhabited B,

V (P : A—Prop)(Q R:A—B—Prop)(a z:4),
(3d:B,Rad)—a=z—
Pa—-NVbPa—Rab— Qabd)—
Q z (choice_fun i P R a).

a partial function equipped with a proof of its partial correctness

Definition the_fun (¢ : inhabited B)(D : A—Prop)(R:A—B—Prop)
(pi:Va Da—3"b, Rab): A— B :=
fun a:A = iota i (fun (b:B) = D a A R a b).

same stuff but without unicity of the result

Definition some_fun (i : inhabited B)(D : A—Prop)(R:A—B—Prop)
(pi:VYaDa—3b:B,Rab): A— B :=
fun a:A = epsilon ¢ (fun (b:B) = D a A R a b).

Lemma iota_fun_e : V b : inhabited B,
V (DA : A—Prop)(R:A—B—Prop)(a:A),
(ex (unique (R a))) —
DA a — unique (R a) (iota_fun b DA R a).
Lemma iota_fun_ind : V b : inhabited B,
V (P : A—Prop)(Q R:A—B—Prop)(a z:A),
a =1z — (ex (unique (R a))) —
Pa— (Vb Pa— unique (Ra)b— Q ab)—
Q z (iota_fun b P R a).
Lemma iota_fun_rw : V b: inhabited B,
V (P : A—Prop)(R:A—B—Prop)(a:A)(b":B),
(ex (unique ( R a))) —
Pa—
Rab — b= (ota_fun b P R a).

Theorem the_fun_e : V (b :inhabited B)(P: A— Prop)(R:A— B—Prop)
(pi: ¥ a, P a — ex (unique (R a))) (a:4),
Pa— R a (thefunb P R pia) .

Theorem some_fun_e : V (¢ : inhabited B)(P: A— Prop)(R:A—B—Prop)
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(pi:VYa, Pa— 3b0: B, Rabl)(a:A),
P a— R a (some_funi P R pi a) .

Theorem the_fun_rw : V (b : inhabited B)(P: A— Prop)(R:A— B—Prop)
(pi : ¥ a, P a — ex (unique ( R a))) (a:A)(b0:B),
Pa— Rab0)— b0= (the_fun b P R pi a) .

Theorem the_fun_ind : V (b : inhabited B)(P: A— Prop)(Q R:A— B—Prop)
(pi: ¥V a, P a— ex (unique (R a))) (a z:4),
Pa—a=12—
(V b0, P a — unique (R a) b0 — @ a b0) —
Q = (the_fun b P R pi a) .
Theorem some_fun_ind : V (¢ : inhabited B)(P: A— Prop)() R:A— B—Prop)
(pi:Va Pa—3b: B, Rab)(axA),
a=z—Pa—NVb0,Pa—Rabl)— Qabd)—
Q = (some_fun i P R pi a) .

End AB_fixed.
tactic for building a partial function
Opaque the_fun some_fun.

Ltac the_fun_i P R:=
refine (the_fun _ P R _).

Ltac some_fun_t P R:—
refine (some_fun _ P R _).

Ltac the_fun_elim =
match goal with [F (7Q 7a (7f 7)) | =
(let v := eval cbv beta zeta delta |[f] in f in
(match v with (the_fun 7 7P 7R 7d) = change (@ a (v t));
apply the_fun_ind ; auto end)) end.

Ltac some_fun_elim =
match goal with | F (7Q 7a (7f 7t)) | =
(let v := eval cbv beta zeta delta [f| in f in
(match v with (some_fun 7 ?P ?R 7d) = change (Q a (v t));
apply some_fun_ind ; auto end)) end.

Ltac iota_fun_elim =
match goal with [F (7Q 7a (7f 7t)) | =
(let v := eval cbv beta zeta delta |f] in f in
(match v with (iota_fun 74 7P 7R ) = change (Q a (v 1));
apply iota_fun_ind ; auto end)) end.

Ltac choice_fun_elim =
match goal with [F (7Q 7a (?f 7)) | =
(let v := eval cbv beta zeta delta [f| in f in
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(match v with (choice_fun 7¢ 7P 7R ) = change (Q a (v 1));
apply choice_fun_ind ; auto end)) end.

Ltac pfun_e := choice_fun_elim || iota_fun_elim || some_fun_elim ||
the_fun_elim.

Ltac partial_fun_e arg result := pattern arg, result;pfun_e.

Ltac iota_fun_rewrite :=
match goal with [ F (?f 7z = 7y) | =
(let v := eval cbv beta zeta delta [f| in f in
(match v with (iota_fun 7¢ 7P 7R ) =
change (v = = y);symmetry; apply iota_fun_rw; auto
end)) end.

Ltac the_fun_rewrite :=
match goal with [ F (?f 7z = 7y) | =
(let v := eval cbv beta zeta delta [f| in f in
(match v with (the_fun ?7¢ ?P 7R 7d ) =
change (v = = y);symmetry; apply the_fun_rw; auto
end)) end.

Section definite_description.

Lemma dd"" : V (A:Type)(B:A—Type)
(R:Y z:A, B © — Prop),
(V z: A, inhabited (B z)) —
(sigT (fun f : V2:A, Bz =
Vaz:A, Sy:Bz, Rz y)— Rz (fz)))).
Lemma dd’ : V (A:Type) (B:A — Type)
(R:Y z:A, B & — Prop),

(V z, inhabited (B z)) —

Vz:A,Jy: Bz, Rz y)—

sigT (funf:Va2:A, B = (Vz:A, Rz (f 2))).

End definite_description.

Definition epsilon_extensionality :=
V (A:Type)(i: inhabited A)(P Q:A—Prop),
Va, Pa<+ Qa)—
epsilon i P = epsilon 7 Q.

Definition restricted_epsilon_extensionality :=
V (A:Type)(i: inhabited A)(P @Q:A—Prop),
Va, Pa<+ Qa)—
ex P —
epsilon i P = epsilon 7 Q.
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Lemma inhabited_bool : inhabited bool.
Lemma or_to_sumbool : V P @ : Prop, P V @ — {P}+{Q}.

Lemma iota_rw : V (A:Type)(a: inhabited A)(P:A—Prop)(z:4),
unique P z —
iota a P = .

Opaque epsilon.
Definition unspec (A:Type)(i:inhabited A) := epsilon i (fun z = True).
Lemma quasi_classic : V (A:Type), A + (A—False).
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Chapter 37

Library triangle_midpoints_theorems

Require Export quadrilaterals_inter_dec.
Ltac assert_all := treat_equalities; assert_cols; assert_diffs; assert_congs.
Section TriangleMidpointsTheorems.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma triangle_mid_par_strict_cong_aux : VA B C P () R,
-Col AB C —
is_midpoint P B C —
is_midpoint @ A C —
is_midpoint R A B —
Par_strict AB Q@ P NCongARP Q NCong BRP Q.

Lemma triangle_mid_par_strict_cong_-1: VA B C P @ R,
-Col A B C —
is_midpoint P B C —
is_midpoint Q@ A C —
is_midpoint R A B —
Par_strict A B @ P AN Cong AR P Q.

Lemma triangle_mid_par_strict_cong_ 2 : VA B C P @ R,
—Col A B C —
is_midpoint P B C —
is_midpoint @ A C —
is_midpoint R A B —
Par_strict A B @ P AN Cong BR P Q.

Lemma triangle_mid_par_strict_cong_simp :
VABCPQ,

- Col ABC —

is_midpoint P B C —
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is_midpoint @ A C —
Par_strict A B @ P.

Lemma triangle_mid_par_strict_cong : VA B C P @ R,

—-Col A B C —

is_midpoint P B C —

is_midpoint @ A C —

is_midpoint R A B —

Par_strict A B Q P N Par_strict A C P R A Par_strict B C Q R N
CongARPQNCongBRP Q@NCongAQPRANCongC @Q@PRANCongBP QRN
Cong C' P @ R.

Lemma triangle_mid_par_strict : VA B C P (Q,
-Col A B C —
is_midpoint P B C —
is_midpoint @ A C —
Par_strict A B () P.

Lemma triangle_mid_par_flat_cong_aux : VA B C' P @ R,
B#A—

Col ABC —

is_midpoint P B C —

is_midpoint Q@ A C —

is_midpoint R A B —

Par AB QP NCongARP Q NCong BRP Q.

Lemma triangle_mid_par_flat_cong_-1: VA B C P Q R,
B#A—

CodABC—

is_midpoint P B C —

is_midpoint @ A C —

is_midpoint R A B —

Par AB QP NCong AR P Q.

Lemma triangle_mid_par_flat_cong 2 : VA B C P Q R,
B #A—

CodABC—

is_midpoint P B C —

is_midpoint Q@ A C —

is_midpoint R A B —

Par AB Q P NCong BRP Q.

Lemma triangle_mid_par_flat_cong : VA B C P @ R,
B+ A—
C+#+A—
C+#B—
Cod ABC—
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is_midpoint P B C —

is_midpoint Q A C —

is_midpoint R A B —

Par ABQPANParACPRANParBC QRN

CongARP QNCongBRP Q@NCongAQPRANCongC QP RANCongBP Q RA
Cong C P @ R.

Lemma triangle_mid_par_flat : V A B C' P Q,
B+ A—
Col AB C —
is_midpoint P B C —
is_midpoint @ A C —
Par A B Q P.

Lemma triangle_mid_par: VA B C' P @),
A+ B —
is_midpoint P B C —
is_midpoint Q@ A C —
Par A B Q P.

Lemma triangle_mid_par_cong: VA B C P @ R,

B+ A—

C+A—

C+#B—

is_midpoint P B C —

is_midpoint Q@ A C —

is_midpoint R A B —

ParABQP/ NParACPRANParBC QRN

CongARP QNCongBRP Q@NCongAQPRANCongC QPRANCongBP QRN
Cong C P @ R.

Lemma triangle_par_mid : VA B C P (Q,
-Col A B C —

is_midpoint P B C —

ParAB Q P —

Col Q@ AC—

is_midpoint @ A C.

End TriangleMidpointsTheorems.
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Chapter 38

Library tarski_to_hilbert

Require Import Chl2_parallel_inter_dec.
Require Import Morphisms.
Require Import hilbert_axioms.

Section T.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

We need a notion of line.

Definition Line := @Couple Tpoint.
Definition Lin := build_couple Tpoint.

Definition Incident (A : Tpoint) (I : Line) := Col A (P11) (P2 1]).

38.1 Group I Combination

For every pair of distinct points there is a line containing them.
Lemma axiom_line_existence : V A B, A#B — 31, Incident A [ A Incident B I.
We need a notion of equality over lines.
Definition Eq : relation Line := fun [ m = V X, Incident X [ <> Incident X m.
"

Infix "=1=":= Eq (at level 70):type_scope.

Lemma incident_eq: VA B,V H : A#B,
Incident A [ — Incident B [ —
(Lin A B H) =1=1.

Our equality is an equivalence relation.
Lemma eq_transitivity : VI m n, [ =1=m — m =1=n — [ =1= n.

Lemma eq_reflexivity : V [, [ =1= 1.
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Lemma eq_symmetry : V[ m, [ =1=m — m =1=[.
Instance Eq_Equiv : Equivalence Eq.
The equality is compatible with Incident

Lemma eq_incident : V Al m, [ =1=m —
(Incident A [ <> Incident A m).

Instance incident_Proper (A:Tpoint) :
Proper (Eq ==>iff) (Incident A).
Qed.

There is only one line going through two points.

Lemma axiom_line_unicity : VA Bl m, A+ B —
(Incident A I) — (Incident B [) — (Incident A m) — (Incident B m) —
[ =1=m.

Every line contains at least two points.

Lemma axiom_two_points_on_line : V [,
4 A, 9B, Incident B I A Incident Al N A # B.

Definition of the collinearity predicate. We say that three points are collinear if they
belongs to the same line.

Definition Col.H := fun A B C =
31, Incident A [ A Incident B [ A Incident C L

We show that the notion of collinearity we just defined is equivalent to the notion of
collinearity of Tarski.

Lemma cols_coincide_.1: VA B C,Col.HA B C — Col A B C.
Lemma cols_coincide_.2 : VA B C,Col AB C — Col.HA B C.
There exists three non collinear points.

Lemma axiom_plan :

4A,dB,3C, ~ColcHABC.

38.2 Group II Order

Definition of the Between predicate of Hilbert. Note that it is different from the Between of
Tarski. The Between of Hilbert is strict.

Definition Between_.H A B C =
Bet ABCANA#4BANB#CNA#C.

Lemma axiom_between_col :

VAB C, Between.H A B C — Col_HA B C.
If B is between A and C, it is also between C and A.
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Lemma axiom_between_comm : V A B C, Between_.H A B C — Between_H C B A.

Lemma axiom_between_out :

VAB A#B — 4C, Between.H A B C.

Lemma axiom_between_only_one :
VABC,
Between.H A B ' — — Between_.H B C' A N — Between_H B A C.

Lemma between_one : V A B C,
A#4B — A+#C — B#C — Col A B C —
Between_.H A B C V Between_.H B C' AV Between_H B A C.

Lemma axiom_between_one : V A B C,
A#4B — A+C — B#C — Col.HA B C —
Between_.H A B C' V Between_H B C' A \V Between_.H B A C.

Axiom of Pasch, (Hilbert version).
First we define a predicate which means that the line | intersects the segment AB.

Definition cut ;= fun ! A B = —lIncident A [ A —lncident B 1 A 3 T, Incident T | A
Between_H A I B.

We show that this definition is equivalent to the predicate two_sides of Tarski.
Lemma cut_two_sides : V! A B, cut | A B <> two_sides (P1 1) (P2 1) A B.

Lemma axiom_pasch : VA B C |,
- Col.HA B C — —Incident C | —
cutlAB—cutl ACVecutlBC

Lemma Incid_line :
VP ABI A+B —
Incident A ! — Incident B! — Col P A B — Incident P L

38.3 Group III Parallels

We use a definition of parallel which is valid only in 2D:
Definition Para !l m :=— — 3 X, Incident X [ A Incident X m.

Lemma axiom_euclid_existence :
VI[P, = Incident Pl — 4 m, Paral m.

Lemma Para_Par : VA B C D,V HAB: A#B,Y HCD: C#D,
Para (Lin A B HAB) (Lin C D HCD) — Par A B C D.

Lemma axiom_euclid_unicity :
VIPmlm2,
= Incident P [ —
Para [ m1 — Incident P m1 —
Para | m2 — Incident P m2 —
ml =1= m2.
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38.4 Goup IV Congruence

The cong predicate of Hilbert is the same as the one of Tarski:
Definition Hcong:=Cong.
Lemma axiom_hcong_1_existence :
VABIM,
A # B — Incident M | —
JA’, 4B,
Incident A’ [ A Incident B’ [ A
Between_.H A’ M B’ N Hcong M A’ A B N Hcong M B’ A B.

Lemma axiom_hcong_1_unicity :
VABIMA B"A” B”, A+ B — Incident M | —
Incident A’ | — Incident B’ [ —
Incident A’ [ — Incident B” | —
Between.H A’ M B” — Hcong M A’ A B —
Hcong M B’ A B — Between_.H A” M B’ —
Hcong M A” A B — Hcong M B” A B —
(A7=A77/\B7=B77)\/(A7=B77/\B7=A77)'
As a remark we also prove another version of this axiom as formalized in Isabelle by Phil
Scott.

Definition same_side_scott F A B:=F # AN FE #+ BN Col_HFE A B N — Between_H A
E B.

Remark axiom_hcong_scott:
VPQAC A#+#C —P+#Q—
3 B, same_side_scott A B C AN Hcong P Q A B.

Transivity of congruence.

Lemma axiom_hcong_trans: VA B C D FE F,Hcong A B C D — Hcong A B E F — Hcong
CDEF

Reflexivity of congruence.

Lemma axiom_hcong_refl : VA B , Hcong A B A B.
We define when two segments do not intersect.

Definition disjoint := fun A B C D = — 4 P, Between_H A P B A Between_H C P D.
Note that two disjoint segments may share one of their extremities.

Lemma col_disjoint_bet : VA B C, Col_lH A B C — disjoint A B B C — Bet A B C.

Lemma axiom_hcong_-3: VA B C A’ B’ (',
CollHA B C - Col.HA” B C" —
disjoint A B B C — disjoint A’ B’ B> C’ —
Hcong A B A’ B’ — Hcong B C B” C’ — Hcong A C A’ C".
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We define the notion of half ray.

Definition HLine := @Couple Tpoint.
Definition hlin := build_couple Tpoint.

We define incidence with an half ray

Definition IncidentH (A : Tpoint) (I : HLine) :=
A= (P11 Vv A= (P21 Vv Between_H (P11[) A (P21) v Between_H (P1 () (P2 1) A.

Definition of half ray equality.

Definition hEq : relation HLine := fun h1 h2 = (P1 h1) = (P1 h2) A
((P2 h1) = (P2 h2) Vv Between_H (P1 h1) (P2 h2) (P2 h1) V

Between_H (P1 h1) (P2 h1) (P2
h2)).

Infix "=h=":= hEq (at level 70):type_scope.
This is an equivalence relation.
Lemma hEq_refl : V h, h =h= h.
Lemma hEq_sym : V h1 h2, h1 =h= h2 — h2 =h= hl.
Lemma hEq_trans : V h1 h2 h3, h1 =h= h2 — h2 =h= h3 — hl1 =h= hS.
Instance hEq_Equiv : Equivalence hEq.
We define the concept of angle.

Definition Angle : Type := @QTriple Tpoint.
Definition angle := build_triple Tpoint.

The congruence of angles of Hilbert is the same as the congruence of angles of Tarski.

Definition Hconga : relation Angle := fun A7 A2 = Conga (V1 A1) (V A1) (V2 A1) (V1
A2) (V A2) (V2 A2).

This is an equivalence relation.
Lemma hconga_refl : V a, Hconga a a.
Lemma hconga_sym : V a b, Hconga a b — Hconga b a.
Lemma hconga_trans : V a b ¢, Hconga a b — Hconga b ¢ — Hconga a c.

Instance hconga_Equiv : Equivalence Hconga.
Qed.

Lemma exists_not_incident : ¥V A B : Tpoint, V HH : A # B, 4 C, — Incident C' (Lin A B

Definition line_of_hline := fun Al = Lin (P1 hl) (P2 hl) (Cond hl).
Definition same_side := fun A B{ = 34 P, cutl AP ANcutl B P.

Same side predicate corresponds to one_side of Tarski.
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Lemma same_side_one_side : V A B [, same_side A B [ — one_side (P1[) (P2 ) A B.
Lemma one_side_same_side : V' A B [, one_side (P1[) (P2 () A B — same_side A B I.

Definition outH := fun P A B = Between.H P A BV Between.HP B AV (P#ANA
= B).

This is equivalent to the out predicate of Tarski.
Lemma outH_out: VP A B,outH P A B — out P A B.
Lemma out_outH : VP A B,out P A B — outH P A B.

Definition of a point inside an angle.

Definition InAngleH a P :=
(3 M, Between_H (V1 a) M (V2 a) A (CoutH (V a) M P) v M = (V a))) V
outH (V a) (V1 a) P V outH (V a) (V2 a) P.

This is (almost) equivalent to the same notion in Tarski’s.

Lemma in_angle_equiv : ¥V a P, (P # (V a) A InAngleH a P) <> InAngle P (V1 a) (V a) (V2
a).

Lemma in_angleH_in_angle : V a P, (P # (V a) A InAngleH a P) — InAngle P (V1 a) (V a)
(V2 a).

The 2D version of the fourth congruence axiom

Lemma outH_in_angleH_colH : V a P, outH (V a) (V1 a) (V2 a) — InAngleH a P — Col_H (V
a) (V1 a) P.

Lemma incident_col : V M [, Incident M [ — Col M (P1 1)(P2 I).
Lemma col_incident : ¥ M [, Col M (P1 [)(P2 [) — Incident M .

Lemma Bet_Between_H : V A B C,
Bet AB C - A#B — B#(C — Between_H A B C.

Lemma aux : V (h h1 : HLine),
PLh=P1h! —
P2 h1 # P1 h.

Lemma axiom_hcong_4_existence :
VahP,
—Incident P (line_of_hline h) — —Between_H (V1 a)(V a)(V2 a) —
dn1, (PLh) = (P1hi) A
(V CondAuz : P1 h = P1 hi,
Hconga a (angle (P2 k) (P1 h) (P2 h1) (conj (sym_not_equal (Cond h)) (aux h hi
CondAuz)))
A (Y M, —Incident M (line_of_hline A) A InAngleH (angle (P2 h) (P1 h) (P2 ht)
(conj (sym_not_equal (Cond h)) (aux h h1 CondAuz))) M
— same_side P M (line_of_hline h))).
general case
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Definition hline_construction a h P hc H :=
(P1 h) = (P1 he) A
Hconga a (angle (P2 k) (P1 k) (P2 he) (conj (sym_not_equal (Cond h)) H)) A
(VY M, InAngleH (angle (P2 h) (P1 h) (P2 hc) (conj (sym_not_equal (Cond h)) H)) M —
same_side P M (line_of_hline h)).

Lemma same_side_trans :
VABCI,
same_side A B [ — same_side B C' | — same_side A C L.

Lemma same_side_sym :

VABI,
same_side A B[ — same_side B A L.

Lemma in_angleH _trivial :
VABCH,
InAngleH (angle A B C H) A A InAngleH (angle A B C H) C.

Lemma axiom_hcong_4_unicity :
Y ah P hih2 HHI HH?,
—Incident P (line_of_hline h) — —Between_H (V1 a)(V a)(V2 a) —
hline_construction ¢« h P h1 HH1 — hline_construction ¢ h P h2 HH2 —

h1 =h= h2.

Lemma axiom_cong_5":
V(ABC A B C’:Tpoint) (Hl : B# AN C # A)
(H2: B #+# A" NC"#+ A7),
VH3: (A4B N C#B),Y H|: A’ #+ B’ N C" #+ B/,
Hcong A B A’ B’ —
Hcong A C A7 C’ —

Hconga {| V1 :=B;V:=A;V2:=C; Pred := H1 |}
{|V1:=B;V:=A;V2=C; Pred :=H2 |} —

Hconga {| V1 :=A;V :=B;V2:=C; Pred := H3 |}
{|V1:=A"; V:=B'; V2:= (’; Pred := H4 |}.

End T.
Section Hilbert_to_Tarski.

Context ‘{T:Tarski_2D _euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Instance Hilbert_follow_from_Tarski : Hilbert.

End Hilbert_to_Tarski.
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Chapter 39

Library tarski_to_makarios

Require Export tarski_axioms.

In this file we formalize the result given in T. J. M. Makarios: A further simplification of
Tarski’s axioms of geometry, June 2013.

Section Tarski83_to_Makarios_variant.
Context ‘{M:Tarski_neutral_dimensionless}.

Lemma cong_reflexivity : V A B,
Cong A B A B.

Lemma cong_symmetry : VA B C' D : Tpoint,
CongABCD —CongCDAB.

Lemma cong_left_commutativity : V A B C D,
CongABCD — Cong BACD.
Lemma five_segments’' : VA A" B B” C C’ D D’ : Tpoint,

Cong ABA" B —

Cong BC B C"—

Cong AD A D —

Cong BD B’ D’ —

Bet ABC +BetA”’B"C’—- A+ B —CongD C C’ D"
Instance Makarios_Variant_follows_from_Tarski : Tarski_neutral_dimensionless_variant.
End Tarski83_to_Makarios_variant.

Section Makarios_variant_to_Tarski83.
Context ‘{M:Tarski_neutral_dimensionless_variant}.
Context ‘{ EqDec:EqDecidability MTpoint}.

Ltac prolong A Bx C D :=
assert (sg:= Msegment_construction A B C' D);
ex_and Sq .

Lemma Mcong_reflexivity : V A B,
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CongM A B A B.

Lemma Mcong_symmetry : VA B C D ,
CongM A B C D — CongM C D A B.

Lemma between_trivial : V A B : MTpoint, BetM A B B.
Lemma between_symmetry : V A B C' : MTpoint, BetM A B C' — BetM C B A.
Lemma cong_pseudo_reflexivity : V A B : MTpoint, CongM A B B A.

Lemma Mcong_left_commutativity : V A B C D,
CongM A B CD — CongM B AC D.
Lemma five_segments: VA A’ B B C C’ D D’ : MTpoint,
CongM A B A’ B’ —
CongM B C B’ " —
CongM A D A’ D —
CongM B D B’ D’ —
BetM A B C —-BetM A’ B" " — A+# B — CongM C D C’ D"
Instance Tarski_follows_from_Makarios_Variant : Tarski_neutral_dimensionless.

End Makarios_variant_to_Tarski83.
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Chapter 40

Library tarski_to_beeson

Require Export Ch08_orthogonality.

In this file we formalize the result given in T. J. M. Makarios: A further simplification of
Tarski’s axioms of geometry, June 2013.

Section Tarski_to_intuitionistic_Tarski.

Context ‘{ M:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Lemma cong_stability : VA B C D, -~ Cong AB C D — Cong A B C D.
Definition BetH A B C : Prop:=Bet ABCANA# BANB+# C.

Lemma bet_stability : VA B C, -~ BetH A B ¢ — BetH A B C.
Definition T A B C : Prop:= = (A#B N B#C N~ BetH A B ().
Definition ColBA B C:=A4BN—-(CTCABN-TACBAN-TABUOC).
Lemma between_identity_B : V A B, -~ BetH A B A.

Lemma Bet_ T:VA B C,Bet ABC —TABC.

Lemma BetH_Bet: VA B C,BetH A B C — Bet A B C.

Lemma T_Bet: VAB C, TABC —BetABC.

Lemma NT_NBet: VA B C, -~ TABC — - BetAB C.

Lemma T_dec: VABC TABCV-TABC.

Lemma between_inner_transitivity_B : V A B C D : Tpoint, BetH A B D — BetH B C D —
BetH A B C.

Lemma ColB_Col: VA B C,CoBA B C — Col A B C.

Lemma Diff_Col_ColB:VA B C,A# B NCol AB C — ColBAB C.

Lemma NColB_NDiffCol : VA B C, - ColBAB C — —~ (A+# B ANCol AB ().
Lemma NColB_NColOrEq: VA B C, - ColBAB C — - Col ABCV A=B.
Lemma inner_pasch_.B:V A B C P @,
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BetHA P C —+BetHB Q C — -~ ColBABC —
Jz, BetH Pz B AN BetH @ = A.

Lemma between_symmetry_B:V A B C, BetH A B C — BetH C B A.

Lemma five_segments_ B:V A A" B B’ C C’ D D’ : Tpoint,
Cong ABA” B —
Cong BC B’ (" —
Cong AD A’ D —
Cong BD B’ D’ —
- (A#4#BANB#CAN—-BetHABC) —
- (A4 B NB #+#C"N—-BetH A" B” C") —
A# B —Cong CDC' D’
Lemma segment_construction_.B:V A B C D, A#B -4 E, TAB E NCong BE C D.
Lemma lower_.dm_B: 3 A4, 3B, 3C, - TCABAN-TACBAN-TABZC.
Instance Beeson_follows_from_Tarski : intuitionistic_Tarski_neutral_dimensionless.
End Tarski_to_intuitionistic_Tarski.
Section Proof_of_eq_stability_in_IT.
Context ‘{ MIT:intuitionistic_Tarski_neutral_dimensionless}.
Lemma cong_stability_eq_stability : V A B : ITpoint, = A # B — A= B.
End Proof_of_eq_stability_in_IT.
Require Import Classical.
Section Intuitionistic_Tarski_to_Tarski.
Context ‘{ MIT:intuitionistic_Tarski_neutral_dimensionless}.
Lemma Col_dec: VA B C,1Col A B C Vv —1Col A B C.
Lemma eq_dec : V A B :ITpoint, A=B VV A#B.
Definition BetT A B C :=1Bet A B C VvV A=B V B=C.
Lemma bet_id : V A B : ITpoint, BetT A B A — A= B.

Lemma IT_chara: VA B C,
ITABC <> A=BV B=C VIBet A B C.

Lemma BetT _symmetry : VA B C, BetT A B C — BetT C B A.
Lemma BetT_id: V A B, BetT A B A — A=B.
Lemma pasch_col_case : VA B C P () : |ITpoint,

BetT AP C —
BetT B (@ C — 1Col A B C — 4z : ITpoint, BetT P 2z B A BetT @ z A.

Lemma pasch : VA B C P () : |ITpoint,
BetT AP C —
BetT B Q C — d x : ITpoint, BetT Pz B A BetT Q z A.
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Lemma five_segments:
VAA BB C C’ D D’:ITpoint,
ICong A B A’ B —
ICong B C' B’ (" —
ICong AD A’ D’ —
ICong BD B’ D’ —
BetT ABC —+BetT A’B"C"— A+ B —1Cong C D C’ D"

Lemma IT _trivial : VA B, IT A A B.
Lemma another_point : V A, 4 B:ITpoint, A#B.

Lemma segment_construction :
VAB C D : ITpoint,
3 F : [Tpoint, BetT A B E AN1Cong B E C D.

Lemma lower_dim :

3 A B C :ITpoint, = (BetT A B €'V BetT B (C AV BetlT C AB).

Instance IT_to_T : Tarski_neutral_dimensionless.
Qed.

End Intuitionistic_Tarski_to_Tarski.
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Chapter 41

Library unit_tests

Require Import quadrilaterals_inter_dec.
Section UnitTests.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

GoalVABIL A+DB —is.midpoint TAB —1+4ANI+B.
GoalVABI B+ A —is_midpoint ] AB—1+ANI+#B.
Goal VA B I I#A — is_midpoint l AB — 1+ BNA+#B.
GoalV A B I, I4B — is_midpoint T AB — T 4 AN A+ B.
GoalV A B I A#I — is_midpoint Il AB — 1+ B N A +# B.
GoalV A B I B#I —is_midpoint I AB —1+# ANA+#B.
GoalV A B I, AZB — is_midpoint T A B — A 41 AT+ B.
Goal V A B:Tpoint, A#B — B#A — True.

Goal VA B C Q,
B+#A— ColAB C —is_midpoint Q A C —
A+ C— B+# C —is_midpoint A B C —

Q7 C
GoalVA B C D,Perp AB C D — A#4#B N C#D.

GoalVA B C D, A#B — Perp A B C D — A#B N C#D.
GoalVA B C D, A#B — Perp BA C D — A#B N C#D.
GoalVA B C D, A#B — Perp BA D C — A#B N C#D.
GoalVA B C D, A#B — C#D — Perp BAD C — A#B N C#D.
GoalVA B C D, DAC — Perp BAD C — A#B N C#D.
GoalVX A B C D,Perp_in X ABCD — A#B N C#D.
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GoalVAB C D,ParABCD — A#B N C#D.
Goal VA B C D, Par_strict ABC D — A#B N C#D.
GoalVA B C,out A B C — B#A N C#A.
GoalVAB C,out ABC — Col BAC.

GoalVABCD, - CllABC — —~ColABD —
A+ D.

GoalVAB C DI
is_midpoint I A B — Par A B C D — [#+A.

GoalVABCD I
is_midpoint I A B — Par Al C D — B#A.

Goal VA B C D,
Cong ABCD — C#D — A#+B.

GoalV A B C D,
Cong ABCD — D#C — A#+B.

GoalV A B C D,
Cong ABCD — A#B — C#D.

Goal VA B C D,
Cong ABCD — B#A — C#D.

GoalVABCDE,

- ColABC —

- Cl BDF — A#B —
ColABD — ColABE — Col AB C.

GoalVABCDE,

- Col AB C —

- Col BDFE — A#B —
ColABD— Col ABE — C#D.

GoalV A B C D,
Par_strict A B C D —
- Col A B C.

GoalV A B C, (A#B — B#C — A#C — Col AB C) — Col A B C.

GoalVABCDILI#4#A—1+4B—>1#+#C—>1+#D—CllAB—Coll CD— -
ColAB C — —Col ABD.

GoalVABCDILI#A—-1#B—->1#C—-1#D—ClIAB—CollI CD— —
Col ABC — A+# D.

GoalV A B C D, Parallelogram A B C D — Cong A B C D.
Goal V A B C,is_midpoint A B C — Cong A B C A.
End UnitTests.
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Chapter 42
Library arity

Require Import Arith.

Require Import List.

Require Import Sorting.

Require Import Coq.Program.Equality.

Lemma minus_n_0: V n, n-0 = n.
Lemma plus_0_n : V n, 0+n = n.
Lemma plus_n_0: V n, n+0 = n.
Lemma plus_n_1: V n, n+l =S n.
Lemma minus_nl1_n2_0: VY n! n2, ni+n2-0 = ni+n2.
Fixpoint arity (T:Type) (n:nat) :=

match n with

| 0 = Prop

|Sp=T —arity T p

end.
Fixpoint cartesianPowerAux (T:Type) (n:nat) :=
match n with

|0=T

| S p = (T x cartesianPowerAux T p)%type
end.

Definition cartesianPower T n := cartesianPowerAux T (n-1).

Definition headCP {T:Type} {n:nat} (c¢p : cartesianPower T' (S n)) : T.

Definition tailCP {1:Type} {n:nat} (cp : cartesianPower 1" (S (S n))) : (cartesianPower T'
(S n)).

Definition tailDefaultCP {T:Type} {n:nat} (cp : cartesianPower T (S n)) (Default : carte-
sianPower T n) : (cartesianPower T n).

Definition allButLastCP {T:Type} {n:nat} (cp : cartesianPower T (S (S n))) : (cartesian-
Power T (S n)).
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Lemma allButLastCPTI {T":Type} {n:nat} :
V (cp : cartesianPower T (S (S (S n)))),
allButLastCP (tailCP ¢p) = tailCP (allButLastCP ¢p).

Definition lastCP {T:Type} {n:nat} (cp : cartesianPower T' (S n)) : T.

Lemma lastCPTI {T":Type} {n:nat} : V (cp : cartesianPower T (S (S n))), lastCP ¢p = lastCP
(tailCP ¢p).

Lemma CP_ind {T:Type} {n : nat} : V (¢p cp’ : cartesianPower T (S (S n))),
headCP ¢p = headCP ¢p’ — tailCP ¢p = tailCP ¢p’ — ¢p = ¢p’.
Definition CPPair {T : Type} :
V (cp : cartesianPower 1" 2),
ep = (fst ep, snd ep).

Definition tailCPbis { T :Type} {n:nat} m1 m2 (cp : cartesianPower T m1) :
(S(Sn)) =ml — (Sn)=m2 — (cartesianPower T" m2).

Definition consHeadCP {T:Type} {n:nat} (¢t : T) (cp : cartesianPower T n) : (cartesian-
Power T' (S n)).

Lemma consHeadCPHd { T:Type} {n:nat} :
V (ep : cartesianPower T n) {,
headCP (consHeadCP ¢ ¢p) = .

Lemma consHeadCPTI { T:Type} {n:nat} :
V (¢p : cartesianPower T (S n)) t,
tailCP (consHeadCP ¢ ¢p) = cp.

Lemma consHeadCPOK { T':Type} {n:nat} :
V (cp : cartesianPower T (S (S n))),
cp = consHeadCP (headCP ¢p) (tailCP cp).

Definition consTailCP { T:Type} {n:nat} (cp : cartesianPower T n) (¢ : T) : (cartesianPower
T (S n)).
Lemma consTailCPTI { T:Type} {n:nat} :

V (cp : cartesianPower 1" (S (S n))) t,
tailCP (consTailCP ¢p t) = consTailCP (tailCP ¢p) t.

Lemma consTailCPOK { T:Type} {n:nat} :
V (cp : cartesianPower 1" (S (S n))),
cp = consTailCP (allButLastCP ¢p) (lastCP cp).

Lemma consTailCPAbl { T:Type} {n:nat} :
V (cp : cartesianPower T' (S n)) t,
allButLastCP (consTailCP ¢p t) = cp.

Lemma consTailCPTID { T:Type} {n:nat} :
V (cp : cartesianPower T' n) t,
tailDefaultCP (consHeadCP ¢ ¢p) cp = cp.
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Lemma consHdTITIHd { T:Type} {n:nat} :
V(FL:T)(X : cartesianPower T n),
consHeadCP F' (consTailCP X L) = consTailCP (consHeadCP F X)) L.

Lemma consTIHdHdTI { T:Type} {n:nat} :

V(ABC:T)(X:cartesianPower T n),

consHeadCP A (consHeadCP B (consTailCP X C)) = consTailCP (consHeadCP A (con-
sHeadCP B X)) C.

Definition CPTolList { T:Type} {n:nat} (¢p : cartesianPower T n) : list T.
Definition InCP {T:Type} {n:nat} p (cp : cartesianPower T n) := In p (CPTolList ¢p).

Lemma InCPOK {T:Type} {n:nat} : V p (cp : cartesianPower T (S (S n))),
INCP p ¢cp +» ((p = headCP ¢p) Vv InCP p (tailCP ¢p)).

Lemma lastCPIn { T:Type} {n:nat} : V (¢p : cartesianPower T (S n)), InCP (lastCP ¢p) cp.

Definition nthCP {T:Type} {m:nat} (n : nat) (cp : cartesianPower T m) (Default : T)
:= nth (n-1) (CPToList ¢p) Default.

Lemma CPToListOK {T:Type} {n:nat} : V (cp : cartesianPower T (S (S n))), CPToList ¢p =
cons (headCP ¢p) (CPTolList (tailCP ¢p)).

Lemma CPLHATIOK {T:Type} {n:nat} : V (cp : cartesianPower T (S (S n))),
CPTolList ¢p = ((headCP ¢p) :: nil) ++ CPTolList (tailCP ¢p).

Lemma consTailOK { T:Type} {n:nat} : V¥ (¢p : cartesianPower T (S n)) t,
CPTolist (consTailCP ¢p ¢) = CPToList ¢p ++ ¢ :: nil.

Lemma InNth { T:Type} {n:nat} :
V (ep : cartesianPower T n) (¢ Default : T),
InCP ¢t ecp — (Fid, id > 1 ANid < n At =nthCP id ¢p Default).

Lemma nthFirst { T:Type} {n:nat} :
V (cp : cartesianPower T' (S n)) (¢ Default : T,
t = nthCP 1 ¢p Default — t = headCP cp.

Lemma lengthOfCPTolist { 7:Type} {n:nat} : V (cp : cartesianPower 7' n), n = length (CP-
Tolist ¢p).

Lemma lastTailOK {T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))),
lastCP ¢p = lastCP (tailCP ¢p).

Lemma consTailCPLast { T:Type} {n:nat} :
V (cp : cartesianPower T (S n)) ¢,
lastCP (consTailCP ¢p ) = t.

Lemma nthlLast { 7:Type} {n:nat} :
V (ep : cartesianPower T (S n)) (Default : T),
lastCP ¢p = nthCP (S n) ¢p Default.

Lemma nthCircPerml {T:Type} {n:nat} :
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V (cp : cartesianPower T (S (S n))) (¢t Default : T),
t = nthCP 1 ¢p Default — ¢ = nthCP (S (S n)) (consTailCP (tailCP ¢p) (headCP cp))
Default.

Lemma nthCircPermlEq {T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))) (Default : T),
nthCP 1 ¢p Default = nthCP (S (S n)) (consTailCP (tailCP c¢p) (headCP ¢p)) Default.

Lemma nthCircPerm2 {T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))) (¢t Default : T) id,
t = nthCP (S (S id)) ¢p Default — id < n —
t = nthCP (S id) (consTailCP (tailCP ¢p) (headCP ¢p)) Default.

Lemma nthCircPerm2Eq { T:Type} {n:nat} :

V (cp : cartesianPower T (S (S n))) (Default : T) id,

id < n — nthCP (S (S id)) ¢p Default = nthCP (S id) (consTailCP (tailCP ¢p) (headCP
cp)) Default.

Lemma nthCPTIOK {T:Type} {m:nat} :
V (cp : cartesianPower T (S (S m))) (Default : T) n,
nthCP (S n) (tailCP ¢p) Default = nthCP (S (S n)) ¢p Default.

Lemma nthEqOK {7":Type} {m:nat} :
V (epl cp2 : cartesianPower T' (S m)) (Default : T),
(V n, nthCP n ¢pl Default = nthCP n cp2 Default) — cpl = cp2.

Lemma consTailPerm {T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))),
Permutation.Permutation (CPToList ¢p) (CPToList (consTailCP (tailCP ¢p) (headCP

cp)))-
Definition ListToCP {7 : Type} (I : list T') (Default : T) : cartesianPower T (length 1).

Fixpoint circPermNCP {T:Type} {m:nat} (n : nat) (¢p : cartesianPower T (S (S m))) :=
match n with
| 0= cp
| S p = circPermNCP p (consTailCP (tailCP cp) (headCP ¢p))
end.

Lemma circPermNCPO { T:Type} {n:nat} :
V (ep : cartesianPower T (S (S n))),
cp = circPermNCP 0 ¢p.

Lemma circPermNCPOK {T:Type} {m:nat} :
V (n : nat) (ep : cartesianPower T (S (S m))),
circPermNCP (S n) ¢p = circPermNCP n (consTailCP (tailCP ¢p) (headCP ¢p)).

Lemma nthCircPermNAny { T :Type} {m:nat} :
V (ep : cartesianPower T (S (S m))) (Default : T) id n,
id +n <Sm — nthCP (S id + n) c¢p Default = nthCP (S id) (circPermNCP n ¢p) Default.
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Lemma circPermNIdFirst { T:Type} {n:nat} :
V (¢p : cartesianPower T' (S (S n))) (Default : T),
nthCP 1 ¢p Default = nthCP 1 (circPermNCP (S (S n)) ¢p) Default.

Lemma circPermNConsTIOK { T:Type} {m:nat} :

V (n : nat) (ep : cartesianPower T (S (S m))),

consTailCP (tailCP (circPermNCP n ¢p)) (headCP (circPermNCP n ¢p)) = circPermNCP n
(consTailCP (tailCP cp) (headCP cp)).

Lemma circPermPerm {T:Type} {m:nat} :
V (n : nat) (cp : cartesianPower T (S (S m))),
circPermNCP (S (S (S n))) ¢p = circPermNCP 1 (circPermNCP (S (S n)) ¢p).

Lemma nthCPO1 { T:Type} {n:nat} :
V (cp : cartesianPower T (S n)) Default,
nthCP 0 ¢p Default = nthCP 1 ¢p Default.

Lemma circPermNIdAux {T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))) (Default : T),
cp = circPermNCP (S (S n)) cp.

Lemma circPermNId { T:Type} {n:nat} :
V (cp : cartesianPower T (S (S n))),
cp = circPermNCP (S (S n)) cp.

Lemma circPermNConsOK { T:Type} {n:nat} :

V (cp : cartesianPower T' (S n)) (t1 t2 : T),

circPermNCP (S n) (consTailCP (consTailCP ¢p t1) t2) = consHeadCP ¢1 (consHeadCP t2
cp).
Lemma listind {7 : Type} : V n (I I’ : list T') Default,

length [ = (S n) —

length I’ = (S n) —

hd Default | = hd Default I’ —

thi=tl"—

l=1.
Lemma CPLHd {7 : Type} :

V (a: T) I Default,

hd Default (CPToList (ListToCP (a :: [) Default)) = a.
Lemma ListToCPTI {T : Type} :

V(a a0 : T) Il (HaOl : (S (length 1)) = length (a0 :: 1)) HaaOl Default,

tailCPbis (length (a :: a0 :: 1)) (length (a :: 1)) (ListToCP (a :: a0 :: ) Default)
Haa0l HaOl =

ListToCP (a0 :: 1) Default.

Lemma CPToListTI1 {7 : Type} :
V(aa0: T)I(cp: cartesianPower T (length (a :: a0 :: 1))), tl (CPToList ¢p) = CPToList
(tailCP ¢p).
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Lemma CPTolistTI2 {7 : Type} {n : nat} :

V (cp : cartesianPower T (S (S n))), tl (CPToList ¢p) = CPToList (tailCP ¢p).

Lemma CPCPL {7 : Type} :
V(a: T) 1 (ecpl : cartesianPower T (length (a :: [)))
(cp2 : cartesianPower T (S(length [))),
cpl = ecp2 — CPTolist ¢pl = CPTolist ¢p2.

Lemma CPLCP {T : Type} {n : nat} :
V (epl cp2 : cartesianPower T (S n)),
CPTolist ¢p! = CPTolList cp2 — cpl = cp2.
Lemma CPLRec {T : Type} :
V (a: T) I Default,

(a :: (CPTolist (ListToCP [ Default))) = CPTolist (ListToCP (a :: I) Default).

Lemma CPLOK {T : Type} : V (I : list T) Default,
CPTolist (ListToCP I Default) = L.

Definition fixLastCP { T:Type} {n:nat} (appPred : cartesianPower T (S (S n)) — Prop) (¢

: T) : cartesianPower T (S n) — Prop.
Lemma fixLastCPOK {T:Type} {n:nat} :

V (appPred : cartesianPower T (S (S n)) — Prop) (cp : cartesianPower T (S n)) (¢t : T),

appPred (consTailCP ¢p t) = (fixLastCP appPred t) cp.

Definition app {T:Type} {n:nat} (pred : arity T n) (cp : cartesianPower T n) : Prop.

Definition app_n_1 {7:Type} {n:nat} (pred : arity T (S n)) (cp : cartesianPower T n) (z

: T) : Prop.
Lemma app_n_1_app {T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z : T) (cpp : cartesianPower T' (S n)) (cept :

T (S (S n))),
app-n_1 pred cpp x — allButLastCP ¢pt = cpp — lastCP cpt = 2 —
app pred cpt.

Lemma app-_app-n_1 {T:Type} {n:nat} :

Y (pred : arity T (S (S n))) (z: T) (cpp : cartesianPower T (S n)) (cpt :

T (S (S n))),
app pred cpt — allButLastCP ept = cpp — lastCP cpt = 2z —
app_n_1 pred cpp =.

Lemma app_n_1_app_eq { T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z : T) (cpp : cartesianPower T' (S n)) (cpt :

T (S (S n))),
allButLastCP cpt = cpp — lastCP ¢pt = z —
(app pred cpt <> app-n_1 pred cpp x).

Definition app-1_n {T:Type} {n:nat} (pred : arity T (S n)) (z: T) (cp :

T n) : Prop.
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Lemma app_1_n_app {T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z: T) (cpp : cartesianPower T (S n)) (cpt : cartesianPower
T (S (S n))),

app-1_n pred z cpp — headCP cpt = z — tailCP ¢pt = cpp —

app pred cpt.

Lemma app_app-1_n {T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z : T) (cpp : cartesianPower T (S n)) (cpt : cartesianPower
T (S (Sn)),

app pred cpt — headCP ¢pt = z — tailCP cpt = cpp —

app_1_n pred z cpp.

Lemma app_1_n_app_eq { T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z : T) (cpp : cartesianPower T' (S n)) (cpt : cartesianPower
T (S (S mn))),

headCP ¢pt = z — tailCP ¢pt = cpp —

(app pred cpt <> app-1_n pred z cpp).

Definition app-2_n {T:Type} {n:nat} (pred : arity T (S (S n))) (z1 z2 : T) (cp : carte-
sianPower T n) : Prop.

Lemma app-2_n_app {T:Type} {n:nat} :
V (pred : arity T (S (S (S n)))) («1 22 : T)
(cpp : cartesianPower T' (S n)) (cpt : cartesianPower T' (S (S (S n)))),
app-2_n pred z1 z2 cpp — headCP cpt = z1 — headCP (tailCP ¢pt) = 2 — tailCP (tailCP
cpt) = cpp —
app pred cpt.
Lemma app-2_n_app-_default { T:Type} {n:nat} :
V (pred : arity T (S (S n))) (1 22 : T)
(cpp Default : cartesianPower T n) (cpt : cartesianPower T (S (S n))),
app-2_n pred xz1 z2 cpp — headCP cpt = 21 —
headCP (tailCP cpt) = 22 —
tailDefaultCP (tailCP ¢pt) Default = cpp —
app pred cpt.

Lemma app_app-2_n {T:Type} {n:nat} :

V (pred : arity T (S (S (S n)))) (¢ z2: T)

(cpp : cartesianPower T (S n)) (ept : cartesianPower T (S (S (S n)))),

app pred cpt — headCP ¢pt = 21 — headCP (tailCP c¢pt) = 22 — tailCP (tailCP ¢pt) = cpp
-

app-2_-n pred z1 z2 cpp.
Lemma app_app-2_n_default { T:Type} {n:nat} :

V (pred : arity T (S (S n))) (z1 z2: T)

(cpp Default : cartesianPower T' n) (cpt : cartesianPower T (S (S n))),

app pred cpt — headCP ¢pt = z1 — headCP (tailCP ¢pt) = 22 — tailDefaultCP (tailCP cpt)
Default = cpp —
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app-2_n pred z1 z2 cpp.

Lemma app-2_n_app-eq { T:Type} {n:nat} :
V (pred : arity T (S (S (S n)))) («1 22 : T)
(cpp : cartesianPower T' (S n)) (cpt : cartesianPower T (S (S (S n)))),
headCP ¢pt = 21 — headCP (tailCP ¢pt) = 22 — tailCP (tailCP ¢pt) =
(app pred cpt <> app-2_n pred x1 z2 cpp).

Lemma PermOKAux {T : Type} {m : nat} :
V (appPred : (cartesianPower T (S (S m))) — Prop) n,
(V(A: T) (X : cartesianPower T (S m)), appPred (consHeadCP A X) — appPred (con-
sTailCP X A)) —
(V (X : cartesianPower T (S (S m))),
appPred X — appPred (circPermNCP n X)).

Lemma PermOK {7 : Type} {n : nat} :
V (epl cp2 : cartesianPower T (S (S n))) (appPred : (cartesianPower T' (S (S n))) —
Prop),
(V(A: T) (X : cartesianPower T (S n)),
appPred (consHeadCP A X)) — appPred (consTailCP X A)) —
(V(AB:T)(X: cartesianPower T' n),
appPred (consHeadCP A (consHeadCP B X)) — appPred (consHeadCP B (consHeadCP
A X)) =
appPred cpl —
Permutation.Permutation (CPTolList ep?) (CPToList ¢p2) —
appPred cp2.

cpp —
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Chapter 43

Library tactics_axioms

Require Export arity.

Minimal set of lemmas needed to use the ColR tactic. Class Col_theory (COLTpoint
: Type) (CTCol: COLTpoint — COLTpoint — COLTpoint — Prop) =

CTcol_trivial : V A B : COLTpoint, CTCol A A B;
CTcol_permutation_1: VA B C : COLTpoint, CTCol A B C — CTCol B C A,
CTcol_permutation_2 : VA B C : COLTpoint, CTCol A B C — CTCol A C B,
CTeol3: VX Y A B C: COLTpoint,
X#4Y > CICol XY A— CTCol XY B— CI'Col XY C — CTCol
ABC
}.
Class Arity :=
{
COATpoint : Type;
n: nat
}.
Class Coapp-_predicates (Ar : Arity) :=
{
wd : arity COATpoint (S (S n));
coapp : arity COATpoint (S (S (S n)))
}.
Minimal set of lemmas needed to use the Coapp tactic. Class Coapp-theory (Ar :
Arity) (COP : Coapp_predicates Ar) :=
{
wd_perm_1 : V A : COATpoint,
V X : cartesianPower COATpoint (S n),
app-l-nwd A X — app_n_1wd X 4;
wd_perm_2 : V A B : COATpoint,
V X : cartesianPower COATpoint n,
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app-2.nwd A B X — app_2_.nwd B 4 X;
coapp_perm_1: V A : COATpoint,
V X : cartesianPower COATpoint (S (S n)),
app_-1_n coapp A X — app_n_1 coapp X 4;
coapp_perm_2 : V A B : COATpoint,
V X : cartesianPower COATpoint (S n),
app-2_n coapp A B X — app_2_n coapp B A X;
link_betwenn_wd_and _coapp : V A : COATpoint,
V X : cartesianPower COATpoint (S (S n)),
app-1_n coapp A X V app wd X;
pseudo_trans_of _coapp : V A B C : COATpoint,
V X : cartesianPower COATpoint (S n),
app-l.nwd A X —
app_2_ncoapp B A X —
app_2_ncoapp C A X —
app-2_-ncoapp B C' X
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Chapter 44

Library Permutations

Require Import arity.
Require Import tactics_axioms.

Section Permutations.
Context ‘{COT : Coapp_theory}.

Lemma PermWdOK :
V (epl cp2 : cartesianPower COATpoint (S (S n))),
app wd ¢pl —
Permutation.Permutation (CPToList ¢p1) (CPToList ¢p2) —
app wd cp2.

Lemma PermCoappOK :
V (epl cp2 : cartesianPower COATpoint (S (S (S n)))),
app coapp cpl —
Permutation.Permutation (CPToList ¢p1) (CPToList ¢p2) —
app coapp cp2.
End Permutations.
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Chapter 45

Library sets

Require Export MSets.

Require Import Arith.

Require Import NArith.

Require Import Notations.

Require Import Sorting.

Require Import Coq.Program.Equality.
Require Export tactics_axioms.

Module S := MSETLIST.MAKE POSITIVEORDERED TYPEBITS.
Module SWP := WPROPERTIESON POSITIVEORDEREDTYPEBITS S.
Module SETOFSETSOFPOSITIVEORDEREDTYPE <: ORDEREDTYPE.
Definition t := S.t.
Definition eq := S.Equal.
Include ISEQ.
Definition eqb := S.equal.
Definition eqb_eq := S.equal_spec.
Include HASEQBOOL2DEC.
Definition It := S.lt.
Instance lt_compat : Proper (eq==>eq==>iff) It.
Instance lt_strorder : StrictOrder It.
Definition compare := S.compare.
Definition compare_spec := S.compare_spec.
End SETOFSETSOFPOSITIVEORDERED TYPE.
Module SS := MSETLIST.MAKE SETOFSETSOFPOSITIVEORDERED T YPE.

Definition fstpp (pair : (positive x positive)) :=
match pair with
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|Ca,b) = Pos.min a b
end.

Definition sndpp (pair : (positive x positive)) :=
match pair with

|(a,b) = Pos.max a b
end.

Module SETOFPAIRSOFPOSITIVEORDEREDTYPE <: ORDERED TYPE.

Definition t:= (positive x positive).
Definition eq (t1 2 : t) :=

Pos.eq (fstpp(t1)) (fstpp(t2)) A Pos.eq (sndpp(¢1)) (sndpp(£2)).
Include ISEQ.
Definition eqb (#1 2 : t) :=

Pos.eqb (fstpp(t1)) (fstpp(t2)) && Pos.eqb (sndpp(t1)) (sndpp(t2)).
Lemma eqb_eq : V t1 t2, eqb t1 t2 = true <> eq t1 t2.
Include HASEQBOOL2DEC.
Definition It (¢ t2 : t) :=

let ft1 := fstpp(tl) in

let ft2 := fstpp(t2) in

let st! := sndpp(t) in

let st2 := sndpp(t2) in

if Pos.eqb ft1 ft2 then Pos.It st1 st2

else Pos.It ft1 ft2.

Lemma lt_irrefl : Irreflexive It.
Lemma lt_antiref : V z, = It z z.
Lemma lt_trans : Transitive It.
Instance lt_compat : Proper (eq==>eq==>iff) It.
Instance lt_strorder : StrictOrder It.
Definition compare t1 t2 :—=

let ft1 := fstpp(t1) in

let ft2 := fstpp(t2) in

let st! := sndpp(t1) in

let st2 := sndpp(2) in

match (Pos.compare ft1 ft2) with

| Lt = Lt
| Eq = Pos.compare st1 st2

| Gt = Gt
end.

Lemma compare_spec : V t1 t2, CompSpec eq It ¢1 t2 (compare t1 12).
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End SETOFPAIRSOFPOSITIVEORDERED T YPE.
Module SP := MSETLIST.MAKE SETOFPAIRSOFPOSITIVEORDERED TYPE.
Module POSORDER <: TOTALLEBOOL.
Definition t := positive.
Definition leb := Pos.leb.
Lemma leb_total : V p1 p2,
leb p1 p2 = true V leb p2 p1 = true.
Lemma leb_dec : V pI p2,
leb p1 p2 = true V leb p1 p2 = false.
End POSORDER.
Module Import POSSORT := SORT POSORDER.

Definition OCPAux {n : nat} (cp : cartesianPower positive (S (S n))) := (PosSort.sort
(CPTolList ¢p)).

Lemma OCPALengthOK {n : nat} : V (¢p : cartesianPower positive (S (S n))), (length
(OCPAux cp)) = (S (S n)).

Lemma OCPSortedTl :
V (I : list positive),
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive) | —
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive) (tl [).

Lemma PermSorted : V ([ [’ : list positive),
Permutation.Permutation [ [’ —
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive)
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive)
=1
Definition OCP {n: nat} (cp : cartesianPower positive (S (S n))) : cartesianPower positive
(S (S n)).
Lemma OCPSortedAux {n : nat} :
V (cp : cartesianPower positive (S (S n))),
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive) (CPToList (OCP
cp))-
Lemma OCPPerm {n : nat} :
V (¢p : cartesianPower positive (S (S n))),
Permutation.Permutation (CPToList ¢p) (CPToList (OCP ¢p)).

Lemma CPLOCPTIOK {n : nat} :
V (ep : cartesianPower positive (S (S (S n)))),
headCP ¢p = headCP (OCP ¢p) —
CPTolList (OCP (tailCP ¢p)) = CPToList (tailCP (OCP cp)).

Lemma OCPTIOK {n : nat} :

[ —
I —
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V (cp : cartesianPower positive (S (S (S n)))),
headCP ¢p = headCP (OCP ¢p) —
OCP (tailCP ¢p) = tailCP (OCP cp).
Lemma INCPOCP {n : nat} : V p (cp : cartesianPower positive (S (S n))),
InCP p ¢p <+ InCP p (OCP cp).

Lemma OCPOK {n : nat} :
V (cp : cartesianPower positive (S (S n))),
StronglySorted (fun z z0 : positive = is_true (z <=7 z0)%positive) (CPToList ¢p) —
cp = OCP ¢p.

Lemma OCPldempotent {n : nat} :
V (ep : cartesianPower positive (S (S n))),
OCP ¢p = OCP (OCP ¢p).

Context {Ar : Arity}.
Module SETOFTUPLESOFPOSITIVEORDEREDTYPE <: ORDEREDTYPE.
Definition t := cartesianPower positive (S (S n)).
Fixpoint eqlist ({1 /2 : list positive) :=
match /1, [2 with
| nil, nil = True
| (hd1 :: tl1), (hd2 :: tI2) = (Pos.eq hdl hd2) N (eqlist tl1 ¢2)

| ., - = False
end.

Lemma eqlistRefl : V [, eqList [ .
Lemma eqlistSym : V [ [’, eqList [ I’ — eqList I’ 1.
Lemma eqlistTrans : V [1 12 [3, eqlist [1 [2 — eqlist 2 |3 — eqlist [1 [3.
Definition eq (cpl cp2 : t) :=

eqList (PosSort.sort (CPToList ¢p1)) (PosSort.sort (CPToList ¢p2)).
Lemma eqListSortOCP : V (¢p : t), eqList (CPToList (OCP ¢p)) (PosSort.sort (CPToList ¢p)).
Fixpoint eqgblist (17 [2 : list positive) :=

match [1, [2 with

| nil, nil = true

| (hd1 :: #l1), (hd2 :: tI2) = (Pos.eqb hdl hd2) && (eqblist tl1 #2)

| -, - = false

end.

Definition egb (ep! ¢p2 : t) := egblList (PosSort.sort (CPToList ¢p?)) (PosSort.sort (CP-
ToList ¢p2)).

Include ISEQ.
Lemma eqbListEqList : V 11 12, egbList [1 [2 = true <> eqList [1 [2.
Lemma eqb_eq : V ¢pl cp2, eqb cpl cp2 = true <> eq cpl cp2.
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Include HASEQBOOL2DEC.

Fixpoint ltList (/1 [2 : list positive) :—
match /1, [2 with
| nil, nil = False
| (hdl :: ti1), (hd2 :: ti2) = if (Pos.ltb hdl hd2) then True
else if (Pos.Itb hd2 hd1) then False
else (ItList tl1 ¢2)
| nil, - = True
| _, nil = False
end.

Definition It (epl cp2 : t) =
ltList (PosSort.sort (CPToList ¢p1)) (PosSort.sort (CPToList ¢p2)).

Lemma ltListlrrefl : V [,
ltList [ [ — False.

Lemma ltlrrefl : Irreflexive lt.
Lemma |tAntiref : V z, - It z z.

Lemma lengthOne : V ({ : list positive),
length l=1—H3a,l=a:: nil

Lemma lengthAtLeastOne : V (/ : list positive) n,
length 1 = (Sn) — Ja0 10, 1=a0 :: 0.

Lemma ItListTrans : V m z y z,
length z = (S m) —
length y = (S m) —
length 2 = (S m) —
ltList z y — ltList y z — ItList z 2.

Lemma sortOK : V m [, length [ = m — length (sort [) = m.
Lemma |tTrans : Transitive It.

Instance lt_strorder : StrictOrder It.

Lemma eqlistOK : V 1 12, eqlist 11 12 — 11 = [2.
Instance lt_compat : Proper (eq==>eq==>iff) It.

Fixpoint compareList ({1 (2 : list positive) :=
match /1, [2 with

| nil, nil = Eq
| (hd1 :: tl1), (hd2 :: tI2) = match Pos.compare hd! hd2 with
| Lt = Lt
| Eq = comparelist /1 tl2
| Gt = Gt
end
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| nil, - = Lt
| _, nil = Gt
end.

Definition compare (cpl cp2 : t) :=
comparelist (PosSort.sort (CPTolList ¢p!)) (PosSort.sort (CPToList ¢p2)).

Lemma comparelistSpec : V 1 [2,
CompSpec eqlist ItList 1 12 (compareList 11 [2).

Lemma compare_spec : V cpl cp2,
CompSpec eq It ¢pl ¢p2 (compare cpl cp2).

End SETOFTUPLESOFPOSITIVEORDEREDTYPE.
Module ST := MSETLIST.MAKE SETOFTUPLESOFPOSITIVEORDERED TYPE.
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Chapter 46

Library ColR

Require Import Recdef.

Require Import NArith.

Require Import sets.

Require Import tarski_to_col_theory.

Module SSWP := WPROPERTIESON SETOFSETSOFPOSITIVEORDEREDTYPE SS.
Module SSWEQP := WEQPROPERTIESON SETOFSETSOFPOSITIVEORDEREDTYPE SS.
Module SPWEQP := WEQPROPERTIESON SETOFPAIRSOFPOSITIVEORDEREDTYPE SP.

Definition have_pair_distinct_points (s : SS.elt) (sp : SP.t) :=
SP.exists_ (fun p = (S.mem (fstpp p) s) && (S.mem (sndpp p) s)) sp.

Lemma proper_00 : V s,
Proper
((fun t1 t2 : SetOfPairsOfPositiveOrdered Type.t =
Pos.eq (fstpp ¢1) (fstpp t2) A Pos.eq (sndpp t1) (sndpp t2)) ==> eq)
(fun p : SP.elt =
S.mem (fstpp p) s && S.mem (sndpp p) s).

Lemma proper_0 :
Proper (S.Equal ==> eq ==> eq)
have_pair_distinct_points .
Lemma proper_1: V si sp,
Proper (S.Equal ==> eq)
(fun s2 : SS.elt = have_pair_distinct_points (S.inter sI s2) sp).

Definition exists_witness (f : SS.elt — bool) (s : SS.t) : option SS.elt :—
SS.choose (SS filter f s).

Lemma exists_witness_ok : V ¢ [ s,
Proper (S.Equal ==> eq) f —
exists_witness f s = Some ¢ — SS.In ¢ s.

Definition get_suitable_pair_of_sets_aux (s : SS.elt)
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(ss: SS.t)
(sp : SP.t)
: (option (SS.elt x SS.elt)) :=
match ((exists_witness (fun s2 = let i := S.inter s/ s2 in
have_pair_distinct_points i sp)) ss) with
| None = None
| Some s2 = Some(s!,s2)
end.

Definition get_suitable_pair_of_sets (ss : SS.t) (sp : SP.t)
: (option (SS.elt x SS.elt)) :=
match (exists_witness (fun s =
match (get_suitable_pair_of_sets_aux s (SS.remove s ss) sp)
with
| None = false
| - = true
end) ss) with
| None = None
| Some sI = get_suitable_pair_of_sets_aux s (SS.remove sI ss) sp
end.

Definition eqop (p! p2 : option SS.elt) :=
match pl,p2 with
| None, None = True
| Some s1, Some s2 = True
| -, - = False
end.

Lemma proper_2 : V (f1 f2 : SS.elt — bool) (s1 s2 : SS.t),
Proper (S.Equal ==> eq) f1 —
Proper (S.Equal ==> eq) f2 —
Vo, fl z=f21)—
SS.Equal s1 s2 —
eqop (exists_witness fI sI) (exists_witness f2 s2).

Definition eqopp (pI p2 : option (SS.elt x SS.elt)) :=
match pl,p2 with
| None, None = True
| Some s1, Some s2 = True
| ., - = False
end.

Lemma proper_3 : Proper (S.Equal ==> SS.Equal ==> eq ==> eqopp) get_suitable_pair_of_sets_aux.

Lemma get_suitable_pair_of_sets_ok_1 : V s s2 ss sp,
get_suitable_pair_of_sets ss sp = Some(s!,52) —
SS.In s1 ss.
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Lemma get_suitable_pair_of_sets_ok_2 : V sI s2 ss sp,
get_suitable_pair_of_sets ss sp = Some(s!,s2) —
SS.In s2 (SS.remove s1 ss).

Function compute_new_set_of_sets_of-collinear_points (ss : SS.t)
(sp : SP.t)
{measure SS.cardinal ss}
: SSit =
let suitablepairofsets :— get_suitable_pair_of_sets ss sp in
match suitablepairofsets with
|[None = ss
|Some (s1,52) = let auzsetofsets := SS.remove s2 (SS.remove sI ss) in
let auxset := S.union s! s2 in
let newss := SS.add auzset auxsetofsets in
compute_new_set_of_sets_of_collinear_points newss sp
end.

Definition test_col (ss: SS.t) (sp : SP.t) pI p2 p3 : bool :=
let newss :— compute_new_set_of__sets_of_collinear_points ss sp in
SS.exists_ (fun s = S.mem p1 s && S.mem p2 s && S.mem p3& s) newss.

Section Col_refl.

Context ‘{ CT:Col_theory}.

Lemma CTcol_permutation.5: V A B C : COLTpoint, CTCol A B C — CTCol A C B.
Lemma CTcol_permutation_2 : VA B C : COLTpoint, CTCol A B C — CTCol C A B.
Lemma CTcol_permutation_.3:V A B C : COLTpoint, CTCol A B C — CTCol C B A.
Lemma CTcol_permutation_4 : VY A B C : COLTpoint, CTCol A B C — CTCol B A C.
Lemma CTcol_trivial_.1 : V A B : COLTpoint, CTCol A A B.

Lemma CTcol_trivial_.2 : V A B : COLTpoint, CTCol A B B.

Definition ss_ok (ss : SS.t) (interp: positive — COLTpoint) =
vV s, SS.mem s ss = true —
V pl p2 p3, S.mem pl s && S.mem p2 s && S.mem p3 s = true —
CTCol (interp p1) (interp p2) (interp p3).
Definition sp_ok (sp : SP.t) (interp: positive — COLTpoint) :=
V p, SP.mem p sp = true — interp (fstpp p) # interp (sndpp p).
Lemma compute_new_set_of_sets_of_collinear_points_ok : V ss sp interp,

ss_ok ss interp — sp_ok sp interp —
ss_ok (compute_new_set_of_sets_of_collinear_points ss sp) interp.

Lemma test_col_ok : V ss sp interp pl p2 p3,
ss_ok ss interp — sp_ok sp interp —
test_col ss sp p1 p2 p3 = true —
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CTCol (interp p1) (interp p2) (interp p3).

Lemma ss_ok_empty : V interp,
ss_ok SS.empty interp.

Lemma sp_ok_empty : V interp,
sp_ok SP.empty interp.

Lemma collect_cols :

V(A B C: COLTpoint) (HCol : CTCol A B C) pa pb pc ss (interp : positive —
COLTpoint),

interp pa = A —

interp pb = B —

interp pc = C —

ss_ok ss interp — ss_ok (SS.add (S.add pa (S.add pb (S.add pc S.empty))) ss) interp.

Lemma collect_diffs :
V (A B : COLTpoint) (H : A # B) pa pb sp (interp : positive — COLTpoint),
interp pa = A —
interp pb = B —
sp_ok sp interp — sp_ok (SP.add (pa, pb) sp) interp.
Definition list_assoc_inv :=
(fix list_assoc_inv_rec (A:Type) (B:Set)
(eq-dec:V el e2:B, {el = e2} + {el # e2})
(Ist : list (prodT A B)) {struct lst}: B - A — A =
fun (key:B) (default:A) =
match /st with
| nil = default
| cons (pairT v e) | =
match eq_dec e key with
| left _ = v
| right _ = list_assoc_inv_rec A B eq_dec | key default
end
end).

Lemma positive_dec : V (p1 p2:positive), {pl=p2}+{—pl=p2}.

Definition interp (lvar : list (COLTpoint x positive)) (Default : COLTpoint) : positive
— COLTpoint :=
fun p = list_assoc_inv COLTpoint positive positive_dec lvar p Default.

Definition Col_tagged A B C' := CTCol A B C.

Lemma Col_Col_tagged : V A B C, CTCol A B C' — Col_tagged A B C.
Lemma Col_tagged_Col : V A B C, Col_tagged A B C — CTCol A B C.
Definition Diff_tagged (A B: COLTpoint) := A # B.

Lemma Diff_Diff_tagged : V A B , A # B — Diff_tagged A B.
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Lemma Diff_tagged_Diff : V A B , Diff_tagged A B —+ A # B.
Definition eq_tagged (lvar : list (COLTpoint x positive)) :— lvar = lvar.
Lemma eq_eq-tagged : V lvar, lvar = lvar — eq-tagged lvar.

Definition partition_ss e ss :=
SS.partition (fun s = S.mem e s) ss.

Definition fst_ss (pair : SS.t x SS.t) :=
match pair with
|[Ca,b) = a
end.

Definition snd_ss (pair : SS.t x SS.t) :=
match pair with
|Ca,b) =D
end.

Definition subst_in_set p7 p2 s := S.add pI (S.remove p2 s).
Definition subst_in_ss_aux pI! p2 := (fun s ss = SS.add (subst_in_set pI p2 s) ss).

Definition subst_in_ss p1 p2 ss :=
let pair := partition_ss p2 ss in
let fss := fst_ss(pair) in
let sss := snd_ss(pair) in
let newfss :— SS.fold (subst_in_ss_aux pI1 p2) fss SS.empty in
SS.union newfss sss.

Lemma proper_4 : V p, Proper (S.Equal ==> eq) (fun s : SS.elt = S.mem p s).
Lemma proper_5 : V p, Proper (S.Equal ==> eq) (fun s : SS.elt = negb (S.mem p s)).
Lemma subst_ss_ok :
V (A B : COLTpoint) (H : A = B) pa pb ss (interp : positive — COLTpoint),
interp pa = A —
interp pb = B —
ss_ok ss interp — ss_ok (subst_in_ss pa pb ss) interp.
Definition partition_sp_1 p sp :=
SP.partition (fun e = Pos.eqb (fstpp €) p || Pos.eqb (sndpp ¢e) p) sp.
Definition partition_sp_2 p sp :=
SP.partition (fun e = Pos.eqb (fstpp €) p) sp.
Definition fst_sp (pair : SP.t x SP.t) :=
match pair with

|[Ca,b) = a
end.

Definition snd_sp (pair : SP.t x SP.t) :=
match pair with
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\(a,b) =
end.

Definition new_pair_1 pair (pos : positive) := (pos, sndpp(pair)).
Definition new_pair_2 pair (pos : positive) := (fstpp(pair), pos).
Definition subst_in_sp_aux_1 := (fun pos pair sp = SP.add (new_pair_1 pair pos) sp).
Definition subst_in_sp_aux_2 := (fun pos pair sp = SP.add (new_pair_2 pair pos) sp).

Definition subst_in_sp pI p2 sp :=
let pair_-1 := partition_sp_1 p2 sp in
let sp_to_modify := fst_sp(pair_1) in
let sp_to_keep := snd_sp(pair_1) in
let pair_2 := partition_sp_2 p2 sp_to_modify in
let sp_to_modify_f = fst_sp(pair_2) in
let sp_to-modify_s := snd_sp(pair_2) in
let newsp_to_modify_f := SP.fold (subst_in_sp_aux_1 p1) sp_to_modify_f SP.empty in
let newsp_to_modify_s :— SP.fold (subst_in_sp_aux_2 p1) sp_to_modify_s SP.empty in
SP.union (SP.union newsp_to_modify_f newsp_to_modify_s) sp_to_keep.

Lemma proper_6 : V p, Proper ((fun t1 t2 : SetOfPairsOfPositiveOrdered Type.t =

Pos.eq (fstpp t1) (fstpp t2) A Pos.eq (sndpp ¢1) (sndpp
t2)) ==> eq)

(fun e : SP.elt = (fstpp e =7 p)%positive || (sndpp
e =7 p)%positive).
Lemma proper_7 : ¥V p, Proper ((fun ¢1 t2 : SetOfPairsOfPositiveOrdered Type.t =

Pos.eq (fstpp t1) (fstpp t2) A Pos.eq (sndpp ¢1) (sndpp
t2)) ==> eq)

(fun z : SP.elt = negb ((fstpp z =7 p)%positive ||
(sndpp = =7 p)%positive)).
Lemma proper_8 : V p, Proper ((fun ¢1 t2 : SetOfPairsOfPositiveOrdered Type.t =

Pos.eq (fstpp t1) (fstpp t2) A Pos.eq (sndpp ¢1) (sndpp
t2)) ==> eq)

(fun e : SP.elt = (fstpp e =7 p)%positive).
Lemma proper_9 : V p, Proper ((fun ¢1 t2 : SetOfPairsOfPositiveOrdered Type.t =

Pos.eq (fstpp t1) (fstpp t2) A Pos.eq (sndpp t1) (sndpp
t2)) ==> eq)

(fun z : SP.elt = negb (fstpp z =7 p)%positive).

Lemma subst_sp_ok :
V (A B : COLTpoint) (H : A = B) pa pb sp (interp : positive — COLTpoint),
interp pa = A —
interp pb = B —
sp-ok sp interp — sp_ok (subst_in_sp pa pb sp) interp.

End Col_refl.
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Ltac add_to_distinct_list © zs :=
match zs with
| nil = constr:(z::zs)
| z::_ = faill
| 7y::7ys = let zs := add_to_distinct_list x ys in constr:(y: : zs)
end.

Ltac collect_points_list Tpoint xs :=
match goal with
| N : Tpoint = _ = let ys := add_to_distinct_list N zs in
collect_points_list Tpoint ys
| - = s
end.

Ltac collect_points Tpoint := collect_points_list Tpoint (@Qnil Tpoint).

Ltac number_aux Tpoint lvar cpt :=
match constr:lvar with
| nil = constr:(Qnil (prodT Tpoint positive))
| cons 7H 7T = let scpt := eval vm_compute in (Pos.succ ¢pt) in
let [lvar2 = number_aux Tpoint T scpt in
constr:(cons (@QpairT Tpoint positive H cpt) lvar2)
end.

Ltac number Tpoint lvar := number_auz Tpoint lvar (1%positive).

Ltac build_numbered_poinis_list Tpoint := let lvar := collect_points Tpoint in number
Tpoint lvar.

Ltac List_assoc Tpoint elt Ist .=
match constr:lst with
| nil = fail
| (cons (@pairT Tpoint positive ?7X1 7X2) 7X3) =
match constr:(elt = X1) with
| (?X1 =7X1) = constr:X2
| - = List_assoc Tpoint elt X3
end
end.

Ltac assert_ss_ok Tpoint Col lvar =
repeat
match goal with
| HCol : Col 7A 7B 7C, HOK : ss_ok 7SS ?Interp - _ =

let pa := List_assoc Tpoint A lvar in
let pb := List_assoc Tpoint B lvar in
let pc := List_assoc Tpoint C lvar in
apply (@Col_Col_tagged Tpoint Col) in HCol;
apply (collect_cols A B C' HCol pa pb pc SS Interp) in HOK; try reflexivity
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end.

Ltac assert_sp_ok Tpoint Col lvar =
repeat
match goal with
| HDiff : 7A # 7B, HOK : sp_ok 7SP ?Interp - _ =
let pa := List_assoc Tpoint A lvar in
let pb := List_assoc Tpoint B lvar in
apply (QDiff_Diff_tagged Tpoint) in HDiff;

apply (collect_diffs A B HDiff pa pb SP Interp) in HOK; try reflexivity
end.

Ltac subst_in_cols Tpoint Col :=
repeat
match goal with
| HOKSS : ss_ok 78S ?Interp, HOKSP : sp_ok ?SP ?Interp, HL : eq_tagged ? Lvar, HEQ
1A =7BF_=
let pa := List_assoc Tpoint A Lvar in
let pb := List_assoc Tpoint B Lvar in
apply (subst_ss_ok A B HEQ pa pb SS Interp) in HOKSS; try reflexivity;

apply (subst_sp_ok A B HEQ pa pb SP Interp) in HOKSP; try reflexivity;
subst B
end.

Ltac clear_cols_aux Tpoint Col =
repeat
match goal with
| HOKSS : ss_ok 7SS ?Interp, HOKSP : sp_ok ?SP ?Interp, HL : eq_tagged ?Lvar F _
=
clear HOKSS; clear HOKSP; clear HL
end.

Ltac tag_hyps_gen Tpoint Col :=
repeat
match goal with
| HDiff : 7A # ?B F _ = apply (Q@Diff_Diff_tagged Tpoint) in HDiff
| HCol : Col 7A 7B 7C  _ = apply (@Col_Col_tagged Tpoint Col) in HCol
end.

Ltac untag_hyps_gen Tpoint Col :=
repeat
match goal with
| HDiff : Diff_tagged 7A 7B \ _ = apply (Q@Diff_tagged_Diff Tpoint) in HDiff

| HCol : Col_tagged ?7A 7B ?7C + _ = apply (@Col_tagged_Col Tpoint Col) in HCol
end.

Ltac show_all :—
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repeat
match goal with

| Hhidden : Something - _ = show Hhidden
end.

Ltac clear_cols_gen Tpoint Col := show_all; clear_cols_auzx Tpoint Col.

Ltac Col_refl Tpoint Col =
match goal with
| Default : Tpoint = Col 7TA 7B 7C =
let lvar := buwild_numbered_points_list Tpoint in
let pa := List_assoc Tpoint A lvar in
let pb := List_assoc Tpoint B lvar in
let pc := List_assoc Tpoint C lvar in
let ¢ := ((vm_compute;reflexivity) || fail 2 "Can not be deduced") in
let HSS := fresh in
assert (HSS :— @ss_ok_empty Tpoint Col (interp lvar Default)); assert_ss_ok
Tpoint Col lvar;
let HSP := fresh in
assert (HSP := @sp_ok_empty Tpoint (interp lvar Default)); assert_sp_ok Tpoint

Col lvar;
match goal with
| HOKSS : ss_ok 78S ?Interp, HOKSP : sp_ok 7SP ?Interp - _ =
apply (test_col_ok SS SP (interp lvar Default) pa pb pc ); |[assumption|assumption|c|
end
end.

Ltac deduce_cols_hide_aux Tpoint Col :=
match goal with
| Default : Tpoint F _ =
let lvar := buwild_numbered_points_list Tpoint in
let HSS := fresh in
assert (HSS := @ss_ok_empty Tpoint Col (interp lvar Default)); assert_ss_ok
Tpoint Col lvar;
let HSP := fresh in
assert (HSP := @Qsp_ok_empty Tpoint (interp lvar Default)); assert_sp_ok Tpoint
Col lvar;
let HL := fresh in
assert (HL : lvar = lvar) by reflexivity;
apply (Qeq_eq_tagged Tpoint) in HL;
hide HSS'; hide HSP; hide HL
end.

Ltac deduce_cols_hide_gen Tpoint Col := deduce_cols_hide_aux Tpoint Col.
Ltac update_cols_auz Tpoint Col :=
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match goal with
| HOKSS : ss_ok 7SS ?Interp, HOKSP : sp_ok ?SP ?Interp, HEQ) : eq_tagged 7 Lvar
=
assert_ss_ok Tpoint Col Lvar; assert_sp_ok Tpoint Col Lvar; subst_in_cols Tpoint
Col; hide HOKSS; hide HOKSP; hide HEQ
end.

Ltac update_cols_gen Tpoint Col := show_all; update_cols_aux Tpoint Col.

Ltac cols_auxr Tpoint Col :=
match goal with
| HOKSS : ss_ok 7SS ?Interp, HOKSP : sp_ok ?SP ?Interp, HL : eq_tagged ?Lvar +
Col 7A?B 7C =
let pa := List_assoc Tpoint A Lvar in
let pb := List_assoc Tpoint B Lvar in
let pc := List_assoc Tpoint C' Lvar in
let ¢ :— ((vm_compute;reflexivity) || fail 1 "Can not be deduced") in
apply (test_col_ok SS SP Interp pa pb pc ); |assumption|assumption|c|;
hide HOKSS; hide HOKSP; hide HL
end.

Ltac cols_gen Tpoint Col := show_all; cols_auz Tpoint Col.
Ltac Col_refi_test Tpoint Col := deduce_cols_hide_gen Tpoint Col; cols_gen Tpoint Col.
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Chapter 47

Library tarski_to_coapp_theory

Require Export Ch06_out_lines.
Require Import tactics_axioms.
Section Tarski_is_a_Coapp-_theory.

Context ‘{ MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Definition diff : arity Tpoint 2 := fun A B : Tpoint = A # B.
Lemma diff_perm_1: V A B, app_1_n diff A B — app_n_1 diff B A.

Lemma diff_perm_2 : V A B (X : cartesianPower Tpoint 0), app-2_n diff A B X — app-2_n
diff B A X.

Definition col : arity Tpoint 3 := Col.

Lemma col_perm_1: V A (X : cartesianPower Tpoint 2), app_1_n col A X — app_n_1 col X
A.

Lemma col_perm_2 : V A B (X : cartesianPower Tpoint 1), app_2_n col A B X — app_2_n col
B AX.

Lemma diff_or_col : V A (X : cartesianPower Tpoint 2), app_1_n col A X V app diff X.

Lemma pseudo_trans : ¥V A B C (X : cartesianPower Tpoint 1),
app_1_ndiff A X — app_2_.ncol BA X — app_2_.ncol C A X — app_2_ncol B C X.

Global Instance Tarski_is_a_Coapp_theory: (Coapp_theory (Build_Arity Tpoint 0) (Build_Coapp_predicat:
(Build_Arity Tpoint 0) diff Col)).

End Tarski_is_a_Coapp_theory.
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Chapter 48

Library tarski_to_col_theory

Require Export Ch06_out_lines.
Require Import tactics_axioms.

In this file we prove that Tarski neutral dimensionless is a Col_theory.
Section Tarski_is_a_Col_theory.

Context ‘{ MT:Tarski_neutral_dimensionless}.
Context ‘{ EqDec:EqDecidability Tpoint}.

Global Instance Tarski_is_a_Col_theory : (Col_theory Tpoint Col).
End Tarski_is_a_Col_theory.
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Chapter 49

Library Tagged_predicates

Require Export quadrilaterals.
Section Tagged_predicates.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.

Definition Diff_tagged (A B: Tpoint) := A # B.
Lemma Diff_Diff_tagged : V A B , A # B — Diff_tagged A B.
Lemma Diff_tagged_Diff : V A B, Diff_tagged A B — A # B.

Lemma Diff_perm :
V (A B: Tpoint),
A+ B —

A+ BANB # A.

Definition Cong_tagged A B C' D := Cong A B C D.

Lemma Cong_Cong_tagged : VA B C D, Cong A B C D — Cong_tagged A B C' D.
Lemma Cong_tagged_Cong: VA B C D, Cong_tagged A B C D — Cong A B C D.
Definition Bet_tagged A B C':—= Bet A B C.

Lemma Bet_Bet_tagged : VA B C, Bet A B C' — Bet_tagged A B C.

Lemma Bet_tagged Bet : V A B C, Bet_tagged A B C — Bet A B C.

Definition Col_tagged A B C' := Col A B C.

Lemma Col_Col_tagged : V A B C, Col A B C' — Col_tagged A B C.

Lemma Col_tagged_Col : V A B C, Col_tagged A B C — Col A B C.

Definition NCol_tagged A B C := - Col A B C.

Lemma NCol_NCol_tagged : VA B C, — Col A B C' — NCol_tagged A B C.

Lemma NCol_tagged_NCol : V A B C, NCol_tagged A B C — — Col A B C.
Definition Mid_tagged A B C := is_midpoint A B C.

219


file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '/x5C' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:x '<>' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic
file::type scope:'x7E' x.html#http://coq.inria.fr/distrib/8.4pl2/stdlib/Coq.Init.Logic

Lemma Mid_Mid_tagged : V A B C, is_midpoint A B C' — Mid_tagged A B C.
Lemma Mid_tagged_Mid : V A B C, Mid_tagged A B C' — is_midpoint A B C.
Definition Per_tagged A B C := Per A B C.

Lemma Per_Per_tagged : VA B C,Per A B C — Per_tagged A B C.

Lemma Per_tagged Per : V A B C, Per_tagged A B C — Per A B C.
Definition Perp_in_tagged X A B C D := Perp_in X A B C D.

Lemma Perp_in_Perp_in_tagged : V X A B C D, Perp_in X A B C D — Perp_in_tagged X
AB C D.

Lemma Perp_in_tagged_Perp_in: V X A B C D, Perp_in_tagged X A B C D — Perp_in X
AB C D.

Definition Perp_tagged A B C D :=Perp A B C D.

Lemma Perp_Perp_tagged : VA B C D,Perp A B C D — Perp_tagged A B C' D.
Lemma Perp_tagged_Perp: VA B C D, Perp_tagged A B C D — Perp A B C D.
Definition Par_strict_tagged A B C D := Par_strict A B C D.

Lemma Par_strict_Par_strict_tagged : V A B C D, Par_strict A B C D — Par_strict_tagged A
B C D.

Lemma Par_strict_tagged_Par_strict : V A B C' D, Par_strict_tagged A B C' D — Par_strict A
B C D.

Definition Par_tagged A B C D :=Par A B C' D.

Lemma Par_Par_tagged : VA B C D,Par AB C D — Par_tagged A B C D.

Lemma Par_tagged_Par: V A B C D, Par_tagged A B C D — Par A B C D.
Definition Plg_tagged A B C' D := Parallelogram A B C' D.

Lemma Plg_Plg_tagged : V A B C' D, Parallelogram A B C' D — Plg_tagged A B C D.
Lemma Plg_tagged Plg: V A B C D, Plg_tagged A B C D — Parallelogram A B C' D.
End Tagged_predicates.
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Chapter 50

Library exercises

Require Import triangle_midpoints_theorems.
Section Exercises.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqgDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma Per_mid_rectangle : VA B C I J K,
A+ B —
B #C —
Per BAC —
is_midpoint I B C —
is_midpoint J A C —
is_midpoint K A B —
Rectangle A J I K.

End Exercises.
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Chapter 51

Library midpoint_thales

Require Import triangle_midpoints_theorems.
Section T_42.

Context ‘{MT:Tarski_2D_euclidean}.
Context ‘{ EqDec:EqDecidability Tpoint}.
Context ‘{InterDec:InterDecidability Tpoint Col}.

Lemma midpoint_thales : V 0 a b ¢ : Tpoint,
- Colabc—
is_midpoint 0 a b —
Congoaoc—
Per a ¢ b.

Lemma midpoint_thales_reci :
Y a b c o: Tpoint,
Pera ¢ b —
—Cola b c—
is_midpoint 0 a b —
CongoaobACongoboec

End T_42.
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